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Exercises on Linear Algebra (Optional)

Here is a list of example problems on the linear algebra that we will use in quantum information. You
don’t need to submit solutions for these problems, However, you probably want to figure out answers to
these problems as well.

Problem 1.1. For complex number c = a + bi, recall that the real and imaginary parts of c are denoted
Re(c) = a and Imag(c) = b.

• Prove that c+ c∗ = 2 · Re(c).

• Prove that cc∗ = a2 + b2.

• What is the polar form of c = 1√
2

+ 1√
2
i ? Use the fact that eiθ = cos θ + i sin θ?

• Draw c = 1√
2

+ 1√
2
i as a vector in the complex plane.

Problem 1.2. Define that

A =

(
a b
c d

)
.

• What is tr(A |1〉 〈0|)? (Hint: This can be computed quickly by using the cyclic property of the trace
and the outer product representation of A. Do master this trick; it will be used repeatedly in the course
and save you much time.)

• Let |+〉 = 1√
2
(|0〉 + |1〉). Use the same trick above, along with the fact that the trace is linear, to

quickly evaluate
tr(A · |+〉〈+|).

Problem 1.3.

• Write out the 4-dimensional vector for (α |0〉+ β |1〉)⊗ (γ |0〉+ δ |1〉)?

• Let B1 = {|ψ1〉 , |ψ2〉}, B2 = {|φ1〉 , |φ2〉} be two orthonormal bases for C2. Can you construct an
orthonormal basis for C4?

Problem 1.4.

• Write out the 4× 4 matrix representing Y ⊗ Y .

• Prove that (Z ⊗ Y )† = Z ⊗ Y . Do not write out any matrices explicitly; rather, you must use the
properties of the tensor product, dagger, and Y .
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Problem 2.1.

• Write down a matrix that is not Hermitian.

• Let A ∈ L
(
Cd

)
be a Hermitian matrix. Prove that if for all |ψ〉 ∈ Cd, 〈ψ|A |ψ〉 ≥ 0, then A has only

non-negative eigenvalues.

• Let A ∈ L
(
Cd

)
be a Hermitian matrix. Prove that if A has only non-negative eigenvalues, then for all

|ψ〉 ∈ Cd, 〈ψ|A |ψ〉 ≥ 0.

Problem 2.2. Given |−〉 state, and suppose that we measure in the computational basisB = {|0〉〈0| , |1〉〈1|}.
What are the probabilities for each possible measurement outcome, and the corresponding post-measurement
states?

Problem 2.3.

• Let A,B ∈ L
(
Cd

)
be positive semi-definite matrices. Prove that A+B is positive semi-definite.

• Prove that if ρ and σ are density matrices, then so is p1ρ+ p2σ for any p1, p2 ≥ 0 and p1 + p2 = 1.

Problem 2.4. Let |ψ〉 = α0 |a0〉 |b0〉+ α1 |a1〉 |b1〉 be the Schmidt decomposition of a two-qubit state |ψ〉.
Prove that for any single qubit unitaries U and V , |ψ〉 is entangled if and only if |ψ′〉 = (U ⊗ V ) |ψ〉 is
entangled.
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