CMSC330 Practice Problems 8 Solutions

1. Lambda calculus
Make all parentheses explicit in the following A-expressions

a. AX.Xz Ay.Xy > (x.((x 2) (by.(xy))))
b. (Ax.Xz) Ay.w AW.Wyzx 2 ((x.(x 2)) (Ay.(W Aw.((((W y) 2) X))))))
c. AX.Xy AX.yX > (x((xy) (x.(y X))

Find all free (unbound) variables in the following A-expressions

d. Axxzlyxy > (Ax((x2) (y.(xY)))

e. MX.XZ)Ay. WAW. WyzZX 2> ((x.(x 2)) (hy.(W Aw.((W Y) 2) X))))))
f. AX.XyAx.yx 2 (x((xy) x.(y X))))

Apply B-reduction to the following A-expressions as much as possible
g. (Az.z) (Ay.yy) (Ax.x a) // B-reduction = body[sym/replacement]

(Az.z) (\y.y y) (Ax.x a) 2> Il z|z/(hy.y y)] replace z with Ay.y y
(A\y.yy) (x.x a) 2> /'y yly/(Ax.x a)] replace y with Ax.x a
(Ax.x 2) (Ax.x 2) 2 /I x a[x/(Ax.x a)] replace x with Ax.x a
(Ax.xa)a—> aa /I x a[x/a] replace x with a

h. (Az.z) Az.zz) (\z.zy)
(Az.z) \z.z z) (\z.2y) 2> /I B-reduction: replace z with Az.z z
(\z.z ) (\z.2 Y) 2> /I B-reduction: replace z with Az.z y
(Az.zy) (\z.zy) 2> /I B-reduction: replace z with Az.z y
(Azzy)y=2>vVyy /I B-reduction: replace z with y

. (AxAyxyy)(ra.a)b
(Ax.Ay.xyy) (ha.a) b > /I B-reduction: replace x with Aa.a
(Ay.(ha.a) yy) b > /I B-reduction: replace y with b
(Aa.a)bb>bb /I B-reduction: replace a with b

Jo (xdyxyy) (Ay.y)y
(AxAyxyy)(Ay.y) y =2 /I a-conversion: rename y to a
(Ax.Aa.x a a) (Ay.y)y 2 // B-reduction: replacing x with Ay.y
(ha.(Ay.y)aa)y > // B-reduction: replacing a with y
Ay.yY)yy=2yy /I B-reduction: replacing y with y

k. (xxx)(Ay.yx)z
(Axxx) (Ay.yx)z > /l B-reduction: replacing x with Ay.y x
(Ay.yx) (hy.yx)z > /l B-reduction: replacing y with Ay.y x
(Ay.yx)xz-> // B-reduction: replacing y with x
XXZ

(Ax. (Ay. (xy)) y) z
(x. hy.xy)y)z >
(Ax. (Ma. (x a)) y) z 2>
(M. (za))y 2>

zy

/I a-conversion: rename y to a

/I B-reduction:
/I B-reduction:

replacing x with z
replacing a with y



m. ((Ax.xx) (Ay.y)) (Ay-y)

((x.x x) (Ay.y)) (Ay.y) = // B-reduction: replacing x with Ay.y
((y.y) (Ay.y)) (Ay.y) 2 /I B-reduction: replacing y with Ay.y
(Ay.y) (hy.y) 2 /I B-reduction: replacing y with Ay.y
Ay.y

n. (((Ax. Ay.(x y)(Ay.y)) W)
((Ax. Ay.x V)(Ay.y)) w) 2 /I a-conversion: rename y to a
(((Ax. Aa.(x 2))(Ay.y)) W) 2 /I B-reduction: replacing x with Ay.y

(a.((Ay.y) a)) w) > /I B-reduction: replacing a with w
(Ay.y) w > /I B-reduction: replacing y with Ay.y
w

Show that the following expression has multiple reduction sequences
0. (Ax.y) ((Ay.y yy) (Ax.Xx X X))
// p-reduction: replace x in Ax.y with ((Ay.y y y) (Ax.X X X))
/I (no x in body, so just discard argument and replace (Ax.y) <...> with y)
(x.y) (y-y yy) (Axxxx))> y
OR
/l B-reduction: replace y in Ay.y y y with Ax.x x x
(Ax.y) ((Ay.y vy y) (x.X X X)) (Ax.y) ((AX.X X X) (AX.X X X) (AX.X X X))

Can repeat p-reduction for x as many times as we wish!

2. Lambda calculus encodings
Prove the following using the appropriate A-calculus encodings
a. not (not true) = true

Given:
not = Ax.((x false) true)
true = AX.Ay.X
false = Ax.Ay.y

Proof:
not (not true) // replacing 1% not w/ encoding
= Ax.((x false) true) (not true) /I p-reduction: x — not true
= ((not true) false) true /l replacing not w/ encoding
= ((Ax.((x false) true) true) false) true /I p-reduction: x — true
= (((true false) true) false) true /l replace true w/ encoding
= ((((Ax.Lry.x) false) true) false) true // B-reduction: 1* x — false
= (((ry.false) true) false) true /I p-reduction: y — true
= ((false) false) true /l replace false w/ encoding
= ((Ax.Ay.y) false) true /I p-reduction: x — false
= (Ay.y) true /I p-reduction: y — true

= true /I not (not true) = true



b. or false true = true

Given:
or = AX. Ay. ((x true) y)
true = AX.Ay.X
false = Ax.Ay.y

Proof:
or false true // replacing or w/ encoding
= AX. Ay. ((x true) y) false true /I p-reduction: x — false
= Ay. ((false true) y) true /I p-reduction: y — true
= (false true) true // replace 1* false w/ encoding
= ((Ax.Ay.y) true) true /I p-reduction: x — false
= (Ay.y) true /I p-reduction: y — true
= true /I or false true = true

c. iffalsethenxelsey=y

Given:
ifathenbelsec=abc
true = AX.Ay.X
false = Ax.Ay.y

Proof:
if false then x else y /l replacing if... w/ encoding
=falsexy // replacing false w/ encoding
= (AX.AY.Y) Xy // B-reduction: x — x
=(Ay.y) y /I p-reduction: y — y
=y /I if false then x else y =y

d. succ2=3
Given:

2=MAryf(fy)
3=MAryf(f(fy))
succ = Az.AfAy.f(z fy)

Proof:
succ 2 // replacing succ w/ encoding
= (zMAyf(z fy)) 2 /l B-reduction: z — 2
=MAyf(2fy) // expanding 2 w/ encoding
= MAy.f (MAry.f(fy)) fy) // B-reduction: 1** f — f
= MAy.f ((hyf(Ey) y) // B-reduction: 1*'y — y
=MAyf F(fy)) // apply encoding for 3
=3 / succ2=3

e. (*13)=3

Given:

1=MAryfy

3=MAyf(f(fy))
M * N =2x.(M (N x))
Proof:
*13) /l replacing * w/ encoding
=M.(1 3 x)) /l replacing 3 w/ encoding



= mx.(1 (y.f (F (Fy)) X)) // B-reduction: 1° f — x

=ix.(1 (hy.x (x (x ¥)))) // replacing 1 w/ encoding
=M. ((MfAy.fy) (Ay.x (x (X)) // B-reduction: 1°* f w/ hy.x (X (X y))
= A Qy.(lyX (X (XY)) ¥ // B-reduction: 1™y — y
= AX.AyX (X (X Y)) /I a-conversion: replace x with f
=MAy.f (f(fy)) // apply encoding for 3
=3

f. (+21)=3

Given:

1=MAryfy

2 =AMAy.f(fy)
3=MAryf(f(fy))
M + N =ix.Ay. M x)((N x) y)

Proof:
+21) // replacing + w/ encoding
=AxAy.2x)((1x)y) /l replacing 2 w/ encoding
= AXAy.((MAy.f(fy) x)(1 X)) y) // B-reduction: 1** f — x
= AXAy.(Ayx (x )1 x)y) /l replacing 1 w/ encoding
= AXAy.(Ayx X Y)(((MAryfy) x)y) // B-reduction: 1** f — x
= AXAy.(Ay.x X Y)((Ay.xYy) y) // B-reduction: 3"y —y
= AX.AY.(Ay.Xx (X Y))(X Y) // B-reduction: 2"y — x y
= AX.AyX (X (X Y)) /I a-conversion: replace x with f
=MAy.f (f(fy)) // apply encoding for 3
=3

g. (Y fact) 2=2 // you do not need to expand any operators except fact & Y
Given:
Y = M.(Ax.f (x X)) (Ax.f (X X))
fact = Af. An.if n = 0 then 1 else n * (f (n-1))

Proof:
(Y fact) 2 // replacing Y w/ encoding
= (M.(Ax.f (x X)) (Ax.f (x X)) fact) 2 // B-reduction: 1° f — fact
= (Ax.fact (x x)) (Ax.fact (x x)) 2 // B-reduction: 1** x — Ax.fact (x x)

= (fact ((Ax.fact (x x)) (Ax.fact (x x)))) 2

/I apply encoding for (Y fact)

/I ((Ax.fact (x x)) (Ax.fact (x x))) — (Y fact)

// we know this is the encoding for (Y fact) from 3™ line of proof
= (fact (Y fact)) 2 /I apply encoding for fact
= (M. An.if n = 0 then 1 else n * (f (n-1)) (Y fact) 2

// B-reduction: 1* f — (Y fact)

= (An.if n = 0 then 1 else n * ((Y fact) (n-1))) 2// B-reduction: n — 2
= if 2=0 then 1 else 2 * ((Y fact) (2-1)) /l apply if
2 *((Y fact) 1) /l showed in class (Y fact) 1 =1
=2%*1 // apply *
=2



