Chapter 1

Notes for Dialogue 2

November 11, 2002

1.1 Multiview Geometry (in Archimedes’s lab)
1.1.1 Projective Space

Arc: If you want to start using computer programs and imagesto really build 3D
models of theworld, | need to teach you an interesting way of thinking about these
problems. Remember what an eye redlly is. Take al the rays passing through a
point and cut them with a surface, say a plane. You get an image. Now it paysto
think of the image as the set of rays passing through each image point, because
what you find out will be true no matter how you cut the rays.

Mel: So, does this mean that now we must figure out an easy way to reason about
these rays?

Arc: Exactly. We have an interesting set: take our space and a point in it. Con-
sider al the lines that pass through this point. Thisis a new kind of space, and
I’ll tell you how to think about it. You can take alook at this space by cutting it
with a plane, for example. Then you can talk about each ray by using the point
at which it cuts the plane. All rayswill cut the plane except the ones parallel to it
(al these lie on a plane parallel to the image plane). These parallel rays intersect
theimage plane at infinity. Take all these points at infinity and put them on aline,
the line at infinity. So, you have an ordinary plane, the way you think of it, with
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2 CHAPTER 1. NOTESFOR DIALOGUE 2

the additional property that all linesintersect.
Mel: It'shard to imagine.

Arc: Think of it thisway. Cut all rays with a sphere, and take each sphere point
to represent the ray. You don’t need the whole sphere; take a hemisphere. The
equator is the line at infinity. There is one more thing you need to do to make
the space. If | give you one such ray in space, you don’'t know which way to
move along the ray to reach the center. Whichever way you move, you will reach
the center. So, in this space of rays, if | ask you where Chloe went, and you
point with your finger—this way, you could have just as well pointed the other
way. This simply means that if you move along a ray you will come back. To
make sure this happens, take the hemisphere with its equator, and glue together
antidiametric points. The new set you have is the space of rays.

Mel: That's a very cool space indeed. Now | can see that two lines always in-
tersect. You get aline in the image by cutting the image with a plane defined by
two rays. Now these lines are great circles, and they always meet. What happens
when | crossthe line at infinity in that space? How do | come back?

Arc: Well, when you do the gluing you must also make a twist. Otherwise you
get another space; you get a donut.

Mel: So, when | crosstheline at infinity | come back mirrored-reversed?

Arc: Exactly. You see, the projective plane and the sphere locally are similar,
but globally quite different. They have different topology. Now you can think of
images as being el ements of this space, but it is not identical to a plane. To make
the distinction, people call it a projective plane. You can do calculations of many
sorts, and make many observations. First, itisathree-dimensional space. Put your
usual Cartesian system somewhere. Pick aray passing from the origin. You can
represent that ray with any point onit. You can then writethat aray is(x1, o, x3),
where (1, x2, z3) iSany point on theray. There are obvioudly infinite points that
can define aray and only theratio (z; : x5 : x3) isrelevant. Mathematicians call
these kind of coordinates homogeneous. You can thus write the rays as triplets of
numbers, but always remember what your symbolism means.

Mel: So, aray isreally an image point; | can see that by cutting the rays with a
plane. But how about aline in the image?

Arc: Two rays define a plane. Intersection of this plane with the image plane
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givesaline.
Mel: Oh, so an image line corresponds to a plane in that space.

Arc: The interesting thing is that you represent that plane with the ray perpen-
dicular to it. So, an image line also corresponds to aray! Both image points and
lines are each represented by aray. If you want to represent the projective plane
by cutting it with aplane, you can always put it in canonical position: image plane
perpendicular to the Z axis at distance unit from the origin. Rays that are written
as (z1, x2,0) make the points at infinity.

Mel: Wonderful, but what do these numbers mean? If | have (x1, x5, x3) in my
usual 3D Cartesian coordinate system, | know that if | start from the origin, | will
go x; unitsin the x direction (east-west), x5 units in the y direction (up-down),
and z3 unitsin the z direction (north-south), and | will reach point (x1, o, 3).
Now, what do these numbers mean?

Arc: Your point (xy, x5, x3) in our 3D space has three coordinates. What did
you do to reach the point from the origin? You added three vectors. You first
moved east, then up, then north. So, you added three vectors i, j, k, but before
that you scaled them by z1, x5, and z3. These three vectors are the base for our
space. You can get to any point by adding these scaled vectors. These scales are
the coordinates with respect to the base. If you change the base, you aso change
coordinates for a point. If (z1,x9,23) represents a ray, then these coordinates
should be such that they don’'t change if we change the image plane. Since the
cross ratio doesn’'t change, it's the only candidate. Let’s see how. Take four rays.
They cut theimage planeat A, B, C' and D. Consider thelines AB, AC and AD.
Now take any ray or point onthe plane, M. Lines AB, AC, AD, AM have across
ratio which will be the same no matter how we cut the rays. Call this cross ratio
x1. Now consider another pencil of lines, BA, BC, BD, BM. Cal their cross
ratio x, and for athird pencil, z3. Now (z1, zo, x3) isyour ray OM. If you have
the three coordinates you can find M.

Mel: | seethat. Sincel know the crossratio AB, AC, AD, AM | know the plane
OAM. Similarly I know the plane OBM and so the ray is the intersection of
these two planes. Interesting. In the Euclidean plane | need two points to have a
base. Now, | need four.
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1.1.2 Homographies Are Linear Maps

Arc: Good. Each ray OM isthe sum of four vectors OA, OB, OC, 0D, appro-
priately scaled, just as you do in the ordinary space. To get a new ray you can
do it by different linear combinations of the four pyramid rays. So you can write
OM = OA 4+ OB + X\30C + \yOD for appropriate A\s. These are again the
coordinates, somewhat disguised, but the As are related to the (x4, o, z3). With
that base you can write each ray as a triplet of numbers. If you change the base,
thetriplet will change. You need four pointsfor the base, so that you can get three
lines and form cross ratios with any point A/. You can choose these four rays as
you like, as long as they are in a general position (no three of them co-planar).
Let’s say you have two bases. The same ray will be (x4, x5, x3) in the first base,
and (x'1, 2’9, 2'3) in the second. How are these numbers related?

Mel: You are confusing me when you involve numbers. Can't you avoid num-
bers?

Arc: | can, but if you want to find out how to actually realize the building of a
scene model, you have to use some numbers. Look at it thisway: Say you cut the
rays with two different image planes. Then we know that the map which matches
image points due to the same ray is a homography and we only need to know how
four points map. Then we know the whole map.

Mel: Oh, that’s why | need to know how four rays move, to find how everything
else moves. The four rays are the base. The homography will send these four
points to four new ones. If you know how the base changes, you know how
everything else changes as well.

Arc: Good. Take your baseraysOA,OB,OC and OD and any ray OM. To get
to O M you should move along each of the axes O A to O D by some appropriate
amount. We can write thisas OM = OA + M\ OB + X\0C + A\30D. Now
if youmap OA — OA’,OB — OB',0C — OC"and OD — OD', how is
O M mapped to OM'? Since you can write OM as an appropriately scaled sum
of four rays, it is obvious that after the map the base changes. The new base is
OA',OB',OC"and OD’, and OM’' is the (appropriately scaled) sum of the rays
OA',OB',0C",OD'. Soif we choose atriplet of numbers (z1, 25, z3) to denote
any ray, the homography will make it the new ray (z'1, 25, 2'3). How are these
numbers related to each other?

Mel: Hold on, you said the new ray (z'y, z'5, 2'3). But the rays did not change.
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We just cut them with planes.

Arc: Yes, they do not change, but the way we talk about them, the way we mea-
sure them, changes. Imagine some object. It has weight. | can tell you that it is
ten kilos. | can dso tell you that it is twenty-two pounds. The object is the same,
but the numbers change because we use different systems. Same thing here: Our
ray is(xy, z2, x3) with regard to some system (OA, OB, OC, OD). If you change
systems, the numbers will change. We need to know how the z;s become z’;s.
As you can understand, everything depends on the two bases. | can get to ray
OM' by adding therays OA’, OB', OC" and OD’, but each one of the four rays
OA’,OB',OC",OD' can be obtained from the origina pyramid OABC D, again
as an (appropriately scaled) sum of the O As, O Bs, OC'sand O Ds. We only need
to know how to express the new base in terms of the old base. Ultimately, ray
OM" will be asum of the original base vectors. If ray OM' is (z'y, 2'5, 2'3), how
do we get to it? By adding appropriately scaled rays. Ultimately, when you start
fromray OM, or (xy, x5, x3), to get to O M’ you will have to scale and add rays.
In the most general case, to go from (xy, 25, x3) to 2’y you may have to multiply
each of the zs by a scale and add them.

!

' = hpzy 4 hiazy + hizes
!

'y = hoyxy + hoowy + hosxs
!

'3 = hg121 + haexo + hazas

You can aso write thisin the form of a matrix.

T’y har 1
ZU’Q = e T or
'3 hs3 T3

2’ = Hzx, and H isthe homography. You see a good advantage. H is alinear
transformation. It is easy and we understand how to deal with linear things, more
or less. But keegp in mind that this was an informal argument. A proof of thisis
very involved.?

Mel: Fascinating. The good old homographies are linear mappings.

lyianniswill add anote
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1.2 Models: Projective, Affine and Euclidean

Arc: Asyou see, you need nine numbers. Actually, you only need eight because
nothing would change if I multiplied the &;;s by the same number. You can pick
hsz = 1 and then you need eight numbers. So, take aray = = (x1, 9, 3). A
homography H will move z to 2’ and 2’ = Hx, asimple linear operation.

Mel: How does this fit with models?

Arc: Well, let’stalk about simple modelsfirst, modelson the plane, 2D things. As
you cut the rays with different planes, you make images whose rays are related by
homographies. A sguarein one image can be seen as any quadrilateral from other
images. Whatever model | havefor my rays (x4, z2, 23), it isSsome model changed
by alinear transformation H, which in general is unknown. In other words, in the
projective plane if you know a number of rays—which means you have a model
for some simple planar object—you really don’t know them, but you know that
the true ones are related to the ones you have by ahomography. Itisasif you have
an uncalibrated camera. An uncalibrated cameraisan exact projective device, and
everything we discussed did not involve any angles or any parallelism, only points
and lines and incidence relationships. Thisiswhat people call a projective model.
You know that the real model and the projective model are related by an unknown
homography.

Mel: So, this projective space is unexpectedly weird and projective models are
distorted versions.

Arc: Yes, but you have an idea of how they are distorted. You know, for instance,
which points are collinear in the scene. If, for instance, you can find the line at
infinity in the image, you can find more. You see, vanishing pointslie on theline
at infinity. If you can locate it in the image you can map it back to its canonical
position. You can do this with a simple homography.? After you do that, parallel
linesin the world remain paralel in the image.

Mel: Theselook better.

Arc: They do, but remember we still do not have the actual thing yet. The differ-

2(Yianniswill add a endnote.)
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ence now isthat the homography is simpler and the matrix looks like

air a2 t
At
Hyg= | aan ax 1o | = ( o7 1 > :
0 0 1

They call it an affine transformation. Note the last row of the matrix; it is 0, O,
1. If you know the line at infinity, then you have a model for aray = when you
know it up to an affine transformation H.qx. Parallel lines will remain paralld,
but perpendicular lineswill not remain perpendicular. Affine models may be more
useful than projective models.

Mel: This affine transformation seems to have interesting properties. It preserves
quite afew things.

Arc: Indeed. They call a property affine when it is preserved by all affine trans-
formations, but not by all projective transformations. The property of being a
segment, a vector, ray, line, angle, triangle, or conic section of a specia type is
affine. Also affine are parallelism, the concurrence of lines, and the ratio of dis-
tances on the same line.

Mel: How about the size of an angle.

Arc: No, angle sizeis not preserved. Think of affine transformations as parallel
projections from one plane to another.

Mel: But how can | go from a projective model to an affine? You said you can do
it if you find the image of the line at infinity.

Arc: OK, I will explain this. Take two image points, that is two rays, = and .
The line [ they define is the ray perpendicular to both x and y, sol = x x y. If
homography H maps x and y to «’, v/, where does it map [?

Mel: Well, " = Hx x Hy = H " (z x y) = H Tl. Cute. Lines are mapped with
H~ ", theinverse transpose.

0
Arc: Fine. Theline at infinity is (0,0,1)". If H isaffine, then H—T ( 0 ) =
1
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(1)

Mel: Thismeansthat the line at infinity is fixed under an affine transformation.

Arc: Exactly. And the converseiseasy to see. Let’'ssay H = (h;;)3x3 does not
change the line at infinity. Then, a point at infinity, say (1,0, 0) has to be mapped
at apoint at infinity. Thisrequires h3; = 0. Similarly h3, = 0. So H isaffine.

Mel: So, if | start from a projective model and | apply a homography that brings

the line at infinity at its canonical position, then | have al of sudden an affine

model. | can start measuring affine properties. If | havealinel = (Iy,1,,13)7, the

image of thelineat infinity (which | can measure from the vanishing points), | can
1 0 0

map it with homography H = ( 0 1 0 ) to (O, O, 1). Thissame homography
I Iy I3

makes the model affine.

Arc: Very well said.

Mel:

So far, so good. You can get a projective model of what is out there, or an
affine model. The affine model has more detail. You found a model for some
rays that is one homography away from the real thing. If that homography is a
general 3 x 3 matrix H, the model is projective. If the homography is somewhat
specid, like H.g¢, the model is affine. H,s has fewer unknowns (6 degrees of
freedom) than the general H (8 degrees of freedom). So, an affine homography is
determined by three points only; in the general case you need four.

Arc: Very good. Now, to have amodel which isidentical to what isin the scene
up to scale, your homography has to be even more specia. It isasimilarity trans-
formation

5 €08 6 —ssinf t; Rt
Hgp, = | ssinfl  scos@ ty | = o7 1
[ 0 0 1 J

and it has four degrees of freedom, scale, rotation and trandlation. Remember, we
are only talking about 2D objects here. This transformation preserves angles. So,
if you find amodel (x1, 2, x3) for our rays and they are related to the real one by
x' = Hgnx, you are done, because you have the exact model. It could be rotated
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and trandlated and scaled, but it is the most useful one up to now. Usually people
call it, somewhat incorrectly, the Euclidean model. The transformation Hg;,, IS
called Euclidean if it doesn’'t have a scale, so the similarity transformation is like
a Euclidean one with ascale.

Mel: What isthe real difference between affine and projective?

Arc: The matrix of the affine has as last row O, 0, 1, while the projective matrix
is full. With affine, the scaling of an object is the same no matter where it is
on the plane, and the orientation of a transformed line only depends on its initial
orientation, not its position on the plane.

Mel: | guess the same thing happens in three dimensions?

1.3 Projective 3D Space

Arc: The exact same thing. Points of this space are quadruples (x1, 23, 3, 4)
. You have a few differences though. How did you get the projective plane?
You went to our 3D space, picked a point and considered all the rays. To get
to projective space, start from the origin of a 4D space and consider all the rays
passing through.

Mel: Now it's getting hard. How does 4D space |ook?

Arc: That issomething no one knows. We cannot easily visualize spaces of more
than three dimensions. Little has been written about it and it can be read quickly.3
One way to think of 4D space is to think what happens from 2D to 3D and seek
analogies that will help you, in some way, to visualize things. If you do such
things, you could think of projective space as two spheres and each point in the
one sphere glued to a point in the other sphere. Now you have points at infinity,
and lines at infinity, just as before, but you also have the plane at infinity. Asyou
move through that space, when you cross the boundary of the first sphere (which
is glued to the other sphere), you come back |eft-right reversed as before but also
top-bottom reversed; you don’t change at all, you just go through, but you have
been rotated 180 degrees.

Mel: Thisisall good to hear, but | am more interested in visual space-time. Tell

3(Yiannis will add a note here.)
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me about projective, affine and similarity transformationsin this space.

Arc: Nothing much to tell. Everything is the same with the exception that the
dimension increased by one.

A ray inthis spacerepresentsa 3D point. Inthe previouscase aray represented
an image point. If theray isz = (x1, 29, x3, 24), the corresponding 3D point is
(v1/x4, 02/ 24, 23/ 24). |f rays x map to rays z’ through ' = Hzx, H could be a
full homography, or an affine transformation, or a similarity. If the models 2’ we
recover are related to the real one by an Hy;,,, then we found a Euclidean model.
If they are related by an affine map, we have an affine model. Otherwise, if H is
a full homography, then we have a projective model. | showed how you can get
these models from two views of a number of corresponding pointsand lines. This
is far reaching because all maps involved for making the image are linear in the
space of rays.

1.3.1 Equations of image making

Arc: Let'slook more closely at what is involved in making an image. Take a
normalized camera. Take a point (X, Y, Z) in space. Then, theimage (x,y) in
the image coordinate systemisz = X/Z,y = Y/Z. Theray (X,Y, Z) represents
point (x,y). | can writethisas

X

Y

Z

1

This 3 x 4 matrix P maps the rays of the 4D space to the rays of the 3D space,
and you can write x = PX. Thisis the image-making map. Any corrections
you make for calibration parameters, it's only a homography in general. Let's
find exactly what it looks like. In the equation before, we assumed a normalized
camera. Having focal length f, the image becomesz = fX/Z,y = fY/Z. In
terms of matrices, it becomes:

()1

o O =
o = O
_ o O
o O O

o OO

X
Y
A
1
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This matrix is usually written as diag(f, f, 1)[/]|O], with diag(f, f,1) adiagonal
matrix and [I|O] a3 x 4 matrix consisting of a3 x 3 block (here the identity) plus
a column vector (here O). The previous equation assumed the origin of image
coordinates to be the principal point, but in general thisis not true, in which case
the equation becomes

fX+ZXO f Zo 0 )Y(:
JY+2ZYy | = fyo O 7
Z 1 0 1

with (g, yo) the principal point.

Mel: | can see it already. You have that a point P in 3D (homogeneous coordi-
nates) has an image p (again in homogeneous coordinates) given by:

f ) 1 0
fyo 1 0 |P orp=H[I|OP
1 10

with H the calibration homography.

Arc: Excellent. For added generality, you can add to the calibration parameters
the skew parameter s, which usually is zero but can take nonzero values and de-
pends on the angle between the image coordinate axes. You can also make the

[f:v S xo-l
focal length different for the two directionsand H = fy vo J . If you
1

want to explicitly incorporate the angle 6 between the coordinate axes, you get

0 0 1
mography by K.

fr fxrcotl x
H = 0 fy/sinf yo |. Also, people usualy denote the calibration ho-

Mel: Looks cute.

Arc: Thisis, of course, inthe cameracoordinate system. If your point ismeasured
in some other coordinate system, things change slightly.

Mel: If P isin the world coordinate frame, let's assume that the camera is a
rotation R and a trandation t away from the world coordinate system. Then P,
expressed in the camerasystem as R(P — ('), where C' isthe camera center. Then
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your basic equation becomes p = K R[I| — C|P, well known in graphics. By
setting t = —RC, it becomes p = KJ[R|t]P explicitly incorporating the rigid
motion R, t and the calibration homography K.

1.4 The Essential Matrix: Relating Two Views with
the Epipolar Constraint

Arc: Well said. Now you can do some cool things. You first find the map relating
different views. Let’s say in two views you have the map E mapping points x in
thefirst view to their epipolar linesi’ in the second:

r— 1l =FEzx

So, point (ray) =’ = (1,9, x3) lieson the epipolar line !’ = (I,1s,13) whichis
Ex, but as before, starting from = we'll get to [ by scaling and adding rays. In
other words, E isalinear mapping—I won't call it ahomography because it maps
pointsto lines.

Mel: | don't quite follow that the map E isamatrix.

Arc: Recall that we found E = [t]«R. R isahomography, so it's linear. [t]
applied to apoint (ray) x isaline connecting t and z, i.e., ¢t x x. That’slinear too,

you can writeit as
0 —t3 o
t3 0 —tl Z.
—1o0 1 0

So, E isthe product of two linear maps and so it is a matrix. People call it the
essential matrix. F', the map in the calibrated case, isamatrix too and people call
it the fundamental matrix. So, ray x = (x4, s, x3) mapsto line

€1 €z €3 X1
Ex=1| e e5 eg To | .
€7 €3 €9 €3

But point ' lieson !’. How do you write that?

Mel: Well, !" is the ray (I'1,1'5,1'3) normal to the plane defined by the origin
and I'. Ray 2’ lies on that plane, so ' = (2y,2'9,2'3) and I' = (I'1,1'5,1'3)
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are perpendicular rays and so the inner product of the two vectors must be zero,
-l'=0orl" 2"y + 132’5 + U325 = 0. You can write thisas
I'y
( ZL’Il ZU’Q 513'13 ) llg =0
l's
and remembering that I’ = Ex, we get

Xy
( fL'll l‘lg Z’l3 )E i) =0.
T3

Thisisalinear equation in the unknown E'. It isknown asthe epipolar constraint.
E has nine elements but as you see nothing changes if | multiply every element
of matrix E with the same number. So, pick e; = 1 and find the other eight
elements. If you have eight corresponding points, you get eight linear equationsin
the elementsof £ and you can solveit. After that, you can solvefor thetrandation
and rotation. Remember, E = [t]R.

Mel: So, somehow we need to split E into its components t and R..

Arc: As | explained before, there is a lot of software available for this. Since
all these transformations are matrices, there are alot of tools available for finding
them. Recall that E has five degrees of freedom (rotation and trandation each
have 3 but there is a scale ambiguity. So, it has rank 2. The Singular Vaue
Decomposition Theorem* guarantees that you can write F as the product of three
matrices Udiag(1,1,0)V T, with the middle being a diagonal matrix. Then you
can easily show that there are two possible factorizations of £ = SR, where

0 -1 0
S=UZU"and R = UWVT or UW'TVT with W = 1 0 0 ] and
0 0 1
0 10
Z=|-100
0 00

Mel: | guess, since S = [t]«, you can aso find t up to scale. But then, since you
have two choices for the rotation and two choices for t (the sign) you will have
four choices for placing the cameras.

Arc: Yes, but only one of them makes sense. For the three cases, the reconstructed

4(Yianniswill add a note here.)
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point lies behind at least one of the cameras. Similar things happen for the uncal-
ibrated case where you have map F' = [¢'] H, with H some homography. In this
case, you can find the epipoles and you find amodel up to ahomography, that is, a
projective model. If you manage to find the infinite homography, that means that
you can get the plane at infinity. If you know where it is from the image, you can
map it to its canonical position® and you get an affine model of the scene. And
finally, if you manage to recover a model up to a similarity transformation, you
are done.

1.5 The Trifocal Constraints

Mel: | guess the same thing is happening with the constraints from three views?

Arc: Yes. Now you have a map relating corresponding points and lines in three
views. Let’s say you have corresponded three lines £,, £, and £ in three views.
Then you can show?® that there exist three linear maps T, T and T3, that isthree
matrices of dimensions 3 x 3 as before that satisfy the relation:

£1T = E;F [Tl, 15, T3]£3

Mel: What is this symbolism?
Arc: Think of theright side of thisequation asthevector (£, T1£3, £, Tols, £, Tsls).

Mel: | see. Like before, this equation becomes linear in the elements of the 3
matrices T}, T»,T5. But how do you get this constraint? It looks too cute.

Arc: You can actually get constraintslikethisoneif you have three corresponding
pointsin the three images, or even for any point/line combination (point, line, line
— point, point, line, etc.).

Mel: | can understand the usual constraintswe have been any two cameras. Where
isthe additional knowledge that brings out the new constraint?

Arc: Assume apoint P; undergoes rigid motion with rotation R, and translation
Ty and movesto P,. So, P, = R- P, + T;. If p; = || P||, i = 1,2 the length of
Py, P, and P, the unit vectors P;/|| P;||, then

PPy =piR-pi + T

5(Yianniswill add anote.)
Syiannis will add a note
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and the structure—the length of P,—is

[(Rip1) X pa]”

b= (R P) % po] (T} x Py)

If you consider athird frame, then
P3 =Ry P + 15 Orpsp3z = p1hapr + 1>

and the structure now is

P = [(Ry - P) x P3]?
' [(RoPy) x P3| T(Ty x )

But the structure did not change, so p; = p’,. That's where you are gaining the
additional knowledge.

Mel: Hmm, and how do you obtain the constraint?

Arc: Start with the two motion equations

peP» = piRy-P+ T
psls = piRy- P+ 15

and eliminate p,, p2, p3, the structure parameters. First, take the cross-product of
the equations with P, and P3, respectively.

0 = pIPQX(Rl'Pl)—f—PQXTI
= p1P3X(R2'P1)+P3XTQ

Rearranging terms we obtain

p1P2X(R1XP1):—P2XT1
Py x Ty =—p1Ps X (Ry - Py)

and then taking the outer product of both sides
[Po]x(Ry - Py - T3))[Ps]ic = [Pa] Th(Ry - Py)T[Ps)

where, as usual,
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If 2,y and z unit vectors aong the three axes, the equation becomes:

[P (1 (Ry - ) + 1 (R - 9) + 21 (Ry - 2)TY [Ps]x = [Po)xThi(21 (R - 2) " + 1 (Ra - 9) " + 21
If you then define matrices K, . and M as
K = Ti(Ry-2)" — (R, -2)- T,
L = Ti(Ry-9)" — (R -9)- T,
M = Ty(Ry-2)" — (R, -2) T,
the equation becomes:
[Py]y (1 K +y1 L + 21 M)[Ps3]« = [0] or [P]«[(K, L, M) % P] - [Ps]x = [0]

with the obvious definitionof (... ,...,...)*....

Mel: Very nice. If P, P, P; are corresponding points in three cameras, they
satisfy this constraint, the trifocal constraint. What if you have lines?

Arc: Let's say you have three lines £, €5, £5 in correspondence in three frames.
You represent a line on the plane by a point and a direction. So, every point of a
£, can bewritten asp + Au, where u the direction vector, and P some point.

Mel: | see. Using projective coordinates the lineisthen p x u.

Arc: Exactly. So, take apoint P; on £,. It's corresponding points P, and P; on
£y and €5 are

P, = P+ luy
P; = P's+ \3us,

for the appropriate points p',, p’; and Ay, A3, us, uz. But then the trifocal con-
straint on these points says. [P’y + Aug]«[(K, L, M) * P|[P's + A\sus]x =
[0]. You can eliminate \,, A3 by pre- and post-multiplying with u, and us:
(P'y x up) "[(K, L, M) % P](P's x us) = 0or £, [(K,L, M) % P,Jés =0 or

6TKe |

L, TLEs P =0

L, T MEs
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But this equation should be true for any point of £, that we can writeas P; + A\ u; .
Observe the above equation. It basically tells you that the first vector is normal to
any vector defined by any image point. So, this vector isparalel to £, that is

T

4, =0,

L TKE,
LT LL
L, TME,

andso £, [K, L, M]&s.

Mel: | now can see how you can get a constraint for line £, point ps, line £5. If
po lieson £y, then P8, = 0 but £ [K, L, M€, and s0 £; [(K, L, M) x P,]£;, = 0.
Arc: Excellent. Can you guess now what the constraint for point, point, lineis?
Mel: | guessit should be £; [(K, L, M) x P\][Py], = 0.

Arc: That'sit. You have the trifocal constraints. This object [(K, L, M)] that
consists of three 3 x 3 matricesis called atensor. You can use tensor mathematics
now to further analyze these constraints.

Mel: Have people done that?

Arc: Yes. You can write more efficient and very short programs if you phrase
thingsin the language of tensors, but you aren’t going to discover anything new.

Arc: You need 27 equations. These 3 matrices together form something called
atensor. Thistensor T = [T}, T3, Ts] is known as the trifocal tensor. It only
depends on the rigid motion between the views. Like before, given T you can find
the essential £ (or the fundamental matrix F') between any two views and you are
done.

Mel: Isit that easy?

Arc: Itisvery easy indeed. Line £, with the center of camera 2 define a plane
I1. Using this plane you can make a homography map H between the first and the
third view, so z3 = Hz,. Butthen €3 = H~ "¢, or £, = H"#5. But you know
from the trifocal constraint that £, = £, [T, Ty, Ts]€s. This means

H' =, [T\, T»,Ts)or H= [T}, T, , T, ¢,

So, look at points x; and 3. We just saw that z3 = [([T}", T3, T3 ])€2)z,. Thus,
the epipolar line in view 3 corresponding to z; can be found by connecting the
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epipole e; to z3, that is
lea] [(T), T, T ) s

which meansthat the fundamental matrix F between 1and 3is[es]. [T}, T, , Ty |€s,
for any £,. Be careful not to choose £, in the null space of the T;'s because that
way you get a degenerate situation. A good choiceisthe epipolee,.’

Mel: | understand the principle. From points and lines you find the epipolar con-
straint (the map F) and the trifocal tensor 7' = [T}, T», T3]. If you have different
combinations instead of three lines, does the same thing happen?

Arc: Yes, you get similar constraints for point, point, point or point, line, line,
etc.

Mel: | guessthat’sit then. This provides the placement of the cameras.

1.6 Bundle Adjustment

Arc: Perfect. All this of course exists in good software today. People have per-
formed amazing work on the subject. Very highly developed and good science.
The software has an additional feature, a sort of final step.

Mel: Oh, thereis more?

Arc: Well, not really. You see, the software assumesthat another step will provide
the correspondence between points and linesin the different views. This problem
ishard and when you obtain an estimatefor it, it will have errors. Because of these
errors, when you place the cameras, you will have errors as well. They could be
small or large and as aresult the 3D model will have errors. Thisfinal step has as
its goal to reduce these errors, to smooth things out.

Mel: How isit done? New constraints?

Arc: No. Consider two images of some scene containing points m; and m/; in
correspondence. If GG isthe rigid transformation between the two views, one can
finally obtain the corresponding 3D points M; asafunction of m;, m’; and G, i.e.,
M; = f(G,m;,m';). So, the projection of M, on the first camerais P(M;) = m;
and on the second P’ = (M;) = m/;. Bundle adjustment amounts to adjusting

(Yianniswill add a note.)
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the bundle of rays between each camera center and the set of 3D points so that
the distance between the reprojected point P(M;) = P(f(G,m;,m';)) and the
detected (measured) point m; is minimized, that is,

minz IP(F(Gyma,m's)) — mil|* + |P'(f' (G mi, m's)) — m/i]|?

It is quite acomplicated optimization usualy starting after asolution is produced.
It keeps, in effect, changing al relevant parameters until a solution is achieved
that provides a (local) minimum for the reprojection error.

Mel: | see. In some sense, minimizing the reprojection error is sort of the best
thing one can do.

Arc: It appears so. But, asyou already know, the results are not perfect. Insimple
terms, this existing theory will not give you an answer for the geometry of visual
space-time. Small errorsin the input of the software package create problemsin
the output, camera placement and 3D model. Up to now, no one has a crisp idea
what is the exact nature of these errors.®2 The practitioners of this field do not
really understand the correspondence problem.

Mel: So, thistheory that you described basically showsthe laws that relate points
and lines in different views. | see; at least | have something to start with. But |
need to systematize this knowledge. To have the whole thing in front of me. All
this body of knowledge, it seems to me, was developed by different people and |
cannot fit it together with afew formulas.

1.7 Multiview Geometry in a Nutshell

1.7.1 Coordinates

Arc: OK, I will tell you a simple formalism that will help you do this. The trick
is to use homogeneous coordinates for the image but Euclidean coordinates for
the 3D points. You see, we have a very good understanding of the space of rays,
that isthe projective plane. Usually people consider homogeneous coordinates for
3D pointsas well. But these are 4-dimensional and although we know how to use
them, we don’t have much intuition. The basic projection equation (image point)
x = P- X (world point), where P isa3 x 4 projection matrix denoting the camera

8(Yiannis will add a note.)
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is valid when both  and X are in projective coordinates. But, | have something
easier. Something that allows you to work with large numbers of views.

I will use homogeneous coordinatesfor the image pointsand lines. Remember
that if for any object s € S with coordinate s, the coordinate s aso refersto s
for any A € R, then the coordinates are said to be homogeneous. The coordinate
0 does not represent any object s € S.

It turns out that the equations are much easier if we use vectors, so we'll stick
with those. All vectors used will be column vectors and | will transpose them as
necessary. | will use now and then theidentities shown in figure ??. Both. (. x .)
and |...| are used to denote the triple product.

Mel: | guess homogeneous coordinates will allow you to use linear algebra in
proj ective spaces. Good choice.

Arc: Let'stake aworld point P € R*. We can represent such a point in a partic-
ular coordinate system as

X
P=|Y
A

Consider now the ray O P, from the camera center O to point P. It creates the
image point p. Geometrically, | will represent image point p with theray OP, as
you know. That way, the image points exist in the projective plane IP2.

Mel: | see your motivation. This projective space P? has the advantage of duality
between points and lines, which makes it extremely easy to consider both and
transform formulas which consider one into formulas which consider the other.

Arc: Exactly! So, an image point can be represented in a particular coordinate
systemasp = [z y 2]" with these coordinates being homogeneous.

Mel: One moment. | notice that the coordinates of the world and image points
are both 3-vectors, but one is a Euclidean space of dimension 3 and the other isin
the projective plane. Can you mix them?

Arc: Of course, as long as you know what you are doing. You can think of a
camera as a device for considering the coordinates P of a point P € R?® to be
coordinates of apoint p € P2.

Mel: That'sreally cool. If | have a coordinate system in 3D with itsorigin at the
camera center, then theimage of apoint P € R? with coordinatesP = [X YV Z]"
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istheray OP € P? with coordinates [X Y Z]*. So what is a system in which it
will be easy to talk about large numbers of cameras?

Arc: As you recal, the coordinates of a 3D point become the coordinates of
the image point (e.g., the ray). However, our world points exist in one fiducia
coordinate system, whiletheimage pointsexist in the particular cameracoordinate
systems. Therefore our camera is defined in relation to this fiducial coordinate
system as follows:

1.7.2 Projecting points

A camera C'isamap C' : R* — P? from world points to image points. Given a
fiducial coordinate system, we may represent this map with a pair (B, T), where
B : R®* — R? isalinear function (represented by a 3 x 3 matrix), and T is a
3-vector representing the camera center. The action of the map on aworld point
coordinate P is:

C(P)=B-(P—T)

where C'(P) is considered as a member of P2,

Mel: | see. T isthe trandation and B is the rotation between the camera co-
ordinate system and the fiducial world coordinate system. So, you put the rigid
transformation in the definition of the camera. Not bad! (Fig. 1.1)

Arc: Well, B is more general than that because it can also hide the calibration
information. B was defined as a linear function, not necessarily an orthogonal
rotation matrix.

Mel: | have seen cameras defined in terms of projection matrices P. If you know
P, then you know the camera. Why do you use your definition instead?

Arc: Good question! We have defined the camera transformation as first atrans-
lation and then amatrix multiplication on the world point. Thisallowsusto easily
undo the matrix multiplication on the image point by applying B ~!. Each camera
will then be only atranslation away from the fiducial coordinate system (Fig. 1.2),
which wewill see allows easier derivation of our constraints. B also does not nec-
essarily have to be alinear function. We can remove the linear constraint and our
cameras can model nonlinear distortion as is common with real-world cameras.

Mel: You talked about this B being afunction rather than an rotation matrix. This
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Figure 1.1: Therotation B and translation T define a camera
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Figure 1.2: Cameras with no rotation B are a trandation away from the fiducial
coordinate system
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seems strange in that you' re convol uting the 3D transformation of the camerawith
the 2D transformation on the image.

Arc: But this can be more natural. Think of your camera as being represented,
like we talked about before, as a center of projection and a plane cutting the rays.
The only thing we can do with the center of projection isto trandateit to different
places. The only thing we can do with our planeisto place it in relation to our
center of projection. So our formula is naturally geometric in that the P — T
places our center of projection and our B chooses the plane with which we cut
the rays. Therigid rotation of the camera is chosen by the placement of the ray
cutting plane.

B may be considered to be a transformation on the world points R? or of the
image points P2. In the literature, B is usually split apart using a QR decomposi-
tion®, with the orthogonal matrix representing arotation of the camera (atransfor-
mation on R?) and the residual matrix representing alinear transformation of the
image (a transformation on P?) (calibration homography). Since the coordinates
are the same, we ignore such distinctions and just talk about the B.

Mel: But if you have a single camera moving through space, the calibration ma-
trix, asyou cal it, will remain the same while the rotation will change.

Arc: Sure, for many purposes it is advantageous to separate our the calibration
matrix. For smplicity, we just consider the B matrix as awhole.

Mel: Okay, now we see how points project. | have a fiducial coordinate system
somewhere. With regard to that, a point P is seen by camera (B, T) as image
point (ray) p = B(P — T). p istheray from the camera center to P. How about
lines?

1.7.3 Projecting Lines: The Plucker code

Arc: Finding an appropriate coordinatization for lines can be a tricky business.
Fortunately, in the case of projection an reconstruction of lines, there is an ex-
tremely natural coordinate system, called the Plicker coordinate system. The
definition | state now.

A world line L isthe set of all the points P € R? suchthat P = (1 — \)Q; +
AQ, for two points Q;, and some scalar A. If weconsider A = 1 and A = 0, we
see that the line L contains both (), and (Q,. The Plicker coordinates of this line

9(Yianniswill add a note)
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areL = [ ], where:

Li=Q:—Q direction of L
L, =L;xP moment of L

Note that regardless of the choice of )\ to define P, the definition of L,, is the
same. Also, the coordinates of L are homogeneous, and L,) L, = 0.

Mel: That seems like a strange definition.

Arc: It may seem strange at first, but when you see the ssimplicity of our formulas,
you will see why this coordinatization was chosen.

Mel: I'll go aong with you. What exactly are image lines in this system?

Arc: AnimagelineisalineinP?, and you may giveit coordinates £ = [I; I, [5]".
A point p isincident on line £ if and only if p"£ = 0. Asyou can easily see, the
line £ connecting points p; and p, has coordinates £ = p; x py; similarly, if point
p lieson both £, and £, thenp = £, x £,. S0, if you have two rays p; and p, they
definetheline £ = p;xp,, the intersection of the plane defined by the two rays and
theimage. Thislineis expressed as the ray perpendicular to the plane defined by
the two rays. That's the cool thing about the projective coordinates. Both points
and lines on the image plane are expressed as rays.

Mel: How about the projection? It seems like it would be difficult to go from
Plicker linesto these projective lines.

Arc: That'sthe great thing. The projection of a world line onto a camera is as
simple as the projection of a point onto a camera. If you look at the definitions,
you see that the coordinates of L,,, are created by a cross product of two points.
Thisis mirrored in the projective plane in that the coordinates of the line incident
on two pointsis the cross product of the coordinates of the points. Thisiswhy we
chose the Plucker coordinates. If we have aline L and a camera (B, T), then the
image line associated with L is

A

¢£=DB"T(L,, — TxLy)

Mel: That's easy to see. If we have two points on the world line P, and P, the
coordinates of their image points on a camera (B, T) are just B(P; — T) and
B(P, — T), considered as members of P2. Then the image line containing them
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must be just

¢ = (B(P, —T))x(B(P,—T))
= B*T(PIXPQ —(Tx(Py—Py)))
= BfT(Lm —TXLd)

| see why you say projectionisjust assimplefor linesasit isfor points. If we
ignorethe B and T, then our imageline £ isjust £ = L,,, whilefor pointsp = P.
It'sjust that in the case of lines, we ignore the L.

Arc: Good. You should note that when the image point coordinates p are trans-
formed by a map B to p with p = Bp, then the image line coordinates £ are
transformed to £ = B~ T£. If we have aworld coordinate system, and a camera
in that coordinate system with parameters (B, T), then we consider the p and £
to be the actual point and line coordinates measured in the image. For most of the
derivations, we use the normalized image lines/point coordinates:

p=B'p
¢=(B7")'e
= B™¢

Whenever we assume that we aready have the B, we will use the normalized
image lines/points for the calculations. We multiply the appropriate B or B~*
back later. p and £ are the real points and lines in the image. p and £ are the
derotated ones and normalized. So, | can develop relationshipsfor pointsare lines
when the cameras are just a tranglation away from each other and then substitute
for p B~'p and for £ B*2 and | get the relation for the real thing. The step of
going from p and £ to p and £ and vice versa, we'll call calibration, for lack of a
better term.

It isalso useful to remember the line intersection property for Pliicker coordi-
nates (Fig. 1.3), which is easy to prove.

Mel: Now that we know all about projection, we need to find the camera coordi-
nate systems, so let’s talk about the constraints given projected points.
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1.7.4 Reconstructing points and lines

Arc: Actuadly, it's a lot easier if we do it in the wrong order, and talk about
reconstruction first, assuming we aready know the camera parameters.

Mel: If you say so.

Arc: We need to know how we can reconstruct a world line and a world point.
Given two arbitrary cameras, it is not in general possible to reconstruct a world
point from two image points, unless they satisfy some condition, which is the
epipolar constraint. A moment’s thought will confirm this, since the two world
linesformed by the image points with their respective centers of projection do not
in general intersect. It is possible to form a joint reconstruction/constraint, but
this complicates matters, and yields no benefit. So, let’s see how we reconstruct
aline. If we have aline L in space which projects to two image lines £, and £,
in cameras (B, T;), and (B,, T3), then we can calculate the coordinates for L if
|€, x £5| # 0 asinfigure 1.4.

This not hard to prove, but to prove it you will have to assume that the trans-
lation between the cameras cannot be perpendicular to the moment vector of the
world line. Trandating in this plane leaves the image line the same in both cam-
eras, so that there is no depth information in the images, and no reconstruction is
possible.

Mel: But we could still calculate the formulain the casethat |£,x£5| = 0, couldn’t
we? We would just get the zero vector for the answer.

Arc: | hadn’t thought of that. Actualy, thisis even more genera than that. Con-
sider if instead of being zero, that cross product has afairly small magnitude. Our
L will have a small magnitude. But thisisjust the case where our reconstruction
is likely to be errorful. The magnitude of L is a confidence measurement of our
reconstruction.

Mel: And no divisions! But why do you start with lines and not reconstruct
points?

Arc: | will tell you about points, although it is not so useful, in order to explain
the concept of camera collapse. While it is not in general possible to reconstruct
aworld point from two arbitrary cameras and image points, it is possible to re-
construct aworld point from three arbitrary cameras using image lines which are
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If we have two lines L; and

L., they intersect if and only
if

L§,1Lm,2 + Lg,QLm,l =0

Figure 1.3: Line intersection property

We are given world line LL projected
to two lines 4;, i € {1,2} by cam-
eras (B;, T;). If weset £, = BZ,,
then the Pliucker coordinates of the
world line are:

L = 81 XEQ
= |leTie, — 2,170,

Figure 1.4: Line reconstruction

origin

Figure 1.5: Reconstruction of aworld line
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incident on the world point’simage in each of the three cameras.

Mel: What do these arbitrary image lines have to do with anything? They aren’t
measured, so how do you pick them?

Arc: We just pick three lines which go through image points. Is there a problem
with that?

Mel: But as | understand it, lines are usually formed by finding corners, which
are just the intersection of points. Why introduce this reconstruction at all if it
doesn’'t concern our basic measurements?

Arc: You'reright, and that’swhy thisreconstruction isjust for show, so to speak.

If we project aworld point P into three cameras with parameters (B;, T;), and
we have measured image lines £; which go through the image points p;, then the
coordinates of P are

-1

¢ 1o,
P= || |oT,
& e,

(82 X£3)ETT1 + (83 Xﬁl)ﬁng + (Zl Xﬁg)ﬁng

1€, £, €3]
If we have apoint in one cameraand alinein the other, we can consider T'; = T,
B; = By, and p = £, x £3, and obtain
_ p2[1F(T1 - T2)

P
ETPQ

+ T,

Thisis easy to prove.

The second result is essentialy the same as the first, except with cameras 2
and 3 considered as identical. We call this process “camera collapse’. Because
we can consider a point as the cross product of two lines, we get an equation
in terms of a point (which can be considered the intersection of two lines) and
another line. We will use this principle throughout our discussion by realy only
proving constraints for lines, and then collapsing pairs of cameras in order to
obtain constraints on points.

L et me point out, that in most cases, we will not haveisolated pointswhich we
must reconstruct, since most points are located as the intersection of lines. Even if
we haveisolated points, if there are at least three, then we may aswell consider the
lines joining them rather than the points themselves. We choose to operate with
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Figure 1.6: Quadrilinear Constraint with Virtual Red and Blue Lines

|8y €3 £5| €7 T +|€3 £y £1]€, T
+|£2 El £4|£§T3+|£1 £2 £3|£IT4 B

= 0

Figure 1.7: Quadrilinear constraint equation
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the lines rather than their intersection, so we will not use the point reconstruction
later in our discussion.

1.7.5 Multilinear constraints

Mel: OK, now are we are now ready for the multi-linear constraints?

Arc: Yes, and let’s start with the quadrilinear constraint, shown in figure 1.6. If
we have a world point P which projects to cameras 1 through 4 with parameters
(B;, T;), and the image points are intersected by lines ¢;, then if we set £, =
B;~"#;, the equation in figure 1.7 holds.

You can easily seeit by reconstructing the world lines from the image linesin
the camera pairs (1, 2) and (3, 4) to the red and blue lines in figure 1.6, respec-
tively. These are virtual world lines, not necessarily having any reality, but even
so they can be expressed as:

L . El XEQ
12— £1Tg£2 — EQTTEI

L . Eg X £4
34 £3T:££4 — £4T§£3

Both these lines must contain the world point P. Therefore the lines must inter-
sect. If you write down this condition for the intersection of two linesin 3D (1.3)
you get the constraint.

Mel: How about the trifocal constraint?

Arc: If we have three cameras with parameters (B;, T;), and a world point P

A '~

which projects to p;, then if we have image lines £, and £3; which intersect their
respective image points, then if we make the usual calibration:

TT£1£§P2 - T§£3£TP2 - (T2 ><P2)T(£1 ><£3) =0

Thisisknown as the point trilinear constraint. You get it by collapsing cameras
in the previous constraint, asin figure 1.8. If you set T, = T, you get:

Tfﬁlfg (£4 X 23) + TEEQET (£3 X £4)
—+ Tge;;e;f (82 Xﬁl) —+ Tg&lﬁg (61 X 62) =0
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Figure 1.8: Trilinear Constraint with Virtual Red and Blue Lines
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or by smplifying

Tfﬁlﬁg (82 X£4) — T§£3erf (82 X£4)
+ (TQ X (£4 XEQ))T(el X£3) =0

Note that whatever £, and £, we choose, we will end up withthe same p; = £5x£,.

Mel: | guess now you will collapse cameras and go from thetrilinear to the epipo-
lar constraint?

Arc: Exactly. If we have aworld point P projected onto two cameras with pa-
rameters (B;, T;) a image points p;, then if we make the usua calibration as-
sumption, we have the epipolar constraint:

(T1xp1)"'P2 + (T2 Xp2)"p1 =0
If weset T3 = T inequation (1.7.5), we obtain:
TTl14;py — TTl38 Py — (Taxpa)" (£ x€3) =0
or by smplifying
—(T1x(£1x£3))"pa — (Toxpg (€1 x€3) =0

Again, it does not matter which £, and £; we choose, because we will end up with
thesamep, = £, x £5.

Mel: To me, whilethe epipolar constraint makes sense, the quadrilinear and trilin-
ear constraints leave me unsatisfied. They havethis artificial selection of arbitrary
image lines. This seems especially strange considering that we usually construct
points by intersecting lines. Is there a way we can use the lines directly?

Arc: Indeed, there is a constraint based directly on lines. Strangely enough, it
uses exactly the same equation as the trilinear constraint.

The previous constraints we got by considering lines intersecting in space.
Now consider lines coinciding in space. Hereis another constraint if you consider
lines. If we havethree cameraswith parameters (B;, T;), and aworld line L which
projectsto #;, then if we have an image point p, which is on £, and we make the
usual calibration:

Tfﬁlféfpz - T§£3£Tp2
— (Toxp2)" (b1 x€3) =0 (1.1)
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Figure 1.9: The Line Trilinear Constraint
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which is the same equation, but with different measurements, and is known as the
line trilinear constraint.

Again, it is easy to prove. We may reconstruct our line as:

Ld = £3 ><£1
L, = £, T7¢ — £,T1¢,

If we project thisline into the second camera, we obtain
EQ = £3T1F£1 — EngEZ), — TQ X (63 xﬁl)

Therefore, if we consider any point p, on £, we must have the constraint p5 €, =
0,1.e.:

pgﬁngﬁl — pg£1T§£3 — (pg XTQ)T(£3 Xﬁl) =0

Note that, while this equation has the same form as the point trilinear con-
straint, it operates on different objects (Fig. 1.9). Indeed, | have understood that
the only constraint that is relevant for points is the epipolar constraint, while the
only constraint that matters for lines is the above line trilinear constraint. The
quadrilinear and point trilinear are redundant with these two constraints if we
consider three or more points.*°

Mel: So, given many views of the world the only thing you can | assume if you
make the coordinates the same as before, these constraints are equivalent to the
ones you showed me before.

Arc: These are the same constraints indeed. It is a simple exercise to bring them
to any form. One of the nice things about the form they arein isthat the positions
of the cameras is explicit for all cameras, which means that they are easier to
integrate into amany camera system. When people use two or three cameras, they
model their locations through the rigid motions from camera 1 to 2, from 2 to 3,
etc. If you have hundreds of cameras this scheme makes no sense. What | just
described is the best for this case.

Mel: So, given many views of the world the only thing you can tell me about
corresponding points and lines is that they satisfy these two line constraints, the

Oyianniswill add a note here



1.7. MULTIVIEW GEOMETRY IN A NUTSHELL 35

epipolar and the line trilinear?
Arc: Yes, that'sit!

Mel: Well, with just these two constraints | expect to get 3D models, 3D video
and photography?

Arc: Probably not. But people have developed them further and they have in-
troduced a computational framework!! for recovering camera location and then
reconstruction, as | told you. Remember, you are looking for 6(/V — 1) — 1 num-
bers, expressing the rigid transformation between any two views for N cameras,
up to an overall scale ambiguity, which accounts for the —1. The 6 comes from
3 are for the rotation and 3 for the tranglation. The community has built several
interesting optimization procedures that take as input corresponding points and
lines and provide as output camera placement. They cannot do it perfectly yet, but
they are getting there.

Mel: | can now sort of see the problem. All these procedures make errors that
if we translate them to image quantities amount to a few pixels, which is a very
small error indeed but unacceptable when it comes down to 3D models. When
you have 3D models of something from several views and you want to put them
together, a few inaccuracies here and there create misregistrations which create
problems. Besides, quite often the errors are large.
Another problemisthat correspondenceisonly among individual points. While

this can be sufficient to compute some rigid motions, it is insufficient to calculate
afull 3D model to the degree that we desire.

Arc: Very well said.
Mel: | need to study this stuff better. Maybe you can point meto some references?

Arc: Certainly. One thing to remember is that thisfield in computer vision grew
out of photogrammetry. Of course researchers found out about photogrammetry
as they worked on multiview geometry; so, they replicated some results. But they
also found new things.

Mel: You mentioned thisfield before.

Arc: These are the map makers. After photography was invented, they started
taking picturesof theworld and making detailed maps of cities, landscapes, moun-

The framework basically amounts to the estimation of the fundamental (or essential) matrix
and thetrilinear tensor. It is described in alarge collection of papersand in recent surveys[1, 2].
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tains, etc. That's why you see all this effort in finding how to place the cameras
using as few points and as few images as possible. Needless to say that pho-
togrammeters picked corresponding points by hand.

Mel: | was wondering about that. A video camera gets 60 frames per second and
there are thousands of features in the images.

Arc: When photogrammetry started, there were no computers. Cameras and film
were scarce too. But this specific need set foundationsin the field. We now know
what is possible to do with the minimum amount of information. So, if you are
interested in this field, get at least a hold of the Photogrammetry Manual, and
understand the meaning of the terms they use, because they are not identical to
the terms used in computer vision.

Mel: Good. How about computer vision?

Arc: They breakthrough came when it was realized by Longuet-Higgins (1982)
that there is a linear map relating two views. That’s the essential matrix £. Be-
cause of the linearity, people could study the uniqueness properties of the problem.
That was done first by Tsai and Huang (1984) and subsequently by several others
who also discovered a wealth of information in the photogrammetric literature.
It was, for example, discovered that you need a minimum of seven points. With
eight points it is clear because you can solve for the elements of E. Are there
degenerate cases, that is, cases where even if al your correspondences are per-
fect, you still get non-unique solutions for camera placement, i.e., for matrix £?
It turns out that degeneracy occurs when both camera centers and the 3D points
lie on a (ruled) quadric surface, known as the critical surface. The quadric can
be non-degenerate—a hyperboloid of one sheet, or degenerate (e.g., two planes,
cones, or cylinders), but it cannot be a hyperboloid of two sheets or an ellipsoid
(see Maybank, 1993).

Mel: Seven pointsare enough? But seven points and the two camera centers make
nine points and a general quadric has nine points and a general quadric has nine
degrees of freedom. So | can always make a quadric to pass from all these points.
Does that mean that | cannot have a unique solution?

Arc: Well, if the quadric happensto be not ruled, then you have a unique solution.
If the quadric isaruled quadric, then it will be a critical surface and there will be
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three possible solutions.
Mel: OK.

Arc: Then, the trilinear trifocal constraint, the constraint for points and linesin
three views was devel oped by Spetsakis and Aloimonos (1987, 1989, 1990). The
projective generalization of the essential matrix was introduced as the fundamen-
tal matrix by Faugeras (1992) and Hartley (1993), following a paper on affine
structure from motion by J. Koenderink and A. van Doorn (1992), and the work
of R. Mohr on projective geometry and vision (1994). The projective general-
ization of the trifocal constraint was done by Shashua (1995). Since then many
groups have built on top of these mathematics and now a beautiful theory isin
place.

Mel: Now that you are at it, | must say that | did not fully understand how from
projective or affine models we can upgrade to Euclidean models. | understood
how you go from projective to affine through the line at infinity, but | missed the
rest. Can you tell me, just for 2D models?

Arc: | will tell you, but you need to know afew thingsfirst. Recall for amoment
the conics we talked about. In homogeneous coordinates a conic is written as
" Cx =0, where C'isa3 x 3 symmetric matrix.

Mel: You mean the points = satisfying = ' C'z = 0 lie on the conic?

Arc: Yes. You seethat C' is a homogeneous representation. If you multiply its
entries by some scale, nothing changes.

Mel: So, since C' is symmetric it has five degrees of freedom. No wonder you
need five points to define a conic.

Arc: Very good. Because of the duality, you can change points with lines. You
still get aconic; that is, the equation £ C'*€ = 0 expresses the conic that is tangent
tolines£, where C* isa3 x 3 symmetric matrix.

Mel: Why do you writeit as C*?

Arc: Oh, to denotethat itisthedual of 2" Cz = 0. It turns out that the matrix of
the dual conic is the adjoint of the original matrix C'*, which happens to also be
C~1, up to scale of course. You can also have degenerate conicsif the matrix C' is
not of full rank. For example, the conic C' = ele; + EQEIT consists of two lines €,
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and £,.

Mel: OK, what isyour point?

Arc: Recall how we upgraded a projective model to an affine one?
Mel: Yes, using the image of the line at infinity.

Arc: Good. Now we need to upgrade to a Euclidean model (with scale). That
means that our homography will be a similarity transformation. So, we have to
find something that does not change under a similarity transform.

Mel: | see, just like in the affine case you found the line at infinity as being
unchanged by an affine transformation.

Arc: Exactly. These thingsfor our case are the circular points.
Mel: What are those?

Arc: They arethe pointswhere every circleintersectstheline at infinity (001) .
In homogeneous coordinates, if + = (z; 7, 23)" the equation of acircleis z? +
T3+az,r3+brors+cxs = 0. Itsintersectionwiththelineat infinity isz?+23 = 0,
which amounts to two points I = (1,4,0) and J = (1,—4,0). These are the
circular points at infinity and any similarity transformation will not change them.

Mel: Wow! It soundsweird.

Arc: Well, look at /. You canwriteitas I = (1,0,0)" +4(0,1,0)". So, inside /
you have the two orthogonal directions (1, 0, 0) and (0, 1, 0) of Euclidean geome-
try. It isno wonder then that once these are found you can determine orthogonality
and other metric properties.

Mel: There is something | don't quite understand. To upgrade to a Euclidean
model | must have the capability to measure angles. How do | do thisif | have a
projectivemodel ? | know that if | have, in Euclidean geometry, lines£, (€11, £15,£13)
and £5(£5,, £2,, £23) " then their angleis given by the dot product of their normals,

that is, their angle 6 is such that cos = 7 f;lﬁl.f)‘ijfzjlz - | cannot use this
11 12 12 22
formulain a projective model because it is not invariant under projective transfor-

mations.

Arc: That'sgood! You can, however, use another formula, this one:
£ C*e,
\/(E?C*el)(£50*£2)

cosf =
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Mel: IsC* aconic?
Arc: Yes. Inactual fact it isthe conic which isdual to the circular points, that is:

C*=1J" +1"J

Mel: Hmm, how does C* transform under similarity transformations? Oh, since
100

0 1 0 | itisfixed under similarity. Now, let’s see what happens with
000

agenera projective transformation. If H mapspointsx to z', i.e., 2’ = Hz, then
linesmap as ¢’ = H~"£. How about conics?

Cr =

Arc: It'snot hard.

Mel: Let's say | have conic C, withz"Cx = 0. if instead of x | use 2’ = Hu,
| have ' '[H'|TCH "2’ = 0 or ' "H TCH 'z’ = 0, i.e, the new conic is
C'=H-TCH™". So, by applying H to your formula, it doesn’t changet.

Arc: Yes, when you find C*, you can start measuring angles. Clearly, if £, and £,
are orthogonal, you have £; C*¢, = 0. So, if you have two linesin the image and
you know they are orthogonal in space, you can constrain C* with this equation.
If you have 5 such pairs, you can find C* (you need five points to define a conic).

Mel: So, if | have C* | can upgrade my projective model.
Arc: Theword used isrectify.
Mel: OK, | can rectify.

Arc: Keep in mind that C* contains all the information needed to determine both
the projective and affine components of the model, leaving only the similarity
component undetermined.

Mel: | don’t fully follow.

Arc: Hereisagood way to think about it. Take any projective transformation in

2D. You can writeit in block formas H = { u‘év ¢ } with t and u 2 by 1 vec-

tors, v aconstant and A a2 x 2 nonsingular matrix, writtenas A = SRK + tu ',
where K an upper triangular matrix normalized as det(K) = 1. Itiseasy to

SR t K O I O
seethat H = HgmHagHproj = {OT 1} {OT 1 } {uT " } As you
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see, inside the general projective transform, you have a similarity, an affine and
a projective one. So, if you have a projective transformation =’ = Hax where
the = coordinate frame is Euclidean and z' projective, then our conic C* trans-
formsas: C* = HC*H" or C* = HgmHag HprojC* (Hgim Ha Hproj) T Or C*' =
(HprojHaff)(HsimC*HsimT)(Ha,ffTHprojT); i-e-1 c = HprojHa,ffC*HaffTHprojT
KK" K'u

u' 0 }
which means that the components K and u are determined by C*'. But these are
the affine and projective parts!

since C* isinvariant to similarity transformations. So, C*' = {

Mel: Very clear. | guess now | could find a homography that brings me from
projective to Euclidean.

Arc: Sure. You can do directly from the C*' that you found. Because a SVD of
100

C* givesC*=U | 0 1 0 | VT, U isyour rectifying homography.

0 00

Mel: Itis pretty clear now. | assume similar things happen in 3D?

Arc: In 3D, the new concept is the plane at infinity II. Two planes are parallel
iff their line of intersection ison IT and an lineis parallel to another line or plane,
if the point of intersection is on I1. Again, the plane at infinity is fixed under a
projective transformation iff the transformation is affine.

Mel: So, | just have to apply a homography that movesII to its canonical position
(0,0,0,1)". That homography gives me an affine model. But how about the
analog of the circular points? How can | get to Euclidean models and measure
angles?

Arc: Inthiscase you have the absolute conic. The absolute conic lies on the plane
at infinity I1. A point z = (xy, 29, z3,74)" lieson II when z, = 0, since IT —
(0,0,0,1) " and z lieson T whenTI "z = 0. So, theconicis (z1, 2, x3) I (z1, T2, 23) " =
0, where I isthe unit matrix. The conic can also be written as 22 + 22 + 22 = 0,
Ty = 0.

The absolute conic 2 is fixed under any similarity transformation. So, once
you have identified (2 and I1, you can measure angles. If you have lines £, and £,

angleiscos = T‘ﬁ# Now, to have thisformulain projective space you
(€, €1)(£2TE2)
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2] Qe

NOGERCLTS with Q the absolute conic.

should modify it ascos ) =

Mel: Nice! | assume | will have to identify the absolute conic. By the way, itis
just consisting of imaginary points, right?

Arc: Yes. There are many things you can do now. You can see that calibrating a
camera amounts to finding the image of the absolute conic. Take ageneral camera
P = KRI[I — C], and a point on the plane at infinity II. The point would be of
theform X = [£7,0]", where £ a3 x 1 vector. The mapping between IT and the
imageis clearly ahomography. Let’s find theimage of X.

Mel: x = PX = KR£. So, point £ on IT maps to image point z, with homogra-
phy K R.

Arc: Good. How does the absolute conic 2 map to the image?

Mel: If = mapsto =’ with homography H, i.e., ' = Hzx, then conic C' maps
to H-"CH'. The absolute conic € is the identity matrix 7, so it maps to
(KR)"TI(KR)™" = (KKT)~'. Wow! The image w of the absolute conic
depends only on the calibration parameters, it does not depend on orientation 1
and position C'.

Arc: Excellent. You see clearly that an uncalibrated camerais like a projective
device, and now you can use all these results to perform camera calibration. You
need to have some knowledge about how linesare in 3D (parallel, perpendicular)
and this knowledge helps you calibrate or equivalently rectify your models from
projective to affine and Euclidean. If x isaray (image point) in an uncalibrated
image, the calibration homography relates the ray’s direction £* with z two rays

. e e T(K-TK 1z
iScos) = ——L=2__ or cosf = 2 { Jo2 or cosf =
(e] £1)(€5 £2) Vel (K=TENa1y/2] (K- TK~")as
:L‘lTwmg
\/l’;rwml\/m;—wIZ )

Mel: This connection between these projective structures and calibration isreally
elegant. Where can | learn more about it?

Arc: It started with the work of Faugeras (1997). The book by Hartley and Zis-
serman (2000) is an excellent source of ideas, concepts and techniques around the
general problem of calibration.

Mel: What about work on geometry? Are these ideas coming from projective
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geometry?
Arc: Of course. | recommend thebooks... and ... for astart.

Mel: Where can | learn more about visualizing (getting some intuition) about
proj ective spaces or higher-dimensional spaces?

Arc: Thebooks... and... areprobably among the best. It isalso worth studying
Flatland and other books similar to it such as Sphereland by . . . and the books of
Rudy Rucker, ... and... .

Mel: The final thing | wanted to ask you is about specific algorithms. How do
you really place the cameras, how do you apply the constraints, how do you find
some correspondences?

Arc: Thereis alot written on this subject. First, you go in the images and you
apply an operator to find points. There are many waysto do that. These pointsare
corners, points of high curvature. There are quite afew “interest point” operators
(the Harris operator (197?), the Frei-Chen operator (197?), and others). The prob-
lem isthat these operators are not perfect, they are based on local variationsin the
images, and as you know, images change when you change viewpoint. So, if your
favorite operator gives n; pointsin the first image and n, in the second, there are
many pointsin each image whose corresponding one has not been detected in the
other.

Mel: So, many agorithmswill have problems.

Arc: Yes. Let's look now at the correspondence algorithms. They look at a
patch around a point in one image and collect the statistics of that neighborhood.

Then they look in the other image for a point whose neighborhood has the “ same”

statistics as the first. Correlation, sum of the squared differences are at the top of
possible candidates [REFS].

Mel: But then you don’t expect to get all correspondences right!

Arc: Of course not, but you will get some of them. And then you can apply robust
statistics, especially the RANSAC technique, to find the map E (or F'). You see,
your constraint isz " Ez’ = 0 for corresponding points z and z’. So, you want to
fit alinear model to the data (correspondences). It's a problem in statistics.

Mel: What is RANSAC?
Arc: It stands for RANdom SAmple Consensus [REF]. It's a good way to fit
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functions to data. Let me show you how it works for a simple case, when you
fit a straight line to points on the plane; pick any two points at random. They
define a line. Next, pick a threshold, and count all the points that lie within a
distance threshold from the line. Thisisthe support of the line. The pointswithin
the distance threshold are the inliers, the others are the outliers. Now, repeat this
many times and choose as the solution the line with the strongest support. People
have studied many aspects of this problem and we have a solid framework to work
with. It isnot a panacea, but it's a good technique.

Mel: | see. Your alternative would be to do some optimization like least squares,
where you find the line such that some function is minimized (like the distance
from the pointsto the line). And such procedures are sensitive to outliers.

Arc: Good. Of course, to be sure that you get the best solution you should try all
possible combinations, which is not so good. But you can choose a large enough
sample so that you can ensure with some probability p that one of the selected
random samples is free from outliers. Supposep = 0.99 ande = 1 — « the
probability that a selected point is an outlier (and thus « the probability that it is
an inlier). If m isthe number of points you need to define the model, then you
need at least N selectionssothat (1 —a™)N =1 —por N = %. You
can see from thisformulathat you need to try many things. When your proportion
of outlier is50% and m = 8 you need at least 1177 trias.

Mel: That can bealot! | guessthisnumber risesfast with m. That’swhy, | guess,
you would want to find £ using 7 points. You mentioned it but you never told me
how to do it.

Arc: It'snot so important. You can read about it in [REF]. It amounts to solving
higher order algebraic equations. In any case, there are now good waysto pick all
these parameters in the problem [REF]. With regard to your problem, you need 8
points. You get alinear system which givesyou E. It makes sense to normalize
the data first.22 After you fit an £, you can then find the distance of the rest of the
correspondences from this £/, and then you are in business with RANSAC.

Mel: What isthisdistance? | guess some form of error that some correspondence
produces for the E' you fit.

Arc: Exactly. People havetried afew different alternatives. For example, it could
be the value of =" F2’, for some correspondence (z, z'). Others have considered

Lyianniswill add anote
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the distance from the epipolar line. After you have an estimate for F, you know
the epipolar geometry. So, given z, you know its epipolar linein the other image.
So, the distance of z’ from that epipolar line is a good measure. You should also
do the symmetric case. There are afew different error measures [REFS] that have
been developed over the years. They basically amount to appropriately scaling
the distance from the epipolar line, to get better statistical performance. Other
approaches develop an error criterion in 3D, as opposed to 2D, i.e., the image.

Mel: So, what is the result?

Arc: Asl toldyou, if | get the correspondences by hand, | can do quite well. But,
as you have aready realized, things cannot be perfect. This procedure provides
reasonable solutions. Sometimes very close to the actual solution, sometimes far
away. When you are done, you can continue improving the solution. Bundle
adjustment is one way. There are othersaswell. Thebooks ... and ... contain
an excellent survey of the various techniques published over the years.

Mel: So, where are we? Can weredlly do it automatically?

Arc: Well, | would say we are close, but not there yet. As you realize, this
problem amounts to an optimization. From your data and the basic constraints
from two or more views, you make a function whose minimum corresponds to
the solution you are seeking, the 3D transformation. | would say, we don’t fully
understand this optimization. We make errors.

Mel: | see. Making small errors here and there creates difficulties when you put
together 3D models from many views.

Arc: Ontop of this, correspondenceis like a chicken-egg problem, as| told you.
You need to know the correspondence to find the camera and scene geometry, but
you also need to know something about the camera and scene geometry to even
think about finding correspondence. This problem is not for me.

Mel: Maybe Socrates is wrong. It’'s possible that this process is compositional.
You cannot solve any part of the problem before others. Somehow, you need to
solve them all a the same time. Maybe | have no hope of finding 3D models.

Arc: Oh, don't despair. That simply means that you need to model your problem
differently.

Mel: But do you think concentrating on the 2D and 3D transformation and the 3D
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shape would be enough? Or would | need to involve recognition.

Arc: | doubt that. But then, what do | know? It just feels to me that the whole
thing is simply geometric.
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