Rigid Body Dynamics In-Class Handout
10/25/2010

COMP 768

This lecture and handout borrow heavily from the course notes available at

http://www.pixar.com/companyinfo/research/pbm2001/pdf/notesg.pdf

Refer to these for a complete description of the rigid body simulation topics covered here, as well as derivations and C++ code samples that partially implement a rigid body dynamics simulator.
2 types of rigid body simulation:
Unconstrained: Disregard collisions, merely consider the variables that uniquely specify a rigid body's state, as well as how these variables change when the body is acted on by outside forces.

Constrained: Bodies are considered solid, need to prevent inter-penetration → compute contact forces between bodies

Recall: Particle simulation

x(t) : the location (translation from the origin) of a particle at time t

v(t) = 
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: the (linear) velocity of a particle at time t

The state of a particle at time t is the particle's position and velocity at time t

X(t) = 
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 : The state vector of a particle at time t

a(t) = 
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: The (linear) acceleration of a particle at time t

m : The mass of a particle (constant)

F(t) = a(t)m : The net force acting on a particle at time t
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 : The change in the state vector of a particle over time

Rigid Bodies: Position, Orientation, and Linear Velocity

A rigid body differs from a particle in that is possesses a shape and occupies a volume of space

Body space: The fixed space in which a rigid body's shape is defined.

The body is rigid → shape is constant → the specification in body space is constant. Define the rigid body in body space such that the rigid body's center of mass lies at the origin of the body space.

Rigid bodies can be both translated and rotated, so they have both position and orientation

x(t) : "position", the location (translation from the origin) of the center of mass of a rigid body at time t

R(t) : "orientation", a 3×3 rotation matrix describing the rotation of a rigid body about a line passing through the body's center of mass at time t

Use translation and rotation to transform a rigid body from body space to world space:

Let p0 be an arbitrary point on a rigid body in body space. The world space location p(t) of p0 is then p(t) = R(t)p0 + x(t)

(first rotate, then translate)

The world space location of the center of mass of a rigid body at time t is always x(t)

The columns of R give the world space orientations of the body space unit vectors along the x,y, and z axes

v(t) = 
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: the linear velocity of the center of mass of a rigid body at time t

Angular Velocity
The change in the rotation of a rigid body about a line passing through its center of mass (only consider motion that does not change the position of the center of mass)
ω(t) : the angular velocity of a rigid body at time t (the "spin" vector)

The direction of ω(t) defines the axis about which the rigid body is spinning

|ω(t)| : the magnitude (length) of ω(t) defines how fast the rigid body is spinning, in revolutions per unit time

For 3-vectors a and b, the cross product of a =
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 is defined as

a × b = 
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For a 3-vector a =
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, define the operator * such that a* =
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Note that for 3-vectors a and b, a*b = a × b
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= ω(t)*R(t) : The change in rotation of a rigid body about an axis passing through its center of mass at time t

Discretization & mass

Imagine a rigid body is made up of a finite number of particles indexed from 1 to N

mi : the mass of the ith particle of a rigid body (constant)

r0i : the location of the ith particle of a rigid body in body space (constant)

ri(t) = R(t)r0i + x(t) : the location of the ith particle of a rigid body in world space at time t
M = 
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: the total mass of a rigid body
(All following summations should be assumed to be 
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= ω(t)*R(t)r0i + v(t) = ω(t) × (ri(t) – x(t)) + v(t) : the velocity of the ith particle of a rigid body at time t

Linear component of 
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Angular component of 
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 is ω(t) × (ri(t) – x(t))

Define the center of mass of a rigid body in world space to be 
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Force & Torque

Fi(t) : the net external force acting on the ith particle of a rigid body at time t
τi(t) = (ri(t) – x(t)) × Fi(t) : the net external torque acting on the ith particle of a rigid body at time t – the direction of τi(t) gives the axis about which the rigid body would spin while acted on by the force Fi(t), if the center of mass were held still (differs from force in that it depends on the location of the particle ri(t) relative to the center of mass x(t))

F(t) = 
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: the total external force acting on a rigid body at time t

τ(t) = 
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: the total external torque acting on a rigid body at time t

Linear momentum

P(t) = Mv(t) : the total linear momentum of a rigid body with mass M and velocity v(t) at time t
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P
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= F(t) : the total change in linear momentum of a rigid body undergoing a net force of F(t) at time t
Angular momentum

Angular momentum is conserved in nature, angular velocity is not
If no forces are acting on a body, angular momentum is constant, while angular velocity may not be

L(t) = I(t)ω(t) : the total angular momentum of a rigid body at time t
I(t) : the inertia tensor, a 3×3 matrix. Describes how the mass of a rigid body is distributed relative to the body's center of mass. Depends on the orientation of the body (but not the translation)
Let ri' = ri(t) – x(t) : the displacement of the ith particle from the center of mass x(t) of a rigid body at time t
I(t) = 
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In implementation, replace finite sum with integral over body's volume, and replace mi with density function → would need to reevaluate integral on every time step that R(t) changes → can avoid this recomputation by precomputing a single integral in body space:
Let 1 = 
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 : the 3×3 identity matrix

Define the constant Ibody = 
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Then I(t) = R(t)IbodyR(t)T
(also, I–1(t) = R(t)Ibody–1R(t)T : the inverse of I(t))
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L
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= τ(t) : the total change in angular momentum of a rigid body undergoing a net torque τ(t) at time t
Rigid Body State Vector & Auxiliary Values
X(t) = 
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v(t) = P(t)/M

I(t) = R(t)IbodyR(t)T
ω(t) = I(t)–1L(t)
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(Unit) Quaternions

4-element unit vector (requires less space than 9-element matrix)
Better choice for representing rotations than 3×3 matrices

Numerical drift causes skewing in R(t) → no longer a rotation matrix

Drift in quaternions is caused by loss of unit length → can easily be corrected by renormalizing

Quaternion: s + vxi + vyj + vzk = [s,v]

(for unit vectors i,j,k oriented along x,y,z axes, respectively)

Quaternion multiplication: [s1,v1][s2,v2] = [s1s2 – v1 · v2, s1v2 + s2v1 + v1 × v2]

(First applies [s2,v2], then [s1,v1])
A rotation of θ radians about a unit axis u = [cos(θ/2), sin(θ/2)u]
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ω(t)q(t) : the change in quaternion q(t) for a rigid body at time t

(where ω(t) = [0, ω(t)])

If quaternion q = [s,v], where v = 
[image: image36.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

z

y

x

v

v

v

,

then R = 
[image: image37.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

-

-

+

-

-

-

-

+

+

-

-

-

2

y

2

x

x

z

y

y

z

x

x

z

y

2

z

2

x

z

y

x

y

z

x

z

y

x

2

z

2

y

2v

2v

1

2sv

v

2v

2sv

v

2v

2sv

v

2v

2v

2v

1

2sv

v

2v

2sv

v

2v

2sv

v

2v

2v

2v

1


Rigid Collisions & Contacts
Consider collisions & velocity change as happening instantaneously so as to prevent interpenetration (for deformable bodies, allow collision to happen gradually, so repulsive force acts over a period of time as the objects deform)

2 types of contact:

Colliding contact: two bodies are in contact and have a velocity towards one another. Requires instantaneous change in velocity → velocity is discontinuous
Resting contact: two bodies are in contact and both are at rest, each exerting a contact force on the other

2 contact cases: vertex/face, edge/edge (edges are not collinear)
Let rigid bodies A and B be in contact at point p at time t0
pa(t) : the position of the point on A at time t that satisfies pa(t0) = p

pb(t) : the position of the point on B at time t that satisfies pb(t0) = p

[image: image38.wmf])
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= va(t0) + ωa(t0) × (pa(t0) – xa(t0)) : the velocity of the point on A at pa(t) (using the velocity va(t0), angular velocity ωa(t0), and position of the center of mass of A xa(t0))
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= vb(t0) + ωb(t0) × (pb(t0) – xb(t0)) : the velocity of the point on B at pb(t) (using the velocity vb(t0), angular velocity ωb(t0), and position of the center of mass of B xb(t0))
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 : the unit surface normal of the given point of contact (either normal to contact face, or cross product of directions of edges. Points from B to A.)

vrel = 
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) : the (scalar) component of the relative velocities of the points at pa(t) and pb(t) in the direction of the normal 
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vrel > 0 : bodies are moving apart (contact point about to disappear)

vrel = 0 : bodies are at rest → resting contact

vrel < 0 : bodies are moving towards one another → colliding contact → need to apply forces to prevent inter-penetration

Impulses

Any force must be exerted over some period of time in order to take effect

For rigid bodies, change in velocity is instantaneous → infinitely small time interval, infinitely large force

Define an impulse J : vector quantity, units of momentum. Causes instantaneous change to velocity when applied to a rigid body (J = F∆t, for force F and time interval ∆t, as F → ∞, ∆t → 0)
∆v = J/M : the change in linear velocity of a rigid body with mass M acted on by an impulse J
∆P = J : the change in linear momentum of a rigid body acted on by an impulse J
τimpulse = (p – x(t)) × J : the impulsive torque produced on a rigid body with position x(t) being acted on by an impulse J at point p
∆L = τimpulse : the change in angular momentum of a rigid body experiencing an impulsive torque τimpulse
∆ω(t) = I–1(t0)τimpulse : the change in angular velocity of a rigid body with inertia tensor I(t), being acted on by an impulsive torque τimpulse at time t0
J = j
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 : the impulse acting on one of two frictionless bodies at time t0 (in the direction of the unit normal vector 
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, for some scalar j. Negate this impulse for the other object.)
See p.48 of the online course notes for the equation for j

For frictionless collisions, vrel before the collision is equal to –vrelε after the collision, for some coefficient of restitution ε: 0 ≤ ε ≤ 1
Resting Contact

Assume n resting contact points are known
fi
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 : the force experienced by the ith contact point at time t0 (in the direction of the normal 
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 at that point, for some scalar fi)

All scalars fi must be computed simultaneously as they may affect each other
Resting contact forces must obey 3 rules:
1. Prevent inter-penetration

2. Repulsive (push bodies apart)

3. Force goes to 0 as bodies begin to separate 

Define di(t) = 
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· (pa(t) – pb(t)) : the separation distance between two bodies at the ith point of contact at time t, with normal to contact point 
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 and positions pa(t) and pb(t) of the contact point on each of the rigid bodies A and B, respectively (bodies are in contact at time t0 → di(t0) = 0)

Guarantee rule 1: always ensure di(t0) ≥ 0 (do so by ensuring relative acceleration of points 
[image: image51.wmf])
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Guarantee rule 2: always ensure fi ≥ 0
Guarantee rule 3: always ensure 
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= 0 (as soon as points begin accelerating apart, the force between them must go to 0)
Combine all 3 rules → 
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= ai1f1 + ai2f2 + . . . + ainfn + bi
for scalar constants ai1, ai2, . . . , ain, bi
(see online course notes for equations for these scalars)
Solve for all constants (for all contact points) simultaneously using quadratic programming
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