CMSC 754 - (,ovvuPu‘fa'tiowA Gwmd%\
Lecture [4= Sampling. + VC-Dimensinn

Gieometric Set Sxoﬁcwu-’
- /‘/lawa' Pm\o le\f |'V\VOI\/(_ ijtﬁ 0{‘ PO\‘V\TJ
t]/\af ave c:]('é)'m.c\, loa acMC’V‘\'C— O]o‘) CC']:Y
- Exomple Guen o st P S TR, (omider
el SU\oJCb of P (,(MTaivx(,cl W

- oxis- ali{)v\oé r&d'a,v\f)\e ' w fcd ¢ f)

L., ©o Ld ¢o 7777

A a
o JO e /° JO e

J
P +° {A)J.S °




(RQ.VVO{ \S’PO\CQ .

Given o set E let Z denote the
Powé\f SC\“ o‘( ? (,(/\/L.IUJ('MBr OIC 6»“
subsets of ¥ ( 128\ = 2 1)

er\OL «SPG«CG— K Pa\r (X R) wLwo

X c\ovvmm (0\ Sc’t)
R - fav\g)c,s - o subset of 2

E@. X = {O l y 1, 3 )
(?\ = ¢l Ju\oJoJL'J 0‘€ CUV\‘hOuoxL\ Vo»lVCJ
13, {03, 113, {23,
{o, \3 i\ﬂ {7, 15 .
iO,\,zl 1,13
’R&‘t\r\cﬁon ()\\/w\ ?CX Ae_‘(lht
{EAQ Qeﬁi
t\,\{ restriction of R ¥ P

€q. =134 '
Rog {u 93 143,153, J33 §453 1353}



Geometric Sctti ney

e

(X&) X=R
&= c,\oscé Q,)Cl'S-pa\/aHC) T(,Cts

Givon P * %,p”... )?v\—g cm”

@\? = a\\ Su\ou:b D‘E B4 &e’(\'nu)

\w\a copfeimment v VCLT.

03

o

o! z, 6{\{ B, 1Y .83

Ny 1,33 {2,933, u,w},{g\d,
1,0,93, 43,43 {23,943,

,,343 S

Not: {\,"(-S ov {\,7-,‘{3

Ronge space (X,R) 1 diserete X fivite

Givon o disocete anee space (P &)
ond cony, QRER define Q%L mecsure

|Qn?|

M= Ty

Q (1]

0

o

y
MmR)= 37 %



Saw\p\'ma‘): Rod-‘ ev Af\m\ C\w\\ ui‘l‘\/\ entive
PO\V\t set (\Ma\/() he %uf)e) e
LJOU\\A l\k{ CA “%)Obér qu\ple .

Grivon Se ? (p{&ww\au\a_ RS \8\7
db‘(ih@.

~ _lan S
NEAE =

(Lhen S s ear, we write /‘//1\(@3\

7

Now 8)00& s S ac o Jav\,\\olg,.

Givon o discrete ng L Space B &)« 2D

E—Saw\P\Qi \S\S‘:P 15 ow a—savv\plt 1{
w@-a@l e YQeR

é:-IV\Cti \3\ €SP 6 anm E-net '\‘E
‘/A(Qba > Soqtd VAR




Tteation :
T D IS an a—mmp\e l{ it cq}ojtqrcs
‘FDU\S\(\\\% ’H/\c, o ¢ PY‘OPOTtlU\/\ o]L
ﬁ\CV\ACV\ 3 ULD\K CLV\Va \f0\V\%Q

© @)= g0k
| u(@)- L@ = 0125 = Ve

1f t\/\'\s holds 'Fo\r al\ ranges n R
S i o e Jaw\Y)\ﬁ .

- A v*cmf)c Q 1S & \f\ea\lg 'nc /1,\(@32 £,
AV\ 5-\/\6\? \/\\‘\_3 a\\ E:\/\eavia rcmf)w

Lo e=ls
Av\v() mm\)e, 'Hf\a‘l.‘

(omTave 2 € \P) - Ll
® {Sts wost Wit ¢ er of §




{‘\ULJ '\‘0 CUV\.S_['VUCt‘ £- V\L‘\K + L—J&W\P\QJ?
Twtuition : AV\?_ éuﬁcidwﬂl\g [M@c \mhéovn
' Javnp\e_ J\/\omu work (u\'TL Some onlo.>

1P\ ~ 3 $ 1S |

Bul t‘n'\.s \)Cail! ‘IIC e a“ow \/U/lg, L ld rahg( J]";)oci-
How T j'ofvv\a“\a fFOrLicl Juc/l/\ mwbcs?

/(- Dimension: )
gS\xxat’cc\rl'w@: A ronog Space (X,ﬁv »
shatbers o pt et T if @lg =2
((,OV\JFQ\N all subsets of P
E‘f)' Axis—alig\neé \r(c‘}amf)\u Slaattc\r
the ot Jet bLelaw:
g _7_°I ° 7_°
ol ol ol ol
Yo Mo Yo e
Ll (1,33

{. \)‘L‘S) ’L’LJL{S,'“ {\)1;\\2 ) 3,1)’5/\{3).“



EUC\‘ t\m@ cav‘\JC &\/\Q“Tc\r C\lt\flat\\nivm&l

SN AV\VO. vect, COV\J(a\V\ca 11,3 wust
) (UV\*OH.V\ L{

avm\ ’C\ne\g, un ey J\Aattw 7 Jc+ of > 5
1© .

l
ol 5° 1 &1 AW@ vecT Yt
covitaing ‘t\/\ﬂ
3 1o 3 L‘@ﬁ
(] * |)1)3)5 V\AUS‘\’-
CU'V\_\—G\\.V\ Y

DCIC3 T\(\C \}C’Aiwmvmuw of & fang e Space
(X,&) s the size of the l(m/cO(,JT pt
sct \S\l/\attcyuj \OLa_ &
(VL = Vapnik- Grervonenkis - 1971)
EXaW\p\u: 5
— \J(-dim D‘€ ax'\s—aliav)d cects m R = "l

X

— V(dim of Eucli&um d\'s\q W= 2

— \/C‘&‘\W\Lo{ JiW\p[c polv(}room 't Y
R .



_l:vd:u'\‘fwéhef Pcmbﬂ Spacts of constunt VG dim
we o cmstunt nom. of c\c&rcu

0‘€ jcr(.{onv\

\Saucd L(,VV\W\OU I’F (X)(RB S o ro\v\i)c .Sboo\(,c,
of VG dim d m [X|=n, then

&\ = G(n*)
Movre pve_cijdva_f

IR\ % ], (n)
wWhere : " "
B,00y= () (Drar Q)
Obj@\/\/bi @ SOLTI'Sfl.CS ‘tl/\c, VRAIYYINCE :

@&@\\ = Q—Pé(vx-ﬂ’v @é_\ (n-1)

S(Exevuise)
Proof: (of Somnexs Lomme ) Tnduction on d + 1.

Rasis: n=0 o d=0 "‘tv‘i\/'w\l 6{:{?53

Step: Fiy ity x € X
Cuvx&idcw JCl,Jo new \fomae, J)oa(,a;

ovexr X\ 5041



R {Q\{ﬂ QuixieR « Q\Me(ﬁ}
L;Pa\m that &\Ceéf oV\]\g on Y

Radxl= {Qvix}: QeR }

> Just yemove X

Exa,vv\pl X {\'L’S)L‘{} let x =Y

Suppose R s - Ry ey
L9133 — {33
3 v 1yy — 1
{3 e {47 — {1

ond R s {\,31 Lut wot {\,1,%3
{L,“{-i Lot wot SL'L}

Then: &, - 113 1Y, 1233)
R - {{1 13 (3, s, [y

&= IR N+ [&\ {3
R \/\m \/C dim  d-)

ED'H/\ ovey Q]OW\am O‘F Nre N-\

> IRLS © 6 e O ) = D)

Q\OJO\NC!




Recall
Given o iscrete ngL space E &)+ 2D

E—Samp\ei \S\Q? 15 ow a—saw\plt l{

[w@)-a@lce  ¥QeR

&-IV\(LJC‘ \3\ <Y $ an E-net '\‘E
|/A(Q3za > SoQt e VAR

Ravv‘oc Spacﬁj ?ﬂc llTLJ \/C'(:\'IVV\O/\JMM I/\O\\}(.

C-S(Av\np\u « &-nely of vl rize:

e-Somple Theorum:  Given vance Space
(X,&) of VCdim & let Pobe Sinite
Ju\ose,’t_ of X. Thave exisTs comstant ¢
st with pwo\oa\o\lﬁg 2> 1- ¢, a random
sample of P of nre 2

C d 1
e (dlog 7+ oy )
15 awn £-Javv\p\c Fov Cf)&).




E- Net Theoram:  Given vange Space
(X,&) of VCdin 4, let Phe Sinite
Ju\ose,t of X T\'\WL w'lit‘ csTant o
s.t. L,J\,_t\l\ pwo\oa\o'\h‘tg 2 l-g ,«a random
sample of P of sie 2

& (dlog %+ Iy )
1S on E-V\ﬁt Jco\r (E)&)

oo Manyy paramdoml. ~

thyde + - Constant VG-dim

- ConsTant prob. of success
Size of & sample i O( ';_’- \DL& \E>
E- net s ] '\a_ l°3 \Z>
Froofs 7 See Hov-Pdedi Look



Appliwﬂuw Geometric Jet Cover

Givon o P‘tsct X+ a (,oucd(ah of sets
(KOVW X, G ver 1S o oo“cchc}\« 0€

scls {jrw &J(L\it CU\A{'&W\ CA/CV‘a th O\C X

g@ Xis o set o’lI W P‘ts ' ﬁZA
&: set of all mit Euclidesn \/w\,l\J b T\zé

Set cover P\/‘Dblcw\: Givn A ad <P\)7(mJ
the smellest wuer of X

- Set wover is NP-hard A -

- No kV\va\ constauwt Fado\r @prmc'wmu)ﬁ‘uh

-3 MP\C O\R’(’A‘a Ct\\c? ox;uf\/)vm """"""" : _

Cowm PUTC/S . ey O‘F fi2e \_Sl_ﬁi;ot j\:i
Hre most
< ('Vl lX\) : ())o't ;v%cjovwcj\w




U sho that of (X,@\\ IS o set JOJ’HM
of wmstant VUG dimension ) it is pomL't
‘\TD CUW\‘)\)’(( an CLYJ)ofOX. ﬁ’ldﬁov\ o\C site

S Q 08. \L) i 0)0{'
wheve is nomber of sets oy’r. CoN G
CMOTL K< \7(\)50 Jc\/\is i$ a\uao,s Ldtw)
St ey Hiﬁ‘in?, Jct D«ml{‘}a
Hiﬁwd St Givon o wllection of sets

& oOver Sovnt Aow\o{w\ X) G

\/\lﬁin«qAJCC s o subset of K
Such hat cuma_ set of CR Covtans

ot least ome of Hatm.




Sct ver « lmﬁm% Jan e H/\c

Scme boro\olﬁw\ N C‘(J@UUC

Eq. A1L,L,38 p-{z,9)
c={1,3,41 D={7,4,5)

R X
o |
Covev : A

MDY g L

c 3

5 4

5
X’ R

L(fth fe.‘\V\‘tC\fp\fCT : JcJCS — X/} Pt-s — @/

{acl 2 {a Dy 3{acld di{¢,py s:{BD)
Hittm% sl {A)D?)
Obs: OGR) hos st cover of size k €
(X, R Was \niﬁmc] st of size 14




T}\MNM-‘ Given o Set J&d‘cm (7( ) K) ot (onsteant
\}C'&'\mcm'um) n pol\anmw\ e \\",— |
PosJ}\ol{’\b CUW\}OU»‘"Q o L].l ivwa_ Je:t 0\[

12 O(k*\oc&\(*) where K = size o{
optivvw\ \\/\Tttivvﬂ S{I.

\Jote: A set hae cmitant VEQim I‘K kv dv@l
\/\od LUV\S']'MMT \/C’é\{m-

I’t()\f «hive Pﬂwe(ﬁ)LJtin% 1

(/\)cig)\/\)rql £- Nets Givm o Je:l' SUJJ(CW\
(XXR) Lhere tacls %éx X
. positive Lt W), Let w(X)
be ArO‘fob\ wu'%\/\'t :

0= 0e)
Aset SEXis an g-net if

Yaef i "":Z‘;ﬂzgﬂm Q74

Stendard s-net = ol pts heve wix)=)




(/\)cia\/\)rml Sawp'im%:
€-Net Theorem still \/\DHJ) \owf voithey
‘H/ww\ condovn Jamlpl(. D‘f Jige O(A{ \Ot) l{)
Qcmxp\e, tecln point with PWD]OC"‘D-‘)]TQ‘
pwopor‘h'om‘tt To il uu’b\n"f o %Ut o set
o{ t\/\is S\t .

| tevative Ptuci%\#dm&:
- Guess the size k of opt ‘/\'\‘H"m% set
(L.\Y\O\,V'lg search To coz,‘f loest k)
- St oall LJ(,\'jln’ts 1o 1
_ Tchca‘t‘ e
- S e ucio\)\n)rol e-net of X
- 1 {l/\ii a ]/\lttmcg &d’? hes =2 Succesd
- No! Fmd any ¢t Q€ & wok \/\\‘\‘
+ double u%\AJD £ ol xe@

‘Too mam&'ﬂ'cmﬁa\ns 7 Fa'\l - T% \arcow k

Tontution: If e ful to L\\J[ e double
wc(g)l/d‘x of unhit o]o\')ecf—vmovt
\ikc\v&% it noxt hime .
Hu,l/\7 TL\LS Cav\)‘li Loov K \.
Qust C\AQSSV\% O ’b\\ .




A\(\/)OVFHI\W\ CT\'\wv\ (X)K3

Jov k- \)1,‘1,“.)'2;)... ot | succes
/. Gutss thet A \n-\&\W\C{) sct D‘F S1TL \(
-\ xe R st wlx)e 1
- St e Yk
(dor cuitabole cont. )
- Ticpwt ontil soccess or Zk-l}“/\a
\'th'[“nN
- S gt g-nel of size ¢ kelogy e
X 2
~ e all sets of Kbt an AN
—kaci — \feJCWh w\ﬂn SuCCess ,
-0 — 'giv\é ahg set Qé&
nok Lt
Ve, wb)e 2:0(x)

dovb\e ub\‘QL"\'s
<+ ’C»'\a_ gty



L\)\/\\6~‘H/\LS wor\g? Assome K s wmf(

- Since opt \/\‘\Jﬁ'\vweI st hidr 4l
st ol least one powit of
opt doubles 1 Leight

— (,\)(,;c\)\\/:\_ of op)r \(\ﬁm st Hrus
Wpov\u/\'rio\“va_ T

- Toted weiget of pt st gy
V\/\Uo\/\ v ove JlleVa\

- Soovw, op)f l/\'\JF\'\V\% sy wcig)ﬁ
1§ SO ‘/\wo\n Loe wosT J(m\\o\ﬂ .

Lenma: T (X R he \A—lﬁ% ok of dze k
t\\/\c\n JC\/\C \ﬁ’,pcaf-\oop \/\a_( Juaess w‘\T \\;\

1% g “terations. (ltar-‘-‘ log~ )

?roo{i LCt n= lX\\ m’\&\

-let B bLe \A'F\'\_ima, set of size k. ]
_LJL(X) = Yot L,JC\'cJ\lmT ot tev ! terdion
WH) walk of R "

- Nete: O =1X\=n

- Since ,S\ KEY E'V\C‘t, .\{' e 1(64"\ To \/\tjf
aset Q, than W (R < £ TIO)



= X)) = T X+ w0, (R
€O (XY + ¢ T3, (X)

- G* i«)mc—\QQ

2 T K) £ 1 £) W ()
= (v ) 17000

<+ i,)i .00)- Q*rE)L* n

X \+X
Fac:f'- ltx < e o X

e 7
2 WU(X) < nef

Sinee H Wit gll st ot bite Q
2 in tach (umucun[um '\chrod’\bh, ot
\C&S_t_ oht Q\CW\O’\'\‘ O‘F H éouu&(
= %fou‘\'\/\ vote of TWIAR) is slovesT
-l\C el its memboers dovble
oL Somne Vaule C)—OVUWQ B""ﬁ,)
> Aer i fugtion eadn of the k
6\tvv\cv{U of H doulle) v k. Tmes
> W, (M) 2 k-2




Since H € X) L knou WL(H) 5’\/:)10(3
= I Z,L/K < et

Recall, we s £ Y4\

= \(-ZL/\( € n .Ci/qk Jaet e

O gkt R S lpnrgilee

<
L
2

= No. ot Heratims L ¢ Z,\c-\aa“/lc

> LY Y < lgn-lgk = la %
(TF ve epeeed this number, uc
knoa TH] > K and vae ful )
Total time :
(2k \08%)-[(\« loak) Fmk |
(. \Ooo\v\) Since I

IIAS

4



