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chwrcm)f '™ mhusection:
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ST -Swa}o s on Jweep lfyme,

- Add o priov: cﬁucu& , tersect
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ch A (\/‘L |ia o luwo\r c,!/\aiv\>

Lot (Vi 18 novx-rc{lc)c)

-(,OV\VNQC/J( V; To al\ \/\‘Ji\a\ﬂ
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NCCJ auxi“iwxa, w'\lco JF’ \’\C‘P LJ.ITL c!l'ajohal!
Fov ecdh ecl\c)e, e, o]cjue,cao line with wmt @) Lelow:

{\dpw (eo\) 4 r‘i@'f\Jﬂ’MosT VC\fh'w“v() vUiL'L

vartex on or below €.

o left of sueep line ) [



Whiy is the helper helpful 2

- When we see o split vuqu(,uc add
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LiV\U I \‘R e [D{~ l\‘CQ poim‘b:

2 dearees
- «‘f;o@ium | t?si*"*lﬁ { pilak)
\
] 1. [&
de{)cv\omcvl >< -
L, 9
A P\
MCQACV\CLZ X \\P’L\
£~ £
P:’Q\Al"— L=.o\v\o_,_ _
Toso lines meet Two po{n‘tj Jom
of « PO""‘T to form a line

DPuc| Operator:
Givaw pomt 'o'-‘(a)ta) ol €\
me  L: Y = Cx-d ¢, d €l

Dud p* s the line 19: C&.‘?C“la
A s the ponit (€ d)



Olaéwvmﬁomsz
Sel€-mverse PH S L7=1
) P P
_LV\UC]U\LL‘ P ligs on X iﬂz ﬂ l,\\&! M ]ﬂ

Y v
Proo\c: \o‘(;&‘é V=) Cl:a-C‘\_g

l: a:cx-é w

OT‘AW m/m{m J |ics (/\«\90\}(// lf(: P* paﬁa lo&lmﬁ/
j \oeﬁg‘w l a‘ooiﬂ l*

v

Pk b>ca-d © drac b

o I: y-cx-d o 4% (¢,d)
P=V \ ‘ \0
P :)} = X°

Dcﬁ&mwacz)i .

. .S %
PvPuoH s e \fe Pv P, P3 avye

wollinear @inc\'éev\'t

Pr X
P2 L
2 P
P
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= /’UV\c)onYV)ﬁm al C:f‘fimi%ci‘lom )omL/em m ilz
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G\'\IW\ LGTP\ (»V\A V\Ké M ix A ond loél\z
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W A 20 S x
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Q], \S cuv\fl’o\vxi’
- (/Jc l\ p\(eiw\— /N (mv\éuvv\l%té\ ovt)f]nvw
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Pe L pe '
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Giuon o set P+ ip,).o)ph} of sites m TE.)
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Wiamsu]aTiOhi I1f g)amm\l PoiHﬁom (o Four
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C\rclc Jéwou%L pe ¥ PO
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- @Nicje\r the cirde [
wilh dicm eter Wd .
- No Sile p on lie within
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Com laivxa’\'orio»\ Cuw\p lexﬁb:

EL{) u\o\ol\aiwa Euloss ]Cowmulo\) {‘anc ave
ot wost  Zn 'triamg\w and ot woit dn

6386“ . . L’

[Tv\ T\Zé SIZe \$ O)(V\r‘a,ﬂj ]

b

Eucticlcah M\'V\\VV\UVV’ JpamWin?W‘%3 (EMST)
EuoliAaAV\ @Mplﬂf CowPlc‘tc gmp]/\ oOWn \IO/‘RX
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EMIT (¥) DT()



Proot: (owtradiction)
- SquJQSQ Sornme (’Ao\)t ab € EMST (Y )

ot wot w DT(P)

—~ Evv\Ya)( Y Givde 9 (,i\rdc u'\)f\n Ao Ctor
oo cmtuips site ¢
~ Nl € Wbl
Lol <l alol)
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s, YV ouv eV,
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ey
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Ot\/\()( t‘Fi ay\a ula‘\—l.ov\ DT (2 )
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(See full lecture wotes )
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e e ovtiide

9

.
..
..........

- A—t\”av\i)w‘&jﬂo\q \S IDCQ“QDC\&\M/\&%
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P{oxf AL V\C\f)\q\oom \a
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- u\ﬂc\/\ AW\ e«;aelcli}o K (P@f{:o\rvvxﬁg
Yc\o\)c\cﬁ ‘t\\ne, cﬂ% Qd’c,l Gty
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v-ext=7
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LIV\ “ﬁ, (.ow\}olﬁ)f\'tg_ \S @(V\é\}
Tweremental Construction:  (not randowized )
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Wy )V
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(1} F{V\A ‘t\‘f\t un\ooumleA C,Ll\ own 16{‘1'
ade vhevre L; stavts (S[o}oc loaJcJ)

() Fov eacn ’Fo\u, of /4 (_LL«\) 'HA&JC
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Naive amaleiJl On o\,c\,cliV\ca_ 'Q‘[,
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- (’Ao{« cel\ vmala \/\a\)c s Many Gs -\ &Jsu
- oraw| Takes Ol = O time
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Can it muu& \oc, ‘HAU \an
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liwe, \r.)\a lihc,.? \govvrt \,‘\V\u appaaf V\/\ah‘a_ ‘\‘\.th
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Lot o |eft / \riﬁl«\'b \oouncl{vva_
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-k lings of P* o Ss t\/\\roug\n o lochoeen

these Wt

7 . “?'
<\
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st peon midpt of Lo’
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" OCV\L) L,\a '\b}oo\ )olcmt Jw{,{’,bo



Computing . k-sets: _
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A\/o;a dup]iwﬂ(a ? Exerdse



\SOch W&r Omg)u\mr JU\UCV\C% :

Glum o st Y- ? P‘)._.)pyj h 121

)
Jor Qab{/\ e )Jo\d‘ tkt VoMo (N
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eve,
. .
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(.A)\l\ou’t JUOPU D‘(
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PEENR
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Eﬁ V\A(,\x—c{)uowa : ax W C\O )
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Comyp it 4 Bounds :
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quory
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Oln \oayﬂ constr. time
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T
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B ot tany o B
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Oftb\o@oma\ ]2@\/\66 Quc\/‘ies :
GUC“{]L FC@fOM s (WX\S- a\\c)mg rccjfav\f)l{

€. Giuon pts a,b € R ot el Vi
A SR— iy
*Pp Qa,b)
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Q)b )+ {?d\f \ a. € pi € L3
= [q\)b\]& ,-~X[_o\é)'aé3
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C‘iﬂv\wc{,\ apprbab(/\‘b avuum‘na \(‘avw\)e éﬁucma:

-TOD slou '\‘0 wuv\‘\' p‘t( one Lna un
'TDD v\/\UOl/\ Jpa(,c 1’6 P\’C(va\)ou‘}t, awnJ (Nex”

o eV C\AéL Y)ossi\ole T})(Mp

— Cav\omcov\ Jubw)‘iﬁ
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fﬂ«c aWey ‘fD an l'olivv\ V‘amsje, ‘b‘)WL&
awn \oe. qcpfcsscg oS ‘Hnt AU\)OMJC uni o
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= E)(aw\)olﬁ-' Q= [wb )')ok;‘lz [.-L,Z'S]
PoQ= 1330 {41}V {911,415 Jv
111l v {]
- CO\/O\[ ‘Hf\c \/‘a\,\gc u\‘H/\ Vl/lMdV\nu\ JUL‘}VC{,J
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= 66\03\,\3 JUL\VOCJ alquJ J\)fﬁ'(,c.
- O(wW) nodes @ On) camon. wlsets

Compase the Answer 1o Query Fronn Sobsets:

COUV\JCW\? very \ode stores Fof |wuu
uﬂi@\/\'\‘c& oot \\)Dgt Stores ‘l’o'tal UC\'(JH'

o) lewuu
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(Q,SJuvv\iV\cQ U\)ou AN }Aw\‘ti?cn@ Jc\/\t canom -
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Ko\‘\lfcch A V\aJ[um\ coev\c,m\i%oftiom of
1-d trees to higher dim
1-d Yree , 2d teee )k‘c.l, tre¢
Jon Bentley (1475 )
Numgyovs Variants = Lc {NCSCV\T e
- Asume howe lcm\/)& loovvxifvlca Lox B
wm‘l‘ainll;\ca, E
— Rcwmvelv% Jpll‘T Spact lma ax\§ -
O\f'd/\ocoo»\a/] \/Hopv\/‘)O\aV\C
C,U\Thno[) dimayion w\m'c[/\ XS
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E w‘l‘énm =X
1A antvel =13
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" I
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Spa’tia\ sobdivigion Tree Structuve
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Dai@n cJ/\oiu:s: .

- Where are Pom‘t; J‘[ofcg?
- witoma) nodes (used for &pli)rtmﬁ)
‘%JYWV\OV\ v\oées (\Ca\/u)

&) Porwits wore £ lcxilailrboL "
LJ\l/\(’N(, +‘7 J}o'ﬁ-

- HULJ 5 LMTtiV\? d\vv\ d/\oJc/v\?
- a\twnoﬁm C%,9,%Y, o )c)lg)%)x)b){/.,
- select loo\scé oW ‘

'Po\ht A'\ﬁr'\]a\d‘\bvx _— ‘

- HW K} cuﬁivv& Valuc c(/\ow\,\?
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[ )
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COW ‘TV‘U (fﬁ.ovx 3

Tree com \oc \OU\.\PC I\ 60\[00\) v\) tne,
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Uind medion  Yeiely
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£|;@L’C imhW{vmovafi Presort +Hhe onivx‘ts
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TF nodes el cmm'oldc(t& m Q
— C,ouV\JC a,“ '\JD Wtj
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eloe
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Tntam Al Q A
G
No over lap Cow}qmmavd' ?wtia\




] included

&) - In | A (
o T AR OO (1
[ ] m.
g il SIS SNIIS SIS IS
2l <] LI @EE () BE M@ E ] @

QUC‘/‘-&—I\—W‘Cf

| L
Tham: Givan o (he\'o\,i,\j(- loa\amch U ~Jrrce in I
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L

K
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(,\ ......... ' s
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KO{:)r I’:came W alJCcrmJFL cutfin Q)mq
for cVﬂv% 2 levels o{ frc{) anyy ax\s
owaucl hhc oW 5'\'0\0 ot Vv.os‘l‘ 1 out

D‘( H @favxédﬂ‘é Ldls

Since we vse balanced Jplﬁ'h‘nj
Parent n pt
duld WA oty
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CMSC 754 - ComPu‘faJCiowoi wa\tjtwa\
Lecture 18- Orthogona| Range Trees

R{’,C&«H : D\OW\ € ScaroL\: 3
Givon & ceb o n pts E:{P’Y“)Pé} <R,
OV\A dws O\C S\/\Cxpu (\FAV\oJc, spau,)
PNP"OOO” E o answer r(m@c %umq s
Cii\/(JV\ J‘/\O\P{ Q) (pUV\T/rthowt‘ the P‘tj 12

PNQ.
o 5 o ° e w a7 " O N o
, 0 ° % m ° g Q
2 0 o 0 [ﬁ E] ég}jh X :) ] ° D)
D shape = Date, strodtve  Ans: 10 pts
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\SUH)OJ{ V) oy~ \FGW\QCA ave fU\fW\Cc‘ M
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Tdea: ’Daigv\ o dote sT(V(,Twe o~
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W lti- LC%EV'CA Searchn Tree :

- Store deten in lecwes of trea

- Ea(/(/\ V\oéeg CLW\GV\(W\ Juiosd‘ (,omeT'
of s leaws
- For eadn V\oe\\c \ou\u & Seav dn
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L = (A“(’,A \tf mxdlwg tfu,

.....................

........................

/\ Ap1, -

1{pr.p2} {p3.,pa}
A """" N*/ /\ {p1 .....
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Auxiliary search trees
L ————— /

Q" Sovted '03 wciﬁ\/\‘b



- Dimensionl Qamac Tree: (Ew\'ow)
- Givw set b{jwlaw : E’ {‘),).-. '09”1 < R

- Store 65 |eanes m b alanced

J@a\f“«(" tree — Q(V\X Jp&(,e,

— O(v\\oon\ (UVlﬂL\FUCI—.
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Mo mal subtrees ’Cl/\cf( cvtr Q
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Romac wuV\J(WC} Q\\c)afljfl/\vv\ :
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w. X ° SPM’ value (\f Un lV\JWWa]
w.Size A Jeaves ('\f U intome]
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rCiul v
- O ol.
2|se ',{ (C NQ = ¢) C\/\b ove,rla\o)
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TN\ e
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- Eui H o\ 1-é rcmj(, Trec JCUV‘ C.. Au*)we'c
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To process query Q- LQlo , Qu; )
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/A {)Mp\’\ H s an (1 )~ approx EMST 1
D) \-—\ (B asoowmin JCNC ch f
@ wlH) < Qre)-emst(P)
where  w(H) = total ucivpf of
/ s eAOU
(e ” s\w \l\uw Jfo cumr)erc an (l*i)-appfox EMST
n time O(,V\loOV\ t V\/ Cé)



CLIP‘)\FDx—EMﬂ (f) £)
- G« Qrg)—s\oomww‘ ch P
- return MSTC(S)

Time: Compute G: (j(.vxlov N V\/ 6é)
C(/\Mpu'f(, MIT(G)
- Can CompplaTe MST 0{' a %m}()la ud‘[\
v vertics + € eéocs m time

O(\I \03 VA e.)

= G s w vertices +
V\/ ié C%w

- MST(G) Yokes O(V\\ovh'i wfe)

Coprectness :

- shas Bt G has « u/vme(:ftcl NLOM)’L
that contains all pts of ]?choam ?) and has
weight ¢ () umst (L)

- If G has o spay\m\}\ra J\)Lﬂf&.pl« H of UCI‘@H‘

U,'dnu\ 'tl/\c ucibl/\‘\‘ o'f W MST s wo IWOM‘

for each x,lgef.) et qu(x)v)) loc shovtest
Pa’t‘/\ from x© to Y mw G
L et é(ﬁ(x,v)) boe \cmbﬂ\ of this y)oi‘\»



Know thet J(‘(xm\ ¢ (v e) NX-voxll

x G

H:
Jor eadn (x v) € E/"UT(E)
add the (Af)es of M, (1) o H

Olbos :
® H is wnected and spans all pts of P

@) Total udQ\/\Jﬂ
LW(H) < Z

< Z Qre) -l x-y
&v)eemsTY)

= (v e) 2, L x-g]l

(%15 EMST (L)

=+ ) emst (?.)

de (%,1)
n)C EMIT(R) O



O+ @) 2 wlmstla))
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Lecture 18: Coresets and Kerntls

Approxim ation b, Jampline:
7 - Punm'wg_ +?Me ‘fﬁjo JE)LJ? )
- /’lagloc, Yor JmL&\ Jizt 1S ﬁo /ay@c .
- Tdean: ,
- Extract U JWm// JULSCf') ? ¢ E

- Puh Solucjprouem (yacﬂg

on P
- Prove that the amwer on f//';
H(/(DJL" To Op'l'tha] 0% _E

Hoo to compate P'7
-DCPCVCI-‘ an 3ow pro.):/cm

— Rondom Jakn/o//'m IS oSt Common
but wot n(ag_)rmr[/; 106.(‘}

Exam)o/c: [Minimum Em/onn%) Rall (MER)
- Gl'vom a set _7_) - {/’u'";/’n} Ih /R&
(um}oufe the Euclid eon bal) o‘ll
min. vadius Cl/'c/oJiwg P



MEB(R) MEG(P)  MER(E”)
P’= vandom Y E Covis et

Pro'a'em L,.uTL \mmc)mm Jam)o/my";'--.. ........................
- MERCY ) Q)e)oowc)J 0 }aoli"’b
near periphtry.
- Random sample gtvacts many
irreltvant poiidts.
- Smavtor ¢ Use @ Javnp)ina md‘[AOJ
‘H/\a‘l‘ 3.\1% priorijfﬁ To
)om‘pl,aml pomh

Covesel: );ct P bLe nput et
\')LCY)“* N our obbccfiuﬁ JCUVlCh;M
(eg. £ vadivs ot MER)

Giwm €7 O) an E- coreel s a JULJch

CQ < E S.+. . ']'],\C OFl:-JD)V\*

$(Q Jor @\ clae

\- ¢ < < \+r g o opt. for P
@) "




QUCsTiDV\s f
- Fw (,.)\Ao»\' oio‘l'im\to\ﬂw\ waHCVVU
do (va\a\\) (,o\r(,j(,'h (4&\3)( 7
- (AS qfumd’u'm« 0‘(‘ V\-ki) ]/Iuw Jwa]\
s the Gopeset 2
- How fost v, We (,ump\m Ve coy\uc,‘f?

Coresect fw Directional Lidth:
(oo celled ¢- kc\mcl)

G o pt st PER

—

-Given o umt vector ©

- Directimal u\c)ﬂ\ 010 E N cl‘\f&chd% VT

T,J(f) = wax (3.0) = mn (p-in
U FV\:_EX ’PU\) {JV‘:E (P )




(ﬂ'vw\ £>D) oW é-wruc‘l“ 7C0v~ d\RL. u(JTL\
(alSO Ca“d Z'kc\rnd) S Ju]aJCl’
R st

: N o .
\/UWI+ \)LC\—. VIR . ~]?"\\11(,4,”\13_ '3

sjmee R e¢P

(-)TLLE) £ T,R) < TI.(2)

T C\{,'tt'\w\g ‘Hnis iJ
the ob \)'cd' ive

Aside: When wmpuling gpprox. lovev

\loouvw)s we fovntTinnes wr’ﬂLci

(\ - f.) cexack S ObpY)V‘OY

ond othar times -
wact
\+ &

Does the fo«‘vv\ wacttex ]

< approx

Not veally.  TF oc<ec) ) hen
- | i

- O\f\l\a» (,U\/\-&TCW\t TFO\(A“OV‘J wt OCFFC(,"YQ




Useful Facts:

(,\/\am ?m}owft)i I{ X S an &- k&m{l JCW \(
oamd \( 1S Gn C/- \Ke\mel fw [o
t\/\u\ XN U5 an (&* 6’)-\(LYN,I ?CW‘%

Uv\iov\ ?ropu‘t\or I\C X/\s an C-\kUY\C\ 'F(N‘ ,?_
| X s an £- ](wnf,\ ﬁ\f E/
then XUr is ae &-kerne for PO’

Co»homical Position: (e ke Jot t]/\mo\)J

Fal @ Givon Oso(S\) o ey ‘oonlva, K s
s o-Tat ﬂc K can e JO\V\JLJI‘C/I/\(/C]/
betucen o comeentric loa”J of mJC(

Ao A Lhort
X = %-/)H—

Cav\amiw\ ’PosiJC{ovxi CUV\UW \aoéva, K 5 I
R = Conon ol 'Fww\ 1{ T s Jaw:)uic(M,cl

lodqu \oa“J o][' V‘o»e)iw 9\_"' \/zo( +>\f \/1
CemJ(Uch ot ‘H/\t W{UM-



N

(,J\\m& l/‘l.? = K/J cﬁ\'o\w\cfcor 1

it
A PD'W\'(Z 5Ct ? \$ i(x }\{: COVV (P)
IS .

X - Camov\ica\

fovrm
We o comvort any pt set wito canonicel Toym.

Mg Trams formoitin: Ts o
lintor s formation
CJC&I{V\COLV“\‘ VOTOCHUV\ X JL(’IA\AY\%}
+ trows ltiow

Lemma C‘[iuw\ Cunty, v\-{‘tw\u\J( pJC.SdL
1> ¢ ﬂl‘; 5 ’tl'\(,r{ ﬁxl'sts un aﬁi ne
tronsformation T Hhet maps P nlo
(13) - ahovical forn,
- R<P is cn e-kemel for P
TR is an e-kernel for T(f)
= T con bt CdVV\}ouTbe] m O(n) hime




Proof makes use ol[ \‘vvupofjravﬁc fa(frt (ML{X)

JD\/\V\:( T\/\gof{,m-’ Given oy LMy \ooéla;
KW, et € be vmex volume e“n‘pJoa\J

CUV\_tD\iV\Cé n K) ‘t\nw\
€ ¢« K «d¢

u\,\or( J€ i e ‘fod‘av-c‘ Jca‘n‘V\ca > a]ouv‘t"
T centor

E‘tUN: Guon ptset P et € be vl
eui‘omé cumJ(mmWO P, then

ie c (OV\\/(Y> C E

-—W\e &'lith?}Ql K Caueé JCL\{ Q-:)l/m E”J‘psoig

[IVa LONM{T—\_)O\/\V\ 6“\ Joitz}, \
i _ P {‘omAOVV\\Z:ﬁ‘l
- CQ\,\ C()W\TJUCl—C d— 17 U(V\) Time CI‘V\CV‘OW\(A/\TOL] )



Foct t Gium 2 6“1@0@ €, thee wish
awn OL{E(\AL B fovw otion T\Ao\J( Wn0J
c \'D 7y um(‘t \\oa“ , CPJV\J[WCA uJ( (Niol-v\.

?ND{ <Df (aMOhiLa\ \Cowvx \cvwma>:
®© CUW\\OuTL Ps ouler qb‘\/\vx c\\{bodoig c

@ Find d@im Jcm\/\s{owvmﬂow W\qppfmra
E Yo umT bell centared ot ow'om

@ Sca\(, \o\a \/’L — OULT{)\NJY fCJuHiv\a -

Trond 760\/»'\/\05“ o

(,J\;\L& av'e difcd‘iomu\ uiéﬂn approxu.moi‘tq\}u
PYU rved |

. A\cﬁv\c fmv\J Ir'o\(\/\/\oﬂ'iuvu prJ AL S T
ruios 0{3 Pam“ b\ \cwoﬂnj ":-.,q |
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Quick + Dirt Kernel: Simple bt ot )n'vwa| size
| g P —0)(05(\/5Q D
Giion L <R & £>0¢
® Map P Yo /3~ Caponi ) 'POJ‘l'h'd\n
NoTe: \7,m) /4 2 T3.(2) < |
= c«,,anlud'ﬁ evvoy of &/d S vel. epov € €
® Let &= €/ ,
® Let B=[t, ] bLe vl L\gpwcu)oc

Cown O\W\\;n :\:.)
i k{- ‘6. .4. 5’/2_
Jg H - :..
T @ ® ®€cR
O . s S R R
° e
: _ 5@ ®
= ?

@ SuL&ivd( H wlo J%U“‘/C c\/)ricl o]c /
diaw\c*o\r < 6//1. (fﬂul’\/.,diéc Iéhg')’lﬁ E/ZU’J)
l

Note: No. u{ Srié Cc,l\s 1$ (T/{ré = Cj(‘/zﬂ

2

© R &‘(:ald. one p‘t OIL f Jcrm mal/\ occuooib‘l CC“

Nste: 1RV = 0 Ye!) . Compiable in O(n)dme



Run V\'\“c& time: O+ Ve g)
- Garonical posi)ﬂov\ ~ O)Cvx\
- Place P’té In %riql cells - OCV\\
Elhtc@or division + \/\m\n{mal
- OMTP\AJL R - 50/6&3
Covrectness : |
- Givon avua_ di\ruﬁm (7\) left P‘ , P,_éj_)
be pts thet define W, (P)
- Let %l)%x e IR Y cowfu)aa\/\&\‘n?
Vepres emfodives Trom P, ¥ P{A CC”J

B, P

<e

~ Jince a:n diameter ¢ 5//7— )]{' 1[DNJL¢J 'H/\a‘]'
WP ¢ Tt T (R): &/
- ¢/ TuR) = A TIL(R)
- E\a_ conanical Forna , wu(E) 2 l/CJ
3.2 ¢ €TI) + LT, (R)




5\/\«0“ IVV\PN\/O/V\ O/\)(-' M — @( \/5 ) >

- Quidk « é\r%\@rs @wicl \(/\d\)&&) on\h\a\
Cerna)  porits — asteful
- na‘t\/\t\F ﬂ/\O\V\ "\“O\\LQ:
— one Yeprestntative 2 ul\ ) mstead
- ‘l‘uo pﬂ\f Cpluvvm -‘\‘O)opy\,\oﬁ” A \ooﬁommoST

4t <_L:' th
® | "/ @
®€ ®€
° @ o R ° @ @ R
.0 © ol ||
@ @' 0 @'
(O NC) |@° ORNC) °®

1]
- Hou W\w\‘g.? Top arié \/\a.s O(‘/gd") cells
IR\ = 200/ ) = oY)
B Caw&(}nuj? Let F \oe, 6xtf6mc pT
m direction @+ let c‘)éR loe
Yop mos T Cor \oo’l'\“%\g//\{woﬁ‘> pt n c.0lumn

‘\x - 7

P4

/D\fcd'l'ovm\ éﬂsto\v\(,e \oe:l'w CL+P \s € Z//’z_
fCVV\a'\V\'\V\% éefailj M;T’rf,g




— d-1
B'\a lvmprodcmwf- &- \kevm\ mc sige 0( ]/C 7—)
Loptimal inthe wont case

Construction \0ch on 10E0 el‘lJ(O\thC],
C'mécpwclwﬂ\g) 1916\ ’Duélt\a + Bmvutuowv
Tuavov (V197Y)
® Map T to l/c“Cav\mico\‘ pos.lﬁon
NoTe: \7’m) /4 S T3 (£) s |
S ahsolute ewor & €49 vel emor € €
@ Let £'= &
@ Let I - sPl\Ut of vadivs 2 (_ewror{,é
ot owr'\c\;"m , le:l* J = m
@ Let Q be ajtf olc omls on SJT
w“\& Po'\V\T Df \)g\ \S W\‘f % éistamc,m J D‘F

some pt of R. (Qis "cg-cgcmc“)qb ven

@ For each ‘(,6Q ) let V\n(‘O éf be s closest p’t.
Retuorn: R = U%eQ nn (c())




Size: \R\ < \Q\ \ 3\ 21
- Claim ﬁ/\&»‘]‘ \Q\’ Od/\@) )‘ O(l/‘s - )
- Twtihon: Eack (Be; Q covers o
sp\/\wiw\ Cay of rod (U J%' Ve
- 5\;0\« a Loy \/\m Jur [ace arca
~ Jé~\ ~ \@g,.\ ~ E(CH)/L
- § o (.(Mfravx’l' vedivs D (mitonT avea
- No. caps szii%( /*z(g(}(;\;({f :% (! /6@-\)/7,>
S [R\= OV e&7™)

EUV\V\'\Y\O&T;MLZ
-~ Canovical position = O(n)
- Compuj'in% é‘A&V\J{_ &)
0(1a1) = O/
Bow? Euclose S i a ['HmourcuL{.
Covtr \M\f)pwc,ulo(, Lith Orl'g ~d
Pm\juj( onlo \S\ |
- Cd\/g)uftc nw (403 R
- Suttices To Ute
cqoprox wA

- OC}ODL/()( /5\ ]03 V\) RR Ry




Corvectness: (_Camplex— See lutex notes )
(31| cmsider o Simpler questimn:

UL‘& \ﬁ: SPO\LLV\%? S\'m}ol@, wse - JUWOJC

cow (B) s
o uwit bo\ I
To O&v\OfOC\TO O
ko»vvg)e, Vo
select W To
Wt conu (F)
V‘ﬂiéuwa betten
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Bﬁ* ?\U)'H/\aaafﬁavx ’n/wv\:
e €| — \( \—-(X/'zj %\]{7‘/1
we wonl ,

S

ovor £ € -
U\‘("/ﬂ
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1-\ﬁ- ("/1); < €
S'ol\/[vue for , e howe :

) \~(x/zf 2 (l-&f = \-2€x ¢
if €<, then £¢e \-Texe ¢ \-¢
= | - (’(/7_)1— 2 1-¢€
& T [
x < 2le

»—T\,\\p oL laps why, ¢ wtiney, M VE 8
he ’i‘\ <t _Hm?:?) Tf ° ¢

— Notice -H/\bo W 'thH' up ~\—D (s tant
Factovs.
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Lecture [4= Sampling. + VC-Dimensinn

Gieometric Set Sxoﬁcwu-’
- /‘/lawa' Pm\o le\f |'V\VOI\/(_ ijtﬁ 0{‘ PO\‘V\TJ
t]/\af ave c:]('é)'m.c\, loa acMC’V‘\'C— O]o‘) CC']:Y
- Exomple Guen o st P S TR, (omider
el SU\oJCb of P (,(MTaivx(,cl W
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o JO e /° JO e

J
P +° {A)J.S °




(RQ.VVO{ \S’PO\CQ .

Given o set E let Z denote the
Powé\f SC\“ o‘( ? (,(/\/L.IUJ('MBr OIC 6»“
subsets of ¥ ( 128\ = 2 1)

er\OL «SPG«CG— K Pa\r (X R) wLwo

X c\ovvmm (0\ Sc’t)
R - fav\g)c,s - o subset of 2

E@. X = {O l y 1, 3 )
(?\ = ¢l Ju\oJoJL'J 0‘€ CUV\‘hOuoxL\ Vo»lVCJ
13, {03, 113, {23,
{o, \3 i\ﬂ {7, 15 .
iO,\,zl 1,13
’R&‘t\r\cﬁon ()\\/w\ ?CX Ae_‘(lht
{EAQ Qeﬁi
t\,\{ restriction of R ¥ P

€q. =134 '
Rog {u 93 143,153, J33 §453 1353}



Geometric Sctti ney

e

(X&) X=R
&= c,\oscé Q,)Cl'S-pa\/aHC) T(,Cts

Givon P * %,p”... )?v\—g cm”

@\? = a\\ Su\ou:b D‘E B4 &e’(\'nu)

\w\a copfeimment v VCLT.

03

o

o! z, 6{\{ B, 1Y .83

Ny 1,33 {2,933, u,w},{g\d,
1,0,93, 43,43 {23,943,

,,343 S

Not: {\,"(-S ov {\,7-,‘{3

Ronge space (X,R) 1 diserete X fivite

Givon o disocete anee space (P &)
ond cony, QRER define Q%L mecsure

|Qn?|

M= Ty

Q (1]

0

o

y
MmR)= 37 %



Saw\p\'ma‘): Rod-‘ ev Af\m\ C\w\\ ui‘l‘\/\ entive
PO\V\t set (\Ma\/() he %uf)e) e
LJOU\\A l\k{ CA “%)Obér qu\ple .

Grivon Se ? (p{&ww\au\a_ RS \8\7
db‘(ih@.

~ _lan S
NEAE =

(Lhen S s ear, we write /‘//1\(@3\

7

Now 8)00& s S ac o Jav\,\\olg,.

Givon o discrete ng L Space B &)« 2D

E—Saw\P\Qi \S\S‘:P 15 ow a—savv\plt 1{
w@-a@l e YQeR

é:-IV\Cti \3\ €SP 6 anm E-net '\‘E
‘/A(Qba > Soqtd VAR




Tteation :
T D IS an a—mmp\e l{ it cq}ojtqrcs
‘FDU\S\(\\\% ’H/\c, o ¢ PY‘OPOTtlU\/\ o]L
ﬁ\CV\ACV\ 3 ULD\K CLV\Va \f0\V\%Q

© @)= g0k
| u(@)- L@ = 0125 = Ve

1f t\/\'\s holds 'Fo\r al\ ranges n R
S i o e Jaw\Y)\ﬁ .

- A v*cmf)c Q 1S & \f\ea\lg 'nc /1,\(@32 £,
AV\ 5-\/\6\? \/\\‘\_3 a\\ E:\/\eavia rcmf)w

Lo e=ls
Av\v() mm\)e, 'Hf\a‘l.‘

(omTave 2 € \P) - Ll
® {Sts wost Wit ¢ er of §




{‘\ULJ '\‘0 CUV\.S_['VUCt‘ £- V\L‘\K + L—J&W\P\QJ?
Twtuition : AV\?_ éuﬁcidwﬂl\g [M@c \mhéovn
' Javnp\e_ J\/\omu work (u\'TL Some onlo.>

1P\ ~ 3 $ 1S |

Bul t‘n'\.s \)Cail! ‘IIC e a“ow \/U/lg, L ld rahg( J]";)oci-
How T j'ofvv\a“\a fFOrLicl Juc/l/\ mwbcs?

/(- Dimension: )
gS\xxat’cc\rl'w@: A ronog Space (X,ﬁv »
shatbers o pt et T if @lg =2
((,OV\JFQ\N all subsets of P
E‘f)' Axis—alig\neé \r(c‘}amf)\u Slaattc\r
the ot Jet bLelaw:
g _7_°I ° 7_°
ol ol ol ol
Yo Mo Yo e
Ll (1,33

{. \)‘L‘S) ’L’LJL{S,'“ {\)1;\\2 ) 3,1)’5/\{3).“



EUC\‘ t\m@ cav‘\JC &\/\Q“Tc\r C\lt\flat\\nivm&l

SN AV\VO. vect, COV\J(a\V\ca 11,3 wust
) (UV\*OH.V\ L{

avm\ ’C\ne\g, un ey J\Aattw 7 Jc+ of > 5
1© .

l
ol 5° 1 &1 AW@ vecT Yt
covitaing ‘t\/\ﬂ
3 1o 3 L‘@ﬁ
(] * |)1)3)5 V\AUS‘\’-
CU'V\_\—G\\.V\ Y

DCIC3 T\(\C \}C’Aiwmvmuw of & fang e Space
(X,&) s the size of the l(m/cO(,JT pt
sct \S\l/\attcyuj \OLa_ &
(VL = Vapnik- Grervonenkis - 1971)
EXaW\p\u: 5
— \J(-dim D‘€ ax'\s—aliav)d cects m R = "l

X

— V(dim of Eucli&um d\'s\q W= 2

— \/C‘&‘\W\Lo{ JiW\p[c polv(}room 't Y
R .



_l:vd:u'\‘fwéhef Pcmbﬂ Spacts of constunt VG dim
we o cmstunt nom. of c\c&rcu

0‘€ jcr(.{onv\

\Saucd L(,VV\W\OU I’F (X)(RB S o ro\v\i)c .Sboo\(,c,
of VG dim d m [X|=n, then

&\ = G(n*)
Movre pve_cijdva_f

IR\ % ], (n)
wWhere : " "
B,00y= () (Drar Q)
Obj@\/\/bi @ SOLTI'Sfl.CS ‘tl/\c, VRAIYYINCE :

@&@\\ = Q—Pé(vx-ﬂ’v @é_\ (n-1)

S(Exevuise)
Proof: (of Somnexs Lomme ) Tnduction on d + 1.

Rasis: n=0 o d=0 "‘tv‘i\/'w\l 6{:{?53

Step: Fiy ity x € X
Cuvx&idcw JCl,Jo new \fomae, J)oa(,a;

ovexr X\ 5041



R {Q\{ﬂ QuixieR « Q\Me(ﬁ}
L;Pa\m that &\Ceéf oV\]\g on Y

Radxl= {Qvix}: QeR }

> Just yemove X

Exa,vv\pl X {\'L’S)L‘{} let x =Y
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{L,“{-i Lot wot SL'L}
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&= IR N+ [&\ {3
R \/\m \/C dim  d-)

ED'H/\ ovey Q]OW\am O‘F Nre N-\

> IRLS © 6 e O ) = D)
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Recall
Given o iscrete ngL space E &)+ 2D

E—Samp\ei \S\Q? 15 ow a—saw\plt l{
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&-IV\(LJC‘ \3\ <Y $ an E-net '\‘E
|/A(Q3za > SoQt e VAR
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sample of P of nre 2

C d 1
e (dlog 7+ oy )
15 awn £-Javv\p\c Fov Cf)&).




E- Net Theoram:  Given vange Space
(X,&) of VCdin 4, let Phe Sinite
Ju\ose,t of X T\'\WL w'lit‘ csTant o
s.t. L,J\,_t\l\ pwo\oa\o'\h‘tg 2 l-g ,«a random
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thyde + - Constant VG-dim
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Size of & sample i O( ';_’- \DL& \E>
E- net s ] '\a_ l°3 \Z>
Froofs 7 See Hov-Pdedi Look



Appliwﬂuw Geometric Jet Cover

Givon o P‘tsct X+ a (,oucd(ah of sets
(KOVW X, G ver 1S o oo“cchc}\« 0€

scls {jrw &J(L\it CU\A{'&W\ CA/CV‘a th O\C X
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