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Vode — Sca egoo\t fc\ou'\\é evitive ‘Eree,]. -1t X0 retomn null
- Y‘C‘ou-llé this JUL)"."('C,{, Hcﬂ,\) 7 Ma];/\t(}.li'\ n,me Q0O "\.)("Lk/?,x ) XE'AY_\)‘) V"‘Cé‘\ﬂ\n
Tind: Same o st 7T Twsert: N+ wmtt - L& buil&iu&‘\'ﬂ,&(A [0"\)'\1)

“Re bulddubivec (Al x1])

- Tree h@\‘@b\f < [0@.),/ ne ]_7]gy\ Delete: w-- > ITF
v - raturn Nadelx, L, R)
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ThserT: ——————r ‘@\/ Dt‘fal‘\s 01[ Op&mﬁom :

C = NEE ) mtt

— Same as $1d RIT ot Tat: neme 0 vootenull

k&ep Hrack of \V\JCNLCJ Delete:

nodes &e}o‘f\f\—) d - Sawe s std BST
—l{<&>103 32 -n--

V3 TC‘OUIH tvent */ -if m>2n
- trace PaﬂA back To) 7 fc)om\é(roo‘ﬂ
= s

- for each mo&e P
visifed, nre(p) = wo. of

noées 1 PJ Ju]ﬁveﬁl . o) @A (5) _
HC s&g CL\' é)> o l 'P{‘OO‘F: E?’ (,ov\‘tfa&\'(f\'\d\/\
size(p) il > VQS /V\uyt there be oL R
- J(,afﬂaooﬂ’ 2 loe,s ‘Ju]or)os{ Ps olepﬂ'\ 07
P(—T(’)om\é( ) \ P he de bt Y ancestony h
- \oreak MEAR Lemma: CNUc\A G lomow’\a L w, sizelu ) 3)<
gb ”W*Pﬂ tree u\T V\ v10 u nC obp*_ e 24 gizeln)
How Yo compite Size(p )7 3 wo e { ) S\hu, P \has
- Can cuvv\puﬂ it on 'Hnt {1 103)3/ v\ ']' cv\ amer’ro\p wode,
— While \Z)a(,l(\\n% ot trwverse s Hmﬁt soﬁrm‘)a S mdp){jg
o’r%eml‘oluvx@ Jc,oqot@oaf condttion . )3/1) $h
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( Smpe%oa‘r Treec

& O

Theorem: Sto\fjcww(} Lrth on {vv\p'l'la\ tree,
an J%uemct of m dictionar opevodlum
on @ JCaPGgOo{t 'tV"ﬁ.C '\‘o&’\t 'hYV\C
Cj(Y\/\ lot'a VV\\ [AWlorJfl%Ql-‘ O([og, VV\)l

Proof: (Sket'dh)

find: Oloy ) guavanteed [Hc\'cﬂ/ﬁr:O(lajh)]
Delete: T order o thdva o rdouilc),
number of deletes ~ number of
V\,Dée,f l\'/l '}ZYQ-Q
= Awmorhze rebuild yine a@aimﬁ
delete X
Twsert: Tesed on po%ev\h‘cl ar@umcyﬁ
— Tt takes ~ k ops To cawvde o
Igu\o‘tre,{ to Ji%epk to be Uy\‘oa\aku(l
- (,l/\ur 3 fC]oU‘\LA '\’IVV\C Yo ‘H/\C!{

OPp f,V‘cA,'\'LL;V\J



eight Balance: L= Overview: Imp[cm entation: (as extended RST)

~Given «set of kt@j - Sp\ma Trees -Jtatic _
X= {’)60)... ) ')6,,\-11 Op‘hlvmal{‘tlt) _LV\‘TWV\M\ V\DAC: Stoyes:
~ and valuts — Mort ‘Fre_cbuehH aace_uecj Ke kwa - pr{‘\'\“of
—\7_5 iVo,-u )Vv\—]x kﬂtg\s ClOJe\f‘ J['O VkaokD-]_ Jclo:i wt \)'\'0_\'(4,1
- and Welghts = ’{,\)@\'f)‘/\'\‘-\oalamceql LJC,\‘:GLAF of <X 3%

W={Goy o, WUy} trees evctvies h subres
— Assume : | lﬁ l&\“r,ﬂ \/‘JVM’WVJ

X0 K\ S X sortd Extornal Node:

We 20 positivit Wei l/\'t‘%o\\a\n(_(é Koy e , — %,
g7 J %Tfa&s T \/uoavc lovalue
P\scm&% -’ﬁr_oloa\o\hm: . H Float wt “ Wy %
- et W= 217 1y, Total wei @
ZLD_ J C%ﬁ G ‘/Léodﬁl,aBJT
- Let Pi = 1")‘/_\/\T 'PJ&MAO“PWD]O Hou 1o (Nw\rl\a3 ACL\'C\/(, s - balanced '\‘F
-Olos: 0<pig 17, ducrete Shamons loound Jor ol terna) nodes p,
z pi=1 qu\o. N _,1,\){;1'@L\Jr—1oa\amt4 \oalav\ce(@ ¢ L
L o LJ‘TY'\IOU'I’IOV\ e
Shamont Theorem: If P is — For each node p: X = l/z,: Perfect LmlomuxJ
the pf‘olo. of accessing X , wt(ﬁﬂf\‘cﬁa\ ’IAJe,icJLJF = Ar],oﬁ\/‘anl\a ]/Jqé
§ searUh of keyt W pl subtree

anw BT has expecte S
oot pe,ad‘ ZLP; 191/)0; 6“(Ca”e,(l ba\omu( P Max (L wt( -lﬂ,ﬁ'> wT( N H)) RX= /1 : A fmjovwa]ol{
Hhe e_m—m}og ot dqurifo) P Wi L\O) Compromide




Eq\amce, ’0‘9' 'RC,Lzui\élV\%= &% How +O VV\QM""Q]V\ %alame? EX&MP]C o 1 7—&
Gon an O iy, Alo: k1]
of 6xt€,\fV\al vxo&u
Al key , Al valve,
AL ot
- ASSume. kC,los Qe Sow‘fe_cl

— Assume walcolxx‘b >0

b‘)ﬂ Wht- \0ch medion:

ttev to VV\\MW\\’cQ .
L\;a\cJL\‘T A\ trence

- \_eft W < 2. AUX wt "TD'\'a,] wt @bwl&'ﬁu (Alo. k- l])

- Lot W,
- Lot A‘z

- Goal : Splﬁ ot O<J<\< '\\/\ajr MM imiEes ¢
= Min A

W\IV\ O( (k.

— Mos‘[’ \oa av\cbtj Jfl\'l"

-léep\l

Options : ew: | & L[ ¢ JE"
—Rotations: Similar Yo wt: 3"%“"‘“"’ [

AVL tyees (single v doolle) A, Jouyeeal 52
-7 BRI +re;¢5 e =7 &.
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T?‘eu Al -
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Abm ote Qff Tt o0y Lut=0; Rut-T; AW 7
it we sph lit Jor(4=0.. k-1
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ullﬂ.s \ We | k=7 & R = buildTree (ALL X)) oobibo k)

L.Sr M’ ]'\U”J

return new Tiat l\)oét(A[L]\kﬁ\g ,L,R)



Vut s ?rcﬁp Llosd @ L AV\alt\/)Sis:

Theocem: (Mehlhorn'77)
The above balanced J}olﬁ
alcaofﬁ']/\w\ pmJudo o tree
whose exp- searths Time

<H+3
vhere H = 6V\Jrroy)va, bound.

Q] Dictonary, Operations:
= Talance \/Jla destro \-\ngd«
relouild n'/\i) ~ :Yaclcamw
Trees
Find: Same o uwal. Tree
“f\q{%\A’r ¢ ]og 3, N9 O(\ug\'\)

hime - 3\mravﬁr eed.

Tneert/Delete: Start some as
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— After opf,m'ﬁow mep\eJl'U

check « rebuild

Bud ’ueiﬁ\/ﬁ digtnbutions 7
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\A‘\' V$ VO low:
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code Seave ‘hllmfj?
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- NO@ T\/\Q O]OhVV\OL\ BST can \06 ‘ m;g[m — m V\ T(mu.
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ﬁ o Lemma ALY wuf)\/\\‘s are 3

"wice” (not too VVlU(/L\
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 amortized ¥me:

~» Tf N0 Suh pfouvx&- 2
; Gireat' Tree i \oa\oma,g
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nodes 1in arrowy AL0-k-]
- Replace P’ sYbives

Wei \n'}"Ba\\ahc cl
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o Check + Relounld:

~— When veturn M.a frum
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p.u’C « P.\ef‘r.u\w P m)‘,\'\" Wt

— Starting ot rost, Lalk down :
Jearo[/\ pod‘\n. §top at ﬁfﬁ' .
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Verny heavy entyics: /D\'(,JClOV\(mé Opercvﬁom: Uohew T rebuld? /V\\
“éc an am’rrv's wu'r\/]l'\f

is too Wigh, rc]ou[lc\'\mg - CF\V\é O\ U\JUOLl - l/\)lr\w\ “’100(,l<li/\g va‘t‘“
is n}\c{rrccgrn)o . ) Msert: msert as ujual from \V\SWT/QLLIOJFC,
~ Example: L KZU"J}”}E\;UL{NW"'] Lot ve boild 1€ needed upéod'c node wo'\bb\t
%)\ St e ete dde’tcéajlowv[@\& - (/\)a)ld\:?wn \S'(’,O%\fd/\
but vebuld if need o8 Wn 00
a [c] covne et P[opymlﬁ’c from J(apt@ocd'n
1 8 1 &
~ Thwn tree | assible ! -1 s ouT
This 3 Lcrl'P S ]ole. w%l\{‘- ﬂ)a[ah(_c_é f\;aC\c\'c\:Qu\j\D e P \$ 0 Of

- Exemp‘hbn: Dont vebuild \"F 9 Trees IV

a KL\OS wei%H \$ very) ]/\(@L, loa\lav\ce(p) 7

~end—
For node p: max(p)= (“3@)‘ balance Cuery max-vactin(p) < (b
Wax wen‘\o)lﬁ " P/J subtree miernal node p is either then:
_ W\O\X(P) - loo.]cmcc& o
max-vat (p )= — - exempt “Relpuild p:
(,J(,lsk\" (F\ ) _
' | eymg: For anny setof - Traverse Ps sobtree iporder
(1 Won param eter O¢ Ll uc,i@\/\-ke,é erfries, A an - Gollect exterval nodes n
o mode s é'excm}o% it @(,(D—‘Oalahce.J BTree if oy Alo- k]
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Has]/\iv\@'- (uV\OVéQVCJ\>
&\'C\'\'ona\f\gﬂ
— stores key-value pars
M ‘talolc [O-- M—\l
~ SupporTs basic ol\(f(: ops.-
Ghscv‘t,de\c‘& , find)
I expected timg
~ oloes not Jquor‘t ordered
ops (QL'{TM\)}\)‘F\LAU ,)
- Jw'vxp{c )pfadiml, wie\odl:) vsed

¢

Overview:
- To store n ke 5, ouy tble
shonld (iéea“\j be @ l'JIJ(_

R{cap: do Jcmr) ordeved Jic,t'.
- msevt, delete , find
— Comparison - based : <,7=,>
- Sd_M{V\} %L‘tM(A)C, %L‘tK) :\C\V\é Up...
- Quevy /UPéa{'C time: O’(loo h)
= Wovst=cast , amortiz c,J, randim.

+ Can e do better 7 0()7

J

A

Gooé Ha,sl,\ F_umd'iow

[a\rgof (eq., m2 cn, c=l-15) - efficient to Cown puite
~ Load factor: =~ Produce Few collisions
A= V‘/W\ — Use every, bt kc"f)
— Running himes tncrease as A1 - Break vp natuval
- l—\m\,\ -Fuv\d'l'ov\! (_lus JCf,V‘_S
e Kens — Lo m-1) Ef)' T variable names:

9
— Should “seatter ku{)& Ta\néow\. tompl, tem 1)11‘”‘ 1
—2 Need 1o Mhé\e col\vsions "-“W’_‘j"i Fulble: ::%N:D__: Lé % 4
Wox)=h(v)

% Common Exaw\p\c&i

UWVUM\ HM\/\‘W\EJ:
Even better — vandomize ‘
- LbJV H \,,e o\fmvv\'\\\lgr 01[ l/\aJL ‘F‘VU
~ Select fhe H van Juwl |
- I{ x #'}-HI\CIV\ Prols U/\(:ggstx(\ﬂ):%
Eﬁ let p- lo.roa;g, prime, aé[l..)o-ﬂ
be [0 p-V) all vondom

- “g\o\,lobt): ((Qx HQB wod p) lmolwqj

b\)\mg “Mmod ° wod m 7
- Moééihq L.)la s l('hrl’j(, privm
scatters ke

= M tay not
(eq. pshaer of =)

fli'mﬁ

Assume
; kuy wn

-Division \/\aJL: 2 Y loe jrter-
“@x(ﬂ: x w\o:l w .
~ Multipli cative hash:
”z‘()c){ax mod 0) wod
P~ lavoe prime. nomlbers
- L‘\V\Q,a\( \/\Q__SL\:
%(x\) = ((a'x ’r\o) vv:bcl p\)wmc) m

a,\o,p“ \o.vg&. pv (Al &



Overview: L= Collision Resolution: TF A 00 A> Ay 2 Rehash!
- Separate Cheamin TF theve 10ere o aollisions

_OPLV) Ad(lre,ssmoa Slvvuja(k/Jl\’V \/\m\/\"\vxo& uou]J )o(, ‘1"(\‘\/1’0“ l - A\ ocC. V\U,J)ra\alt Site = /}m
— Lineav p(‘o]ow\ _ - COW\ vie e l/)aJL }VI ‘6\
‘@uo\éra‘l'\(. m\om% l 1 l\/\S(M’t(}C)V)ﬁ ‘(:a\o\e,wx(xﬂ: Vv - Co ) {,a(,(/\ X,V from OI.(A« +o
_Doublc l/)a.sifvx’j ¢Wn}ol(,)(/acod‘l‘ Jcl\'/\A('x) — Ytturn ‘(Talg\(, (_6\(74)] N Ujlvw()

@ Jdelete () — Ta\o\{ﬂktxﬂ wal | - Delete old +able
Separa'tc d/\aw\l'V\S! —
‘ta\ole[ﬂ \S “exeaé o{ lmkcé w\(m T\/\W\ AVv\ov‘h%fA ‘hw\e {N rcl/\ouLm
st of ke that bgsh o i | 1P/ O
Example: Fbe Has\mvxrg I wotes !
[/
Kans 0 o) o AT lﬁ
J 1 sl @ 3D Bt ol A7
Z Y 1| AL Expadraijwrd\ ?Wie —'Rc\/\ojlnm /ch table i
P 7 31 if % found (successtu oo dense & foo sparse
v 2 HE"E} WU, = Expect. Seavth Time RC) fta\ oC . Yo new }‘ol'o\\oLb of
v 5 51 % not found (UVUU\(.CUJTCV\] Idea) size
5 meg 4 M: Sye= | |+ %2 Sl 'Dcslng,\f At y Ay~ @ allued
1 L_'_’j"[’:\—_jl" AL \ Valueg
Awaltgsls Recall load factor | Prost: O weq. ot ll‘S'\' b “/WPA Ao M deal’
A= "/m n= =¥ of kUgs Success: 1 for \qco\cl t \/\a\\c “Hﬂt st
w = ‘\'Q\o e STt LL)\\,Lm,(,(){,,s_;: 1 v " @[\+L( l\'ﬁ— I‘F >\<>\w.w\ o >‘>>\~m\>¢




Open Addyessima: L Collisim Resolution: Ccont.) /-\vm\os'li - Improves Jccquar\g dui)reflﬁg

- Special entn (\‘ewx T ) -Sepavete (haning (s - Ma j(ou\ to j()in(j/ tm evite
mpcam SU sl?;r I$ fm?ccupicJ e rc(emL,\aqu usebs extyo V‘}(Tvv& EL I mﬂ% : Our.?‘«f’r
— Asume A< Spae ( V\oéestom‘l‘m)_.. ) et 2w 3)
- To mSert kewy : ~ Caw we \')UJJF we the +6\]olf. - Ha ]’.)G\A is 7 T wll _SUO(,U,(],
check: g{\(xz)) i ot cmp by Ty self? {(7 R
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5{4 (¢ )t

prime , the the -Firs"t‘(:] "] pvu]od,

<‘,\il)i'1,-l/["1)-~l~o> “Probe sequent ﬁ locations are distinct.
- /[/J CL-\{S T c e + L viin 7
% AR A Ny , PL: See lo\‘hx notes. 5
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Thw: I%UQJ.PMLM vsed + ﬂ
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e Let SLP’ WP“JFCJ fine fov hathed to nearby locations
,L -..’r'f Fodoe fi JUCCCSJW[lAl chobﬁ = Sp\fzaé 'H/\LVV\ pM?
ot Ma:’o?{la‘{:t Uep = " onsvecessful - Quadratic Probing:
SIV;/)plQ) lou't' ki 'l'b @Doé? : 1 _@\(X)) h(x)4) )6\(7:})\"1){\()6)‘%‘1)...
X A)%‘)P>w'+' -‘r_t é‘c\/ not —HILVV\-' SL_\" "7 <\+ =2 Hx) +4 b {/\(7()+ 0'1

10,2, 1,0 1 @ " collide direct U= ;_(\*_ L\ —— Y

) =7 ) v o oy ._)\ .

e T Lme AT 1T

talole wlz|plt k Ols: As A1 tmes R vz avound O
\ 2z 3 0y .

° 5 ¢ W erease vapidly 2 m




Double Raching: Vi ?cca Deletex): Apely, fmd ) Ej?%:\

(Best of the open- aourwmg Se avote ClAc«m\V\fﬁ — Net ]cDUV\ > erov
methods ) Fadey\' bout Uses extra — found 2 set 1o -
~Probe sequence det'd \m& space (linked {it) Probolevn: e‘m"”'“‘” delet
Scco\/\é \/\a&l/\ ‘FV\ - ()( Optvx Aééveum wue,rﬂo\) E ho
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U\)\/\lo does bust Up clusters ? 05]/\\%(3_ Jvs — hit empty = retorn nul)

Fnd ) ‘{Abﬂ)'\, /—\‘/—\ﬂNnT‘F\WV\a’_

Even if Bix)= 6\(,\33 [Lo”uw\n]
it s very unls \Ld I:M A 11 |

90 = 9l9) b oty
= Prolye sequences are entively T\'\W\ S % In (- Aﬂ Dxc‘howawe Operations:
dncftvw f Apn® l (\ A)

Twsert (e v): Aprly
Analusis: Defs: —waoo-F is now‘hr\vm (Jk‘)‘o proboe sezx)unoe, Umh]

6\ = Exp ected sww,f,\ fime 075|095 | 0.94 1 ﬁinclmv wst ow\;ojr
Df C\Dmlo ‘/\m\,\ \ JUC(,CSJ‘F\A mJ; 4 20 loD ~TwerTVix V) l/\CV(’,
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Geometric Searcly:
~ Nearest lei\ Woors — . - P
~Range Sear cinin e

d \ :.. R

L‘R‘”‘éw e

- Pownt Location

"' - Twters ecc‘gim Search
egp 7

@ Multi-Dim vs. 1-dimm Searo!/\ !

Simi \av*\'h es: L .
“Tree structure ' R

—Ba\om(,t\ U(Iorgvx) s )
~ Tnterval nodes —spliJr A@@

- External nodes - data

Differences:
— Nonatural) Total order

— Need other vays To discrminate

+Se Pa,\foj"ﬁ
- Tree volation Moy not be
m eovni/\®14/\|

£ Sofur 1-dimensional kens

— Multi- dimensione!l doata

- A‘P?\ica‘tionj‘
—Spa‘tia\ databoses +Maps
- Robstics + Auton. thtwu
- \/l'SioV\/é\(‘aPln\"CS/CTaVV\CJ

~ Machine Lea\rmvxgﬁ

Quadtrees é{:
kd-Trees LT

AN

'RCEM&S enTations:
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or wordinates, et
JC' 00\1’ )

- Points + p=( 1y Po
™ veo B&Kv\ space \'Ké

- Other Oeom O\a\)-f—(:h:
Boilt From these @f

/}X g%

Poxtition Trees:

—Tre.c &erd‘um 100\ je,é on
&itrow (,L\me Pty parjr\'hoh
- Eagh wode s associafed w.

@ feormwn — (2 l
— Codn wlernal node stoves o

)ol\“H'(’j{‘ — sulodi \;'\Aa the )

Ly Lfial:ima(p)

Zg ZS R

- Extorna! wodes (fove psr& 5
Point: A J-vector w mé

oA

'P=(‘P))"‘)P‘93 PLC_’R

C\QJJ Fo\-h'\‘{
Float ] word /) (,oov‘clj

Popt (wt d)
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wl gd'Diw\()—--? coovd.lencth

oot @e,ﬂl'vﬁr 1) coovd 1]

. Othevs : e§val'\ry>&\'s’rav\ce
o dtring ...




Pomt Quadtvee:

l(vxu‘l‘LrougL\ Pom‘[‘

(5,4)
(1,0)
@,3)
ChAY

Eac ewJE@rV\c_bl node covvresps. it
1o cell of final sub divi sion

(5,4)

Sq

&Q @UaJ‘T'vca= (alm’rmcﬂ«o)
~Each _i[\nJrcvvm,] node stoves

~ Cell is spht L\O_L\ovl%.+ vertic.

AR .
NW NVE Sl SE %’ @ @uacl‘hf(’,tf- AV\G{UJU
bt

History: Bevxﬂe,\g 1475
~Poxtition Trees ~called it Td free (ml)

- Cell: AXiS-PachE rccTa\nﬁ[Q, 3rd tree (R

(. “_AAM-‘AX;L-QI'.am Louné'w\? \oox] - T short kd-trex (a"“() JM")

it ) RN Yo spl
e Su %Nw NE S SE —LJL\wc/u\A{oL\ direchon To JPM?

- Spl{ﬁcr: Subdivides ¢l into —rhext
four (?@y\\ho 2J\) k&‘deﬁ B'W\awa_ Voriant of c{uaJ‘?Teﬂ
subeell ? —5pl'lﬁtr: Hoviz . or vertic. |Mc,
m 2:d (orﬂr\oaov\a\ plomﬂ o.u.)

Quodtrees i
kd-Trees I

—cell: Stll AABG
: ! left: leFt/behu
% j g |/rt.-r|'7]/rr/
aboue

Fl;/\cl/P‘t Locgd’llovv ~ Numerous varients
Gwon a guery pomt ¢, PR, PR , QR, QX - see Samets book
s \J[ tn '\TU,, own J '\‘F wol - PoPu\w W 2d apps

which leaf cell amtams (34, octtrees)
-Dont scale To high dim
— Follow paTL 'FV‘U/V\ rosT - out dearee - Tl
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