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CMSC 425 Dave Mount

CMSC 425: Lecture 5

More on Geometry and Geometric Programming

More Gometric Progrruing: In this l6ture we continue the discusion of bmic gometric
progrmming ftom the previou lrcture. We will dircws the cros-produci, orientation t6ting,
md homogenmu coordinates.

Crcs Productr The crms product is m important v@tor oPeration in &spae. You are given

two v@to6 and you wmt to find a third vector that is orthogonal to these two. This is handy

in comtructing coordinate frme with orthogonal brcs. There is a nie operator in }spme,
which doe this for us, called the cross product.

The cross product is wually defined in stmdard lina }spre (sine it applie to vectors, not
points). So we will ignore the homogenous coordinate here. Given two v@tors in &space, d

md u-, their cross prduct is defrned m follows (se Fig. 1(a)):

CMSC 425 Dave Mount

Bilinwr The cross product is lina in both ilguments. For example:

d.(oO - a(ri'ul,
d x @ +d) : (r7r rl) + (z- x tn).

Popendicular: If 17 md d ue not linarly dependent, then r7 x u- is perpendiculu to r7 ud
d, ud is dirrcted according the right-hand rule.

Aagle ud Aro: The lerulh of the crms product v@tor is related to the lengths of and

angle between the vectors. In particular:

ld xdl: lullulsin0,

where 0 is the angle between t7 ud ol. The cross product is mually not wed for computing
anglc beause the dot product can be used to comPute the cosine of the angle (in my
dimension) and it rm be computed more efficiently' This length is also equal to the ae
of the puallelogram whore side ue given by 17 md ui. This is oft'en ueful.

The cross product is rcmonly used in computer graphics for generating coordinate ham6.
Given two bais vetom for a frmq it is weful to generate a third vector that is orthogonal
to the firct two. The cross product doe umtly this. It b also useful for generating surface

normals. Given two tangent vrctors for a surfre, the crms product generate a v@tor that is

norma,l to the sufre.

EumpleTiny-planet fruer Impired by tiny-pluet photm (se Fig. 2(a)), let u consider how

to @Ntruct a loel rcordinate system for a Player objct studing on the sphere. Let c denote

the sphere's @nter point, and let p denote the point on the sphere where the player objet
is stmding (se Fig. 2(b)). In order to indiete the diretion in which t'he player is fming, a

rercnd point g f p is given on the surfare of the sphere. Thee two points define a grai-circle
on the sphere. The player's up ocis i is direted along a ray from c through p, the lomrd
oris / is tangent to the minor grat-circle uc from p to g, and the right ads i is orthogonal

to thee two md is direted to the player's right (se Fig. 2(c))'

Quction: Given c, p, md g, how €n we construct the v€torc d, i *d i of the player's

loca.l coordinate frme?
Answq: First, the player's up-vector u- is jwi the normlization of the vctor ftom c through

p, that ie

17 +- normalize(p -d - ,!-'rlp-i'
(Rmall that the length of a v*tor d en be computed m llu-ll e r,/-o'd )
Nqt, to compute the player's right-vetor r-, we obsewe that it must be perpendicula

to the equatorial plane containing p md q, or equivalently, it must be perpendicular to
both of the upv€tor r7 md rd : q - c. Using the studard right-hmded cross product,

we have
i +- normalize(rl x ri), where d <- q - c.

You might wonder why r- is not coming out of c. Recall that th$e are /ree vetors,
and hene they are not msociated with any puticula loetion in spae. (Note that the

ugvz - uza!

uzag - uga.

ffi,
(,) (b)

Fig. 1: Cross product.

A nie mnemonic devie for remembering this formula, is to qpres it in telru of the following

symbolic determinmt:
le! et e,l
llu\v*lu. uu u,l
1"" "o r,l

Here do, ds, md d, me the thre coordinate unit vetom for the standad brois. Note that
the cross product is only defined for a pair of fre vectors and only in lspre. F\rthermore,

we ignore the homogeneous rcordinate here. The cres product hu the following important
propertio:

Skw symetricr d.x d: -(d r 17) (se Fig. 3(b)). It follows immediatelv that d x d:0
(sine it is equal io its wn negation).

Norcsociativer Unlike most other products that arise in algebra, the cross product is 'o'
mrcciative Thatis 

(axo-).u7 li. @. fi).
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