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Functions




Function terminology

0 A function maps elements of one set (called the domain)
to another set (called the codomain).

0 Domain: the set which contains the values to which the
function is applied

0 Codomain: the set which contains the possible values
(results) of the function

0 Image: the set of actual values produced when applying
the function to the values of the domain

Formally the image of fis {y U Y| (Lx U X)[f(x) = y]}
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More function terminology

IS the function name
IS the domain

IS the co-domain
means f maps x to y
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Formal definitions

Image of function (in class)
Inverse image of a point (in class)
f=g if

— f and g have the same domain

— f and g have the same codomain
— For all x (in domain), f(x)=g(x)




ypes of functions

0 F: X - Y is one-to-one (or injective) if
(Cx,,x, O X)[F(x,) = F(x,) - X,=X,], or alternatively

(Oxx, O X)X 7 X, - FX) # F(X)]

0 F: X - Yis onto (or surjective) if
(Ly O Y)(x U X)[F(x) = y]

0 F: X - Yis not one-to-one if
(Ex,%, U X)X, # x5) N (F(Xy) = F(X,))]

0 F: X = Yis not onto if
(Ly O Y)(Ox O X)[F(x) £ y]
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Proving functions one-to-one and onto

f(x) =3x—4, f(x)=x"2+2

1l fR-R
1l R - Z
]l fZ >R
l fz_.Z

Solve Inclass
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One-to-one correspondence or bijection

F. X - Yis bijective iff F. X - Y is one-to-one and onto

If F- X - Y Is bijective then it has an inverse function
(FHY - X]
(OxOX)[F(x) =y — F7(y) = x]
(Oy OYV)IF(y) =x - F(x) = y]
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Proving something Is a bijection
F(x) =5x + 2

]l R R
1l R - Z
1l fZ R
1l fz . Z

Solve Imclass

CMSC 250




The pigeonhole principle

W OO0

mjij QO

0 Basic form:

A function from one finite set to a smaller finite set cannot be
one-to-one; there must be at least two elements in the domain
that have the same image in the codomain.
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Examples

Using this class as the domain:
— must two people share a birth month?
— must two people share a birthday?

Let A ={1,2,3,4,5,6,7,8)

— if I select 5 different integers at random from this set, must two
of the numbers sum exactly to 9?

— if | select 4 integers?

There exist two people in New York City who have the
same number of hairs on their heads.

There exist two subsets of {1,...,10} with three elements

that sum to the same value.
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Generalized Pigeonhole Principle

0 The generalized pigeonhole principle:

— If X,Y are finite, and | X|>k|Y|, and f.X - Y then there is some y 1 Y
such that y is the image of at least k+1 distinct elements of X.
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Examples

0 Using the generalized form:

— assume 50 people in the room, how many must share the same birth
month?

- A|=5, |BI=3 F: P - P®B)

how many elements of P(A) must map to a single element of P(B)’?
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Composition on finite sets- example

0 Example
X={1,2,3}, Y,={ab,c,d}, Y={ab,c,d,e}, Z={xy,z}

f1)=c 9(a) =y gof(1) = g(f(1)) =z
f(2)=b g(b) =y gof(2) = 9(i(2)) =y
f(3)=a g(c) =z gof(3) = 9(f(3)) =y
g(d) =x
g(e) =x
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Composition for infinite sets- example

Z-Z f(n)=n+1
g.Z - Z g(n) =n?

g o f(n) = g(f(n)) = g(n+1) = (n+1)?
fog(n)=1gn)=1n°)=n>+1

Note: gof #fog
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ldentity function

0 i, the identity function for the domain X
It X - X (OxUX) [i(x) = x]

0 i, the identity function for the domain Y
iyt - Y (QyOY) [i(y) = y]

0 composition with the identity functions
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Composition with inverse

Recall: if fis a bijection then f* exists.
Letf: X — Y be a bijection.
Whatis f o f1?

What is f1o f?
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0 Iff: X - Y and g: Y — Z are both one-to-one, then

One-to-one In composition

gof: X - Zis one-to-one.

0 Iff:X > Yandg: Y- Z are bothonto,thengof: X - Z

IS onto.

CMSC 250

17




Cardinality

0 Sets A and B have the same cardinality iff there is a one-
to-one correspondence from A to B.

0 We denote A and B have the same cardinality by |A| = |B].
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Countable sets

0 A setSis called countably infinite iff |S| = |N|.

0 A setis called countable iff it is finite or countably
Infinite.

[0 A set which is not countable is called uncountable.
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Countable Sets?

Which of these sets are countably infinite?
N

Neven

Z

Q"

Q
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Real numbers

0 we’ll take just a part of this infinite set

0 Reals between 0 and 1 (noninclusive)
X={xUOR|0<x<1}

0 All elements of X can be written as
0.a,a.,a,... 4,...

n
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Cantor’s proof

0 Assume theset X={x OR|0<x< 1}is countable
0 Then the elements in the set can be listed
0.a,,8,,8,58,-.-84,--

0.a,,a8,,8,,8,,...8,,.--
0.85,85,85,84,...85,. -

0 Select the digits on the diagonal

0 Build a number d, such that d differs in its n™ position from

the n™ number In the list
(1 if a,. Z1

dh = % if a_ =1
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Cardinality({x L R | 0 < x < 1}) = Cardinality(R)
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All reals
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