
Data structures are
4€ Course Overview :

"

common :
- Fundamental data structures 04) : constant time

B☒☒AFET☒FDB !
+ algorithms [Hash map ]

- All fields of CS involve storing , - Mathematical techniques for Ollogn) : log time (very good ! )
retrieving and processing data analyzing them [Binary search]

- Implementation OLNP ) :(p -- constant) Poly time
- Information retrieval e.g. Own )

[Geometric search]
- Geographic Inf. Systems• '

Mmmmm
- Machine Learning Asymptotic :

"

Big-0
"

- Elements of data structure,
¥? .

- Text /String processing ④ Introduction to Data structures - Ignore constants
- Computer graphics ↳ - Focus on large n

-

. . .

↳
- Our approachA É
- short review of asymptotic} Tcu)= 34nF 15h . /ogn -1143¥

€KE.EE#xrIx-TCn)--Olri )
Basic elements in study ⇒

.

of data structures
. ¥ . ¥§ .

Our approach : Asymptotic Analysis :

- Modeling : How real-world -Theoretical : Algorithms -Runtime as a function

objects are encoded + Asymptotic Analysis of n ← no . of items
- Operations : Allowed functions - Worst-case

, average
-

to access + modify structure - Practical : Implementation case
,
randomized

- Representation : Mapping to memory + practical efficiency - Amortized : Average
- Algorithms : How are ops . performed ? over a series of ops .

s J



Linear List ADT : £4 Abstract Datatype (ADT) Doubling Reallocation :

Stores a sequence
of elements - Abstracts the functional when array of size n

la , >
az

,
. . . > an>. Operations : elements of a data structure overflows

init) - create an empty list (math) from its implementation - allocate new array size 2h

getli ) - returns ai (algorithm /programming)§g
-

copy old to new
setli ,x) - sets ith element tox 1µg -

remove old array
insert /i. x ) - inserts ✗ prior to ith

(moving others back )
deleteli) - deletes ith item Dynamic Lists + Sequential

(moving others up) - ADTS Allocation : What to do
*:::÷÷::÷:÷L0.☒ length

) - returns nvm .
of items him - Lists

,
Stacks

,
Queues when your array runs ↳out of space ?

{\ Implementations :

Sequential : Store items in an array
'm huh huh §fDe9ue(

"

deck
"

) : can insert or
delete from either end

1-t-aaa.la € Stack : All access from one side
In (top ) - push - popnull

- dequeveLinked allocation : linked list push POP ¥-11singly : head→ ☒→☒→"☒1
✓
tail enqueve Itai , cheat

←

;
I ↳

Doubly : head→tIFI☒- Queue : -1-11--0 list :

enqueue inserts

attailanddequeve deletes
Performance varies with implementation from head



Cost model (Actual cost) FT Dynamic (Sequential) Allocation
Cheap : No reallocation → 1 unit - When we overflow

,
double -Break the full sequence after

Expensive : Array ofsiz-enfznm.i.E.gg .

Stack each reallocation → run
is reallocated to size 2h 1213/45/6789/1011 . .-16171° Ñ÷¥÷¥,

"* :

mm ④
- At start of a run there are

⑧ I :|,
ntl items in stack and

④ f- array size is 2h:g¥§z .

-
- .>
" J - - - - - -

-
- →

-There are atleast hops1

"

I
BasicData Structures II before the end of run

12345678910111213141516174 - Amortized analysis - During this time we collect
+ , + , +1 -11 -11 -11-11-1-1 -11 -11 +1 +1 +1 + ' +1 +1

tlwyyyn.gg y y un

t ofdynamicstackwÑ atleast sin tokens
total __ 17+12-14 -18+16+327=79 '

: → Ifor each op⑤ :-.
→ 4 for deposit-

.

:-.
.

- Next reallocation costs
re%÷÷÷÷÷÷÷.IE#aaroinsarsumen+

:

empty structure > suppose that any
- Each request of push/popwi :-.: 4h , but we have
charge users

"

work tokens
"

; enough saved !

ofThe amortized cost is Tlm) /m .

- We use Itokento pay for
:

the """" + "+ "h"
"

☐

µ"
Thm : starting from an empty stack, 4in bank account

.

the amortized cost of our stack - will show there is enough Jqt→±?⃝±µ± ?
"

operations is at most 5 . in bank account to pay
[ i.e.anyseq.ofmopshascostss.vn] actual costs . puff / f f f /

Actual : -11%-11 -11 -117=20

Tokens : -15 -15 +5 -15=20



\

Fixed Increment : Increase£É Dynamic Stack :

byafixed constant - showed doubling ⇒ Amortized

, if
n - n -1100 ?⃝ (1) o

l 2 3

Fixed factor : Increase by a - Other strategies ?
fixed constant factor (not
nec

.
2)

.

I _F4|É→
.

N→ 51h

,

,

,
I

'
l l ' l l l l -

1

Squaring : Square the size ( or
some other power) - Basic Data Structures # s -☒ t☒
n→ñ or n→fn"T

"

s-Dynamicstack-wrap-vpyyf.in
. . . .

.ii÷¥:*.④ - Multilists - Sparse Matrices Idea : Store only
"

which of these provide -011 ) linked by row
amortized cost per operation? I

\ → and column
wlnext rownext

.

Leave as exercise Multi lists : Lists of lists

sparse matrices :
{B -

(spoiler alert ! )
Fixed increment → no head-

of
- a - b -1 An nxm matrix has

Fixed factor→ yes
- mm entries and takes

squaring → ?:(depends on
1° -1

←
"

(naively ) 01mm) space1.
cost model )

21
- c - d - e -1 Sparse matrix : Most

entries are zero

- ]



Graph : G= E) Depth : path length from( nodes. finite set of vertices root÷÷÷÷÷÷÷"
'

e.ci:*:i
.

"is:÷÷÷÷÷÷÷÷÷:÷¥:*.- acyclic graph
"

graph
" ( pairs of vertices ) IF

← Directed
° TO OT, %) 0 Degree (of node) : number

↳ to-do 8¥40 off't??aegs4 of children

o_0
"

digraph
" "ftp.g?o:ningw7.68doDesreedkogtrtiee' ianmgxiodewhy

Rooted To ene.de
"""

'§Formal definition :
root 4731 Rooted tree : is either EDM "

Family
"

Relations
"

ta - single node (root)041010610
.

.

'

'

- set of one or more go a- - - - - - - grandparent

0/10 be. " . leaf : :- rooted trees (
"

subtrees ") ¥? too
. " " - parent

'

: i. joined to a common root
I

'

i.
⇒ o

'

'

.
.
. a. child

0 ( /) sibling's
'

"

leaf ; noch;¥nb← . - grandchild



⇐ Representing rooted trees : wasted space ?

Eg .
root " Each node stores a ( linked) Theorem : A binary tree with
③ list of its children n nodes has htt null links

① ⑤ '0h Node structure: t.jo?jn%4f.s96①
'

⑤
→ nextsibling

root :

"
'
" "

" " "
first child

⇐ onneodmewe Ff
£ InJava : class Btnodegejjodhatra

"

→7¥d Trees FT E data ;
BTNodehE> left;

%Q %75inraeenteaetiinmT.in?.tnodese> right :
lmk why n u w L

⑧ t (not full ) Full : root : ④ ⑧%
⇒ go a

called the Binary representation ④ ⑦ ⑥
'

① ##
f "

⑤
Binary tree :D rooted tree ④

"
'

i:& '① ⑤ Ye
t "

of degree 2 , where each ⑥ '

'

' ÷
" Of ③ Node structure : 1$

node has two children n'Yun
( possibly null) lefts right Full : Every non - leaf node data

has 2 children
"£7

left
! right



traverse (Btnodev) l m Traversals : How to (systematically ) visit complete BinaryTree: All levels
if ( v null) return ; the nodes of a rooted tree ? full (except last)
visitors-Preorder Binary Tree Traversals ( can be generalized) 09-0
2isirsproes@fiIInorderroot.i.gov - processIn

Eiichi ...de. Innings;¥÷i÷,

} parental - LilyChallenge :

so 4hq"traversals
dy TO÷÷÷÷÷÷÷:÷ensimmM*d④/ u , _ a - n

"

Inorder :

§④ atbO*#µDThm : An extended binary
tree with n internal nodes Another way to save space. . .

"""
.

Those wasteful null links . . .
. (black) has nil external Threaded binary tree:
Q nodes (blue) store (useful ) links in the

Extended binary O
'
O null links .( Use a mark bit

IBtree : Replace %§gQg Observation : Every to distinguish link types .)
each null link with extended binary tree E.g. Inorder

Threads :
a special leaf node :b BID I 'D is full Null left - inorder predecessor
external node Null rights

"

successor

4
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Examples :
⇐r

Equivalence Relation : A simple approach to finding is to trace

- Given prime p ,a=b modp Binary relation overset £ such that the path to the root - settlement
≤ int

E.g. p=5 ; Partition :{95,10, . . . },{ 1,6 , " ," . } a ,b,cE£ :

{ 37,12in } . . . reflexive : a -=a Set simple- Find (Element x↑{
' ≤ ✗ ≤ "

- Given graph G. vertices u,v , symmetric : a=_ b ⇒ b=a while ( parent [×] =/ null)
µ , , , .am. www.mp.nu, µ,,, , , , ,,⇒a,

"

× ,pµ,,,

..

② ④ %
.

Any equivalence relation defines a return ✗
⑤ partition over £ .

.

Partition : {38,103,143,593 , {4} , {6,7} §ʰ
Set Identifiers are indices of root nodes

Union- Find : !Disj◦intsetw)¥¥ ET ' Find (7) =3

Given sets:{ 1,2, . . . ,n} maintain Find (D) =3
- Union- Find I.a partition supporting ops : 6 Find (57=2

Init : Each element in - its own set
↳ • • - ← • Two items in same set É⑥

{13,123 , . . . ,{n } it Find (x) - kindly) ⑤
.

UnionCst) : Merge those" " t . ⇐
Inverted -Tree Approach : ⇐ Array- Based Implementation : %) "

and replace with their union

Find (x) : Return the set containing x - store elements of each set Assume :S'={1,2 , . . . ,n }

Aintree with links to parent parent [1. - n] ,
where parent [i] isi's

*
Example : Suppose :{ 1,5 } , {2,483,134,7} - Root node is set identifier , ⑤ parent indexer Osnullifroot

É s! ¥ '

Eg .
{1,3

,
-1,10} {12} {2,5,6 , 8,11} { 4,9} , I 2 3 4 5 6 7 8 9 10 11 12

"

,É⑥ ⑤ ' 3 0 0 9 11 2 3 20 I 2 0

Union (S , ,S} )→ { 1,3
, -1,5, ? } , { 36,8 } ②③④ ⑧ ↑

'

Find (5) → S
, Find (8)→ see ④

'

☒ I✓✓⑤ ⑤
y

-



✓ .

Set Union /Sets .se/-t)b@Howto Union ? Lemma : Assuming rank - based merging
if(ranks] > rÑÑ Recall : These - Just link one tree under a tree of height h has at least
swaps-t are just array the other DJ 2ʰ nodes

.

parents ] ← t indices of roots - How to maintain low
ranks't] ← Max / rank [t] , ) heights ? Proof : By induction on nvm . of unions

It rankles] - Rank : Based on height Basis : Single node .

G- 0,20=1 nodes
return t of tree

. Link lower Step : Consider the last of series

.
rank as child

.

of unions . Let -1'rT
"

be trees
.

*
Init : All ranks ← 0 to merge

: Heights :b
'
- h

"

sites : n' + n
"

Example : !DisjointSetw)③ By induction : n
'≥zʰ

'

n
" ≥zʰ

"

{1,3
,
-1,10} {12} {2,548,11} { 4,9} 6 Union - Find I

cases :h'=h
"

- Th
"

⑤
' ← ranks be

* + { ←
←

↑ "
"

¥+1⑤ ⑤ ④
Aj← 1%

.
Union (9,12) [Khas lower rank] RunningTime ? .

Final tree height :h=hH=h
"

-11
.

'⑨ rank[9]=max(rank[9]
'

Hrankliz]) Init : Och) - set a parents to Final size :

④ ④ =ma×ai) null + ranks too n= n'+ n
"

≥ 2%-2%-242"
= 1

Union : 04) - constant time = 2. 2h
- '

= 2h ✓
Union ( 2,3) [Both have same rank] Find : octree height) Case 2 : h'< h" : a. I§h "

②⑤-
rankles]=max(rank I

,

↳ What is worst-case ? Final height:h=h"
Hrankth]) we'll show tree height -_O(logn ) Final size :

⑤
⑥ =max(2,37

⇒ Find take,o(login) time a- n' + n
"

≥ 242h
"

≥2ʰ"=2ʰ✓
⑤ =3

.

Cases :L
'
>h"( symmetrical) ☐

y
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Path Compression :

←É
Simple Union - Find performs a Theorem:(Tarjan 1975) After init .

- Whenever we perform find , sequence of m Unions + Finds on anyseqotm Union- Finds (with
"

short-cut
"

the links so they set of size n in Olmlogm) time . path compression) takes total time

point directly to root ⇒ Amortized time ( average por (m.xlm.nl) .

- This does not increase running op ) is O( login) ⇒ Amortized time = Olalm ,n))
by more than constant , but - Not bad - But can we do better ? [For all practical purposes , this is
can speed up later finds constant time

.]
⑤• ⑧ i - i

Example : ⑧ʰ From super big to super small
Inverse of Ackerman :

•

•

Disjoint set
""%

☐ *union-Tmd☒wM④

☐ DD
✗ (m ,n)=min{ i> I /Ali,Mnt) > login}889

②
☐

a
☐ ④

↳
☆ • ← ← e.

←

-

☐
°

Obs : almn) ≤ 4 for any imaginable
values of m ,n (m ≥h)

A FH Digression : Ackerman' Function ¥É j .'

Does this little trick improve 4926) I 0 1 23 45 . . .

%)
running times ? for i ,j ≥ 0 0 I 2 3 45 6 Alo,j)=j-11

1 2%4%+6/7 All ,j)=j-12

(i ,j)={
+ " "f " °

2 3%79-1113 ACZ,j)=2j-13→ Worst case - No .

Find may Ali-1,1) if i>0,5-0
3 5%329--63,j)-2*3-3take O( login) time

A. (it , Ali,j
-D) aw.

4 ÉmÉ¥ÉÉ4,j)=→ Amortized - Yes ! Huge improvement !

(But hard to prove)
.

Looks innocent , but its a monster ! # 24%-3
More than atoms ihuniverse

-



✓ .

Naive solution :

☒
Priority Queue : void insert (key#

"9""
"""

- store items in linear list - Stores key-value pairs ntt ; i-sift-upln.nl)
- Order? - keys priority Ali] ← ×

Insert order - -0ps : insert (x,v) - insert valuer int sift.up(inti , keyx)
fast insert /slow extract with keyx while ( i > l&&x<A[parti)] )

Priority order - extract-min - remove/return pair
'

Ali]←A[parti)]

•

fast extract / slow insert
.

with min key value

gq
a- parti)

return i %)
.

☆
Heap : Tree - based structure

④③°
Final

④(min) heap order : for all nodes
, ftp.orityQueuestwM ④

parent's keys nodeikey Heaps I ④ ④ ⑧
'

④ ⑦ ④↳
(☆ ← &

_

•

[Reverse : max - heap order]
Many variants : F

☒ .

④ ④ ⑧ ④ ① ④
Binary ,

leftist
,
binomial

,
Fibonacci

,

"

Pointer / ess
"

tree 1 .'

pairing , quake > skew . .
. heaps ④/③É④ ,

④
"④ ④ ⑤ ④ ④ ⑧ ④Binary Heap :

- simple , elegant , efficient A:X/ ' 16/141121>1211 Insert(x) : insert(9)
↑ ʰ0 I 2 3 4 5 6

. .

- old ( 1964) - Append xto end of array
- basic : insert/extract - Ollogn) leftli) : -192 n) Zieten""

- Sift ✗ up until its parent 's key
rightci) :iflZi+l≤ n72.it/

else null
build - Oln ) is smaller (or reaching root)

parti) : if / i ≥ 2) Lik] else null
y

-
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Example :
"¥%%e""-F-

Binary Heap
- ExtractMin Leftist Property : Null path length

- Min key at root→ save it npllv)= length of shortest path to null⑧④%%↳④ - Copy Aln]toroot(All]) & npnn=[ ¥;!)aw .decrement n µmin( npllv
_

left)

G - Sifttherootkeydoun
- find smaller of two children Def: Leftist Heap is binary tree where :

⑧ ④ 80%0 ④ - if larger, swap with this child - keys are heap ordered

of
'

- Return saved root key .

- ltnodesv
, npl(v. left) ≥npl(v.right) .

%) Examples :

smaller
Not ⑤ Leftist ⑤

④ ④ ⑧ ④ ④ kpriorityQueuest.MN
"""t ! ' ° °

&
sm.ir ,

" &fH*ea! # * .
#④

-4¥ ◦
°

i. °i¥iqg⑧ ④ ④ ④ ④ Lf
f. Final Leftist Heaps : Meltable heaps

. ④

intsift-down.int i. keyz)

☒
while ( lettli)≠nuH)

.

- Can merge two heaps into .

⑧ ④ ④ ④ ⑤ u←leftli) ; ✓← rightci) single heap
¥7 if( ✓ ≤ n&&A[vkA[u]) - E.g. One processor breaks .⑤ Key extract -mint) u←v ✗Alu] is smaller child ☒g Awaiting jobs must be merged%⑥if(n==O) Error - Empty heap

result← All]
if(A[u]< Z ) with another processor.

2- ← Aln - -] Agent replacement
'

Ali ]←A[u] ;i←u Analysis : Both insert + extract - mini-sift-down.bz ) else break take time proportional to tree height
A- [i]←z
return result return i Tree is complete ⇒ Oclogn) time

y
-



⇐
.

Class structure : Lemma : A leftist tree with r ≥ / Analysis : Tinier Rightmost path
Leftist Heap {Key> { =O( login )nodes along its rightmost path §d Insert + Extract-min ? Exercisesprivate class LHNode / . has n ≥ E- 1 nodes

Keyx class Proof:(Sketch - see latex notes)LHNodemerge.CL/tNodeu,LHNodev)14tNode1eft.right)I?T0h12
T Tr TT ,

if Lu null) return
byint npl LeftistHeap if ( ✓ ⇒ null ) return u

iii. aeftism
!

} if Lakey > v. key) llswapsou
private LHNode root

→ references
is smaller

.

root node
. By induction : n ,

≥ 2%1 ,nr≥ÉI
-

swap uv .

public LeftistHeap C) { root ← null} n - think ≥ (22%1)+1=2-1 ☐ %-)
'

iflu.IE/-t--=nie1l)u.1efts- ✓
← constructor

it void insert /Keyx) else
"

key extractMine, 1-
public
functions ↳PriorityQueues&w h.right-mergelu.right.ir)

" void mergewithlheftistlteapltz) Heaps II iflu.IE/-t.npku.right.npl)

g §. . . (other private/protected utilities) £☒ & & a & swap a. left vi. right
L .

u.npt-u.right.pl -11
public mergeWith (Leftist Heap H2) / return u

root ← mergelthis.root.Hz.ro#) ④¥☒ᵈ'

→ helper function × y
× ×

'

⑤
.

HZ.ro#nu11zsmergwdestroy, Final tree !
} H2

merge ④€Ñ④ '⑤ Merge helper : 2. phases
'

' \⑦ ⑤ '④°

i ' '

← j④'⑧⇒ "

⑤
×

"

\
← × ✗

×① Merge right paths by order
of keys + update npli :¥⑧o ⑤i④i

i② Check leftist property + swap %
,

i

y
-
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Dictionary : LAN search : Giuenasetofn entries Efficiency : Depends on trees
'

height
insert (key x. Valuer) each associated with keyxi Balanced : Ollogn) Unbalanced :
- insert Cx ,v) -indict .(No duplicates) and value Vi off

°"
Qa

. .
.

,o
delete (Keyx ) - store for quick access supdates gyu Gioro
- delete xfromdict

. @rrorifxnot - ordered : Assume that keys
find ( key x ) there )

are totally ordered :c , >, root
. .
. . .> find ( 14 )

.

- returns a reference to associated Example : X- .

valuer
,
or null if not there . find ,④⑤

sequential allocation ? IYm.is?I!:I!ijntEoenssIuM.i ①

'

%
- store in array

sorted by key ,
⑨ ④

'

④
→ Find :O( login ) by binary search her - - u

-

→ InsertDelete : thine ③
Find : How to find a key in

' ÷:÷÷÷÷÷÷÷÷÷÷÷÷÷÷:# t÷÷÷÷:* ::÷%i÷÷÷÷÷÷÷÷:
'

- iflx > p . Key) search right
sorted ( inordertravesal ) by key - if (x - =p.key) found it ! else it (x > p. key)

⑦
root - -

-→
- if ( p null) not there ! return find ( x ,p, right)

④ ,

else return p-value

e -
.
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"

insert "
- @dInsertCkey.x

,
Valuev ) Replacement Node ?

① ,④ - find x in tree Inorder successor
⑤ '④ ④

'
⑤ - if found ⇒ error ! duplicate →

←
delete

①
'

④ ④ '④ Go '④ key 4¥ '# copy
.

a

⑧
- else : create new node

in order:
'

"
'
' inorder

'

BSTNodeinsertfkeyx.ua/ueyBsTNodep#
where we

"

fell out
"

predecesor successor

. if (p
-
-

-
- null)

. ⑧ . ⑧ .

p= new BstNode ( x ,v) 3. ④ has two children

else if ( xcp. key) Binary Search Trees I ? ? ?

?

"epithet: "" met"t Find replacement node
p.right-insertlx.ir , p. right) ④ , copy to ④ ,

and then

go.ee#*::::.::....osoia:ii:ii.oo .

⑧ why did we do: error
? IQ

.p.lett-insertlx.ir , p . left) ? - else : remove this

p
in "4) ?n%§? node + restore ② ④ has single child

mm
. . .

Ist structure
:?.io?.Q...pl.lett--insert p?

-
- new BSTNode

(
How ?"

-

inch,v, pl . left ) Hurn p2"
l
l
.
- - - - - - - - -

- -
- - s

.

- i
' '
"
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B'¥Yp÷÷nY¥.in?i:;:%EEFi.YssI:PoLa97nYntp'

Yoadeunentcnsrnoapftwparmmetmerinzteatikenvaweelse PSTNoder =p . right types : extends comparable

itt 's.fi?.Ieietecx.p.iea.s/whik!rr:kttFtmM.Bsfn%eB.iYnena:c! isnt.

I:i÷÷'÷÷÷÷÷÷÷÷÷÷*÷÷iioiii: :÷÷ii÷÷÷÷÷÷÷÷÷÷÷÷÷÷:i:*
Expected case is good

else Thm : Ifn keys are inserted in
'

r -- findReplacement ( p) random order
, expected height

copy r
's contents top Example : dug, is Ullogn) .

-

re

! isphtsdekte"' 'm'ff④÷÷¥.io?gijio.i.q&&gi9o?AnaiHospi:iatimsctm-d .is ① '⑨
Examples:⑨d ,⑨ ⑥

'

④ insert
,
delete ) run in

'

⑦
'

④ Q
'

④ '④ ④ och ) time
,
where h

① ① IQ treplaammt
- tree 's height

④ ④ ⑧



Java implementation ( see notes for details )

public class BsTree (key extends comparable , Value) I
class Node 1 Inner class

for node

key key ( protected )
Value value
Node left

, right

}
.
. . - constructor

,

toString . . . Local helpers
(private or protected)

Value find ( key x , Node p) I . . . 1
Node insert (key x , Value v , Node p ) I . . . }
Node delete ( key x. Node p) l . . - I

,

private Node root;
Data (private )

public Value find (key x) I . . .
}

Public
)

members
public void insert (key x. Valuev) l . . . ) (invoke
public void delete (key x) l . . . ) helpers )

}
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Balance factor : É AVL Height Balance Bstnoderotatetightltsstnodep) }
ballv)=hgt(v. right) - hgt(v. left) - for each node v. the heights Dstnodeq =p .

left

j⑨① of its subtrees differ by £1 . plett = g. right
2 T④④

←This is an

g. right =p⑧
Aintree N'

t.ree.in?ina,rY?arjgghtree that satisfies this return q
condition I

④④
← Not an

-

y④①
AVLtr.ee

.

\

③④ "⑥⑥ How-to maintain the AVL property
?② '

④⑥ °④⑨
-

'

AVL Trees I right rotation

- Basic defs
Does this imply Olloyn ) height? -_HeightpropÑzm§ P

Worst cases : - Rotations -
rotation A / \

height:h=o s z . . . .

h
'

,
, ,

,
⑥

0 8§omIh -
and

Acb<E<d< E A<b< C' <

d<E§
.

nodes :

n= i z 4 2 12 20
. ..

Theorem : An AVL tree of
.

n , , , z z s 8 is 21
:-. height h has atleast 1%+51

Corollary : An AvhtreewithnnodesRecall : 1--0--0,19=1 , Fa=Fq, -1 Fae nodes
.

Conjecture : Min no
, of nodes in AVL Proof :(Induct . ohh ) has height Ollogn )

tree of height his Fq+, -1 h=0 : nth)=1=F
,
-1 Proof : Fact : Fax phlrs where

h=l : nth)=2=Fy- I 4=4+5/2
"

Golden ratio
"

nµ,=z+nµ, ,+nµ.z, n > peas , c. you ⇒ qslogyn.ie,
=1+( Fan -1) + (Fent ) ⇒ h± login/ logy
=(Fh+z+Fan)-1=1%+51 A = Ollogn ) ☐

rich- 1) hlh -2)
/
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Avlnode rebalance (AVLNodep)

right - left to
- Double rotations : ftp.i-nulhretvrnp

②→⑤ ④ left-right iflbalancefactorlp)< -1 )
/ → \② -

iflhtlp.ie/-t.leftHhtlp.left.rightD
¥- ⑥ ⑥g, , Tp= rotateRighter- - - - - - - ( else # rotate left-Right Cpl-- - u

. . . .
else if( balance Factcp ) > +1 )
[ i. (symmetrical)" """" """""""" """%)

thum,
"""""""" " """" °

. p.li/t=rotateLeftlp.left.)returnrotateRightlp) AVLNodeinsertlkeyx.ua/vev,AVkNodep) }
⑤ simpler

-

AVL Trees IIiflp-i.nu/l)p=newAvLNode(x,v).th(anba1m)hAVLTree: factor .

- double rotations else iflxcpkey)
AVL Node : Same as Bstnode (from - insertionp.li/-t=insert(x.v,p.left)Lect4)butadd:inl-height a)

'

, , , ,

- else iflx > pokey )
Utilities : p.right-insertlx.ir,p. right)
int height /Avlnodep ) NH Find : Same as B.SI. else throw - Error -Duplicate !
return { P==n

" " → -1
Insert: Same as Bstbutas return rebalance (p )

-

ow .

→ pheigh't
we

" back out
"

rebalance

voidupdateheightlnvlnodep) How to rebalance ? Bat-2 Benz Left-right heavy :

p.height-1-maxfheightlp.IE/-t),heightlp.right-yhett-lef1- heavy%→¥④ → ?

int balance-tactor(AVLNodep)
. . .

÷
. .

. .

.E :Oreturn heightlpright)- ⑦ ⑤
⑤

- -

→÷

height /plett ) ☒
. . . .

- - - - -

>

"



Cases : Balance factor -2 €0 Deletion : Basic plan

"

Example 4 :

Left - left heavy
on

- Apply standard BST deletion ,⑤
- find replacement node

so;④Right - find key to delete
→

☒⑤" ④ rotation
.
. . . .

¥00" ④ ⑤

☒ ?☒
.

.
.
. .

. . .÷ .

-

copy contents ④
- - - - -

- rebalance

.

⑧ Left-right heavy

ginny
④ Example } :

0/-11

. .

iii.
""

5 Autres # -

- Deletion
-- -- -

Hi:*s - - - -
-

' ' '
'

☒

①¥É%,④- AVLNodedeletelkeyqpuno.am
Example 2: ③

"

i. same as BST delete ①
°

,⑥"
"

return rebalance Lp ) ④ ¥⑧
§ rotate

→{ Examples : ,③¥⑨÷ert(
s)

q

"

④8i⑨i④
'

①
0 405¥00



my

" .

Node types : Recap : Adoption ÷ , Qd,
2- Node 3- Node AVL : Height balanced (key -Rotation)
1 key 2. keys Binary 1-13=21-2 4.⑥
2. children 3. children 2-Stree : Height exact
⑤ Variable width Merge : 3+2/2+173 ytealpabtnrm

.

⑥ ⑥ I'd:B:&
"

. .
.

→

Def : Az-3 tree of height zztreesmMyyT AD WED
his either : I

- Empty ( h= -17 Split : 4→ 2+2 inpatient
- A 2- Node root and two

sakitgeesa.gaohz-streeotffthnmi.de?hatiEeigtn. ⑥dQ⑥
- A 3- Node root and three oclogn)

.

, ,

subtrees
. . - height lol . Roughly : log ,nshs login ④%

'⑤
Example :

← " root conceptual tool :
2-Stree of How to maintain balance ? we'll allow 1-nodes

height - split - 4-nodes temporary

:AMd%p9Fion ( key rotation) §gtnodnode
,

'



-
-

Insertion example : o Dictionary operations : Implementation ?
inserted ,④

Find - straightforward class TwoThree model
④ Insert - find leaf node int n children
⑤ ② where key

"

belongs
"

TwoThree Node children
① ⑤ ⑥'④ ①⑤

"

+ add it (may split) /
,
key key ossplit split ) Delete - find lreplacementl -

, y , - - -④ "
. merger adopt Ef

it:*

TengeEso ④
De.ly?@eExadmeieeejs , 23treesImMyT merge )

② Another delete detente) ,④
. example : ⑧④

. Deletion remedy :
. .

⑤ ④ ④ ⑤
.

- Have a 3- node neighboring 193
sibling → adopt Example ( continued )

- o

:*:*.si#meitpha:::it "" ?
,

I
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Encoding 3- node as binary Some history : AA -Trees : simpler to code
tree node 2-3 Trees : Bayer 1972

- No null pointers : create a
'

Black node
Red- blackTrees : Guibasa Sentinel node

,
nil

,
and all -

i .

→ ⑤
←
Red node

Sedgewick 1978 ( a binary nulls point to it - nil :

¥⑥ ⑥
"

variant of 23)
.
.
. , .

No colors : Each node stores

⑥ Rumor - Gvibas had two level ;
level number

. Red child is

pens - redo black to .
. . .

E. at same level as parent.
- ④

example :
. with

-

,
iaie

.

.

2-Stree : Red-Black ' Red-Black and AA - tree :

EAYI.tw/newArynee.n.ndersoni99s /①%%Q⑨
so

.
.

⑥oemagha.mn?gny.odgaifgnogrise
' Eff ' erynodelabekdredlblaikhimma.ared.blaoktreeu.tt indie'iTiEEiiiThaT -

① Root is black n keys has height Ollogn ) satisfy rules : ib;d

③ Nulls treated as if black Proof : Its
'

at most twice that ,I::÷:÷÷÷÷÷÷:÷i÷÷:7a.in#ic::i:::r:e::ia::...ei.ei::9e:..:. imii
encoding to 2-3-4 trees

r
.
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Restructuring Ops :
€8 Example : inserts)

skew : Restore right skew Level ⑤ → ⑦
→If black node has

↳ tree :

→

AAH
.
. . . .

.

is

.

" "
'

red left child
,
rotate

- - -
- - - - - - -

- - -÷
- -

④ ③

Eds
.
I - - - - - -

-
- - - - - -
- -

i , - - - - - . . - - - -
- - - -

- - -
- -

- - ⑤
- ¥ ¥,:& . . me. ,

n -
- -
n

,
s

'
o

to split :-# a black node has a {Raetgsaeskiff, AA Insertion : s ethewkaffnasye.ua"
right - right red chain ,

do a left

rotation at pl bringing its right child
what ,,

-
- v - - U

f- Backs,%tw :P
,Ppl? ng

q up) and move q up one level . ,q ← qq.djyem.no to
-
. .
. . -

. . . . .
. . -

- -
- - you

of ? i-AANodes.pl it (AANode p)l
-

' ④ ""Hide : YETI:P
.

" l iii: iiiiiiiiiii: :.." . .

it

:÷÷÷÷÷÷÷¥÷÷i¥ :*:* ) :÷÷i¥÷:*. "÷:*!"out.ie:1?p.rightieuei==p.right.rightievel/,ieYe%p%÷:tI÷%nef Tilsit "hi: 'm
toned ( levels are monotone ) glebe return p ←

all okay

.
.
-oTnThT
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Example : AANodeimsertfkeyx.lk/vev,AANodep7l a

]

(
④ ¥3

"

)g④ -ftp.nil ) ←
' eat '

left. right I

.
- - - - t - - - - -

- -
- -

- t - -
i -

p=newAANode(x. v. 1. nil , nil ) s

. .
.
. -

←
skew

.
.

. . -Kipling'② Of" " ② Of" " else iflxcp - key) . . .

insert on left ④.
. .

skew/
,

:÷÷¥÷÷¥÷÷÷÷;
- " ""tonight .

'

④ it
knew.ie

amp ,e ,

'

Tickets
.

z
-

ii.
' -

- t - -
- -

, ④.
. .

delete")
. . .

② '
"
"

Q ② Of' . Red -Black and ) ! !
. es/⑥ '④

- !AAtrees#mT. """

fskew split

'
"
"

⑦ www..IT?DeTetion:a%DfixAfterDeletelp ) : D¥}
is ④

→
④"

"⑧
.

Two more helpers :
.

- update pi level .

I
-

-i. - - -

n
.

- -I -

update Level : Ifpi level - skew (p ) , skewlp - right)
② ② exceeds b- '↳min ( plett . level , skewlp . right . right)
.
.

. -1. . -f -f -f . ) . ) . -ft - It. p . right . level) - split Cp ) , split (p- right)
' if ③⑤⑦⑨④ if ⑤⑦⑨④ thensetpileucltol - alsop 's deletion : same as AVL

right child deletion
,
but end with :

return fixltfterteletelp)

°
,
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History: ⑧ Randomized Data structures Geometric Interpretation :

1989 : Seidel r Aragon - Use a random number key→ x us,

[Explosion of randomized generator priori am

*. www.roin.maieriinsxmreitiotii: ÷÷÷:÷÷÷:already known : Priority - Often simpler than
SearchTrees from different deterministic

- t.sk#aetHgg UP ignition, ⑧ -

IntuitionIaininsertionintotsstsTreapsIC@beYI.T⇒ oclogn) expected height th ft ,*⑤④
"

- Worst case can be very bad k s ④
Ocn ) height mo f; thy
-

Trap : A tree that behaves €↳ w 67

.
as if Keys are inserted. in Obs : In a standard . Treap : Each node stores a key .

random order
Bst

, keys are by
ta random priority .

Example : Insert : K ,e,b,o,f,h,w Keys are in inorder.
- 234567 in order t insert times

(Std.
BST)}④ are in heap order

Priorities are in heap order

④ (parents child ) @T7.Idsoitboalhwa.ys possible to
Along any path - Insertion times yes : Just consider the

increase
.

corresponding BST



- ,

Insertion : As usual
,
find the G@ Theorem : Atreap containing Implementation :(See pdf notes )

leaftoreatc a new leaf n entries has height Node : stores priority 1- usual . . .
node

. Ollogn) in expectation Helpers :

- Assign random priority (averaged overall assignments lowest priority (p )
- On backing out - check of random priorities) returns node of lowest

heap orders rotate to fix . Proof : Follows directly from priority among
:

.

⑧
Example :

.

B' analysis .ro#rYotumre:rotationp.ieft&Qop.right .
;④k

"

;④ citpnreiordedynotgepulflywesthtreapt⑧ . ,④¥.

← . .

an:*:3:*" "

state .'

④
µ 3④ Example :④, a

④
14

'

④ Q
"÷

"
i. , nm

. rout
.

*§ n
.

⑤

"

18. go
⑨

+A#
14

Demotion:c
.

'
su's:÷¥in¥:d¥÷.JO

" " deke.
Rotate -

it down to leaf level t 09 s>

°
,



- ,

"

Ideal
"

Skip List : ~ sorted linked lists :

~¥¥¥,Y¥€- Organize list in levels -

Easy to code
- Level 0 : Everything - Easy to insert/delete

1 : Every other EFFIE
- Slow to search . . . 01h7

2 : Every fourth
iii. Every zig

Idea : Add extra links to skip
: i.IO#oFotioo-ii..

How to generalize ?
- Example : . . .

head

kipNodeTT=n
constructor,

key key
Value value/

set size (height)

" '"" """""" variables:* ,

skipNode[]next-|
'

rigid -Randomize ! determine %betidihY.net#g.g.n.gggi - topmost Level" skipnodep-head.vn/-ilwehitleuel-tossacoin&countno.ofcmsec
.

heads :
while / izoyg
I base

level
|

head ,af¥¥ntY
ftp.nextlitkeysxlp-p.nextli ]

3 else i - - ← drop down a level
I ← weave at base levelA;zµq,qg-÷,µ⇒µg÷g÷#µ| www.m.u.wn.nu.

else return null
HT THH.AT HT T



nodes has Ollogn ) levels {in expectation Proof :
{
p-roo-TW-ishw-th-atprobabit-weh-uveseer.no .

levels is÷÷:÷÷÷:÷÷÷÷÷÷÷;÷÷,÷:÷=,
""""""""""

¥¥÷.÷µ÷**
Olloyn)

→ Prob that any given nodes
'

{ n - nodeskiplistisoln )
- Will show that we visit 2

level exceeds lis Yze nodes per level on average
.

[lcunsecvtive heads ]
'

→Prob that any ofnnodej
.
Proof : Rather than count

first time to anode
>
its at

level exceeds lissnlzl by. level : top level . (Canyon see why ? )
[ntrialswithprobyzl ] Def : Eli) -- Expect . nvm . nodes

→ iete-asnceoi-e.si } ¥1 visited amonstopikuels .

2 + ] -12+1+3 = 9 ④prob that Max level exceeds
t.etni.no > of nodes that contrib

.c. Ignis :
cases

:¥g¥→Iif;¥=→⑤sn/zl=n / 2¢19
"

toleveli
.

. =n /¢1945 .

- Prob that node at level > iiski.EE)=]+(Prob(④DE(i)+(Prob Eli-1 )
.

current IEso.me/evelCfromprior=n/nc=Ync-.lg-Expectedno.0fn0desthatno"=|+yzE(i)+yzE( i. 1) level

contrib .to level i=n|zi
Obs : Prob

.

level exceeds ⇒ Eln ;) .sn/zi
⇒ Eli)ltYz)=l+YEli-1 )
⇒ Eli)=[It Yztli-D)2=2+6-(1--1)3. Ignis syn? Total space (expected)is :

Basis :E(01=0 ⇒ Eli)=Zi(If n > 1,000 , chances

are less than 1in million !) /
El ni )=ÑElni)=£%i

i=o i=o inhetf-maxle.ve/.Totalvisited--Ell)--n&Yzi---2n
☐

=zl

i=o
⇒ We visit 2. nodes per level

☐
•

.

on average .



Delete : iÉt:miatit_T§¥pY?⃝- Start at top - Start at top level
- Search each level saving - At each level :

last node < key - Advance to last nodes key{ , on reaching noaa, , .my/.gauenoge,grop,eue ,0
,
remove it - At level 0 :

from saved pointers
to determine height). .

Example : find /2s)
head

- visit
,
don't save

:A
> 12-0÷÷:O9 0

[found !
Insert (24) - visit

,
don't save

- visit
,
save reference ^Ldelete( links pass through)

-

- Analysis : All operations run in
3 Is 0 s

>

24 time - find ⇒ Ollogn) expected
§ Note : Variation in running timesÉ÷☒¥→÷÷¥÷☐¥☒.

.

.☒fÉ
"

"

A .

due to randomness only - not sequence
?_? User cannot force poor performance .c. insert here



Other /Better criteria ?
_&

Recap : Lots of search trees

Expected case : some keys - Unbalanced Bsts of rotations can :

more popular than others - AVL Trees

self - adjusting : Tree adapts - 2-3.Red-black,AA Trees - significantly change / improv?e)

÷.""" . ÷i÷÷:.÷÷÷÷÷÷÷:÷as popularity changes - Trcapsrskip lists
→ Focus : Worst-case or

How to design /analyze ? ④
'

⑤ ⑤F
' '

⑤
'

② ←

④

.-

Splay Tree : A self -adjusting
binary search tree }SPLAYTreEsimM

%)
④ ④

①
- No rules ! ( yay anarchy ! ) { - un - n - . Tree's height has reduced

- No balance factors
- No limits on tree height Idea Rotate "a

"

to top
↳ " half !

- """" """""""""

1¥
"""" """" "

④→Q⑤④
.

- Amortized efficiency : ;
i

④i
- Any single op - slow . %- Long series - efficient onaig .

"

④ Intuition : Lett be an unbalanced ⑤
BSTrsupposei.ve access its deepest key IdeaII. Rotate that

ii.
final result :⑨_,⑨~☒ atime - upper -1 lower

find (
"

a

"

)

"

ugh ! . still
→Tree restructures itself unbalanced !

°
,



/

""
"

" ""
" """ ←← """""" "

td "

¥É=""|
Nodeps-splaylxtwodep-findxbystandard.BAsearch

→, a. ← newnodecx
)

;f(p== child of root)zig(p , { { if ,p.key< ×,p " "

g. left
←

p. .

:*
. |Y¥¥¥¥÷¥÷÷÷÷!*⇒→

,

T iflpisuwRRgrandc.li/d)z-igz-iglp) g. right- p . right
- . . . -

- - - -
- . . . . . . .

p . right ← null

⑤ else
. . .
(symmetrical). . .

.-

④
Subtrees AK move up?

yjpayy.ee#-umy&Fgingyy:-/-r-YFiert-0.tlZIGZAG (p ) : [LR case] addnodefq

L÷÷÷÷i*
"

→
ifcroot .key==✗)\

' " ' " '
'

return root . value

Example : €7
1 T

.

. . .
. . . . . .

. . . .
. . . .

.

splay"iQ%"
.

④ "

÷Subtrees E. Eofpmovevpt ④ ①8
~

Ziglp) :[Lease] subtree A ⑨ %
④ ④ ⑧

→ move.si

,

¥④⑤⑨⑤⑦⑤
c. unchanged)¥¥É①

⑤ Final J
.
. . . . . .

!.÷
>



€0 deletelx):# Dynamic Finger Theorem :ñ±×¥¥¥"
a splaylx ) [ ✗ now at root] Keys :X,c . . .su/n.Weperform

÷ 5- root accesses xinxiz , . . . -Him

÷, ftp.key-l-x) error ! Let Dj=ij - ij , : distance

roo

/ null because y

,

{ splaylx)inp 's right subtree between consecutive items

q=p . right [ q'skeyisxi successor] 0 ¥00

g. left=p . left [Flett null ] Thm :TotalaccesstimeisT
winner""""

is'③÷É÷¥É_accessed
-

µ j= , §g
.

\ Analysis : Stat -

- Amortized analysis ismmtr.es#wM&.,nY?!ti+?Y...?jneory :

- Anyone op might take with prob pi (É,pi= ])hhnhnhnh.hn huh ~Oln )
- Over along sequence , average Best possible binary search

Splay Trees aretiineisoclogn ) each tree answers queries in

.

- Amortized analysis is based Amazingly Adaptive .

! expected time OCH) where .

once sophisticated H=£pilgYpi ← Entropy
potential argument BaTanaTheorem:StaÉng

/
Static Optimality Theorem :

- potential : A function of the { with an empty dictionary , Given aseg.co/-mops.onsplay
trees

'

structure any sequence
Balanced ⇒ Low potential takes total tinie { xiisaccessedqitiines . Let }

-

Every operation tends to reduce ,
- an

,÷
.me

.

""?"-*%?÷%¥,ph"-nnnUnbalanced ⇒ High potential { Olmlogntnlogn ) piifilm .
Then total time is

where n=max .
entries at

the potential
u



- ✓

Geometric search :

⇐ Sofar : 1-dimensional keys Partition Trees : T ①
-Tree structure based on

÷#
- Nearest neighbors → .

.

. .I - Multi-dimensional data
-

.
- Applications : hierarchical space partition- Range searching i ??q .

.↳
.

: : .

- Spatial databases tmaps
- Each node is associated w .

'

.

oÉ→6pt, - Robotics + Auton > Systems a region - cell
u

,

^

,

- Point Location - Vision /Graphics / Games - Each internal node stores a
- Intersection search - Machine Learning

.gg
splitter - subdivides the cell

- cell ( p )
- %LIy?⃝j:|! -

i .

. milter'm .

:

t.QuadtreesE.mg# - External nodessstorept.LY☒ Multi -Dimvs
.

1-dim search ? - Kd -Trees I
8

am - -
-

similarities :

-Tree structure pgpneynyay.mg#fPoint:Ad-vectorinlRd
¥

- Balance oclogn)
" ☒ p=(p , , . . . ,pa) pic.IR

.

- Internal nodes -split .

class Point /
- External nodes - data

"

-Scalars : Real numbers float]coord⇒rds .

Differences : for coordinates
,
etc . Pointlmtd)

- Nolnatural> total order float . -→ coordinewfloatlt]
- Need other ways to discriminate - Points :p=lp , ,

. . . ,pa) intgetliml ) -→ coordlength
g. separate inreayg.g.mgpa.gg/g,oa,geyy.nyiy..,,,ory ,,

- Tree rotation may not be%Éj§§a - other geom objects :
Built from these /☐

" " others : equality >distance

meaningful
.

o

}toString
u



✓

Point Quadtree : 1€ Quadtrees :(abstractly) History : Bentley 1975
- Each internal node stores -Partition trees - called it 2-dtree 11127
a point - Cell : Axis - parallel rectangle 3- d. tree ( IR

'

)
:

- Cell is split by horiz.ir vertu .
[AABB -

"

Axis - aligned bounding box] -In short kd - tree Canydim)
lines through point 6

☐ splits |¥IwFwse - where/which direction to split ?
6

→ next
15,47

,

- Splitter : Subdivides cell into
-
134

y-
É four lgenllyzd)§f. .

Kd -Tree : Binary variant ofquadtree .

4,3 ) , / subcells - splitter : Horiziorvertic .
line

12,2)
14,17 a-q÷" in Zd (orthogonal plane ow .)

CQuadtreesE.mn?-cel1:StillAABB'

' Kd -Trees I 1%-1
left : left/below

☒ ¥0 right : right/ µ_
.

☐

o

:

I 2 3 4 5 6 7 8 9 ↳* y - y - above
☐
'

¥☐¥¥☐
① I

☐
i. ☐ ,M£Éw¥☒ ⇐ Quadtrees - Analysis

. . I:/ 1)
⑤ Find /Pt Location :

- Numerous variants !
☐ ☐%£&Ñ☐ Given aquerypointq ,

'

PR.PH?QR.QX,...seeSamets' bookf
'

'

'
- -

-

-

"

☐ ☐ ☐ ☐ is it in tree
,
and if not - Popular in Zdapps

"
8 which leaf cell contain's ( in 3-d. octtrees )

Each external node corresps.it ? - Don't scale to high din
to cell of final subdivision → Follow path from root - out degree = 2d

down ( generalizing BIT - What to do for higher dims ?
find )

°
,
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Example : Kd-Tree Node :

Point ptxsp.li/tingpo#*amPk:fmd(8)*findlq,root
)

④ class KDNode / 9=4,4 ) it > Is

" s
6

.
.
. ,
q.yspt.ly

13,27 s ☒⇐m, intcutlim Hurting coordinate
11,4) y -0444¥ KDNodeleftdlwsi.de I § I
15,57 s

µ ,z, ,
yKDNoderigt.tl/highsid#g1Jqlieshcre

I
11,2

↳2)

'

vertical horizontal §§ . Analysis : Find runs in time
.

Oo ,
Is

y so
cut out g 01h)

,
where his height of£

"÷IQuadtrees¢mM
tree .

Theorem :

Ifptsareinsertedgg.MY↳ Kd -Trees III-

hey, , ,
random order

, expected

④
☐g± ±

¥ s-TE-tindpointginsubt.ee#- |a%Ñp ) }Tofte.- ✗

•
.

G-b- - " y rooted at pwithcutdimcd : if / p null) return null ;
.

else if / q==p .pt )
- " ⇒ all cordsHow do we choose cutting dim ? / - ifq==p . point ⇒ found ! match ?

- standard Kd - tree : cycle return p-value
through them / e.g. D= ] : 1,411,2 ,? . .) - ifql.ch?p.pointGd] ⇒ right else ftp.onleftlq)) →
based on tree depth Helper : return find /g. pleft)iii.iii.iii.iii.iii.iii.1-1- Optimized Kd - tree :(Bentley)→ class Kbnodel else

biooleanonhettlpointq) return findlqp . right)- Based on widest dimension

,
ofptsincell . i.

>



✓

KDNodeinsertlpointpt.tn#Kd-Tree Insertion : Deletion :

KDNodep.int cd) } (similar tostd
. BST, ) -Descend pathtoleaf

iflp null) Hell out ? 9 - Descend tree until - If found :

p=newKDNode( plied) cutting → find pt > Error - duplicate - leaf node→ just remove
knew leaf node dimension

→ falling out <z(Although
- internal node

to use
we draw a → find replacementelse

-

ftp.point-i-pt ) → create new extended trees
,

Error ! Duplicate key node lets assume

"

www.ngy.mq.mu
, →many.µ,

-

else
-

ftp.onleftcpt)) ( → If?¥Ñm+§ .

p.IE/-t=inscrtlpt,p.left(cdtl)%d1in)
y 2. trees) this is the hardest part -elsediinensimkSeeLatexnotes@p.right-insertlpt.p. right , * Point •QuadtreesEmMkd+D%dim) - Kd -Trees II Rebalance byRebuilding :

g
return p 6-say tree

- Rebuild subtrees
height as with scapegoat trees

insert/3,4) I # Analysis :
- Ollogn) amortized☒ Example :

, . Runtime :OÑ? - Find :O4ogn)'

Ii guaranteed . §§ "

s

pretend \ Canwebalancethetree?Hi .( ext.÷÷;±md
"
£ ' ' ⇒

-Rotation does
* ab2 are

null ↳y, not make

sense ! ! ☐④.ro?tate-aO-'bTF,¥☐
.

It
>
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Kd -Trees :

sign +
even

. Rectangle.mil#fgraksdpiiglls :

↳ hors pts er , along cutdinicd
i
.
.
.
. . .

.
.

'
' ' Joes - "terminate.tn#ij.&.....9?ij.@:EfhiiktpartEfQueries

? i
' ns.icetecaiengiesisiatisnnedme-par; r

-

- orthogonal range queries f .

→ returns rect with her.tw .

- Given query rect . (AABB) thigh -- v.high but

highkdJ-sccdT.o.gg?rtfajna:georgitgY;¥÷÷÷÷÷t%diree¥uerieswM Irish's'T.tn?qr.ww+-!talfplane.
.
.
.

> . ! o - 7*8
↳ by

- bowled ]← sad]

- Nearest neighbor queries .

.

- e
i
' NET f}

.

- Given query pt , return close Axis -Aligned Rect ni .Rd Useful methods :
.

pt in the set -Defined by two pts : Let r,c - Rectangle
- Find Kth closest point high

q
- point

- Find farthest point from g

"" " "s
"

⑤ r
.
contains (g)

→⑤This Lecture : Oct) tiinealg low .

for orthog. range counting queries - Contains ptqellzdiff v. contains cc ) →⑤in IR
'

r.isDisjointFrance)
→ General IRD : n'

"d ) lowisgishighi.si, ggg ,

°
,
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or

:÷÷÷÷÷:*:÷÷÷÷÷÷:÷÷÷÷÷÷¥¥¥÷. ¥¥÷¥i¥.p .

cutDini : cutting dim ! boolean contains (Pointy)
p - size : no . of pts nip's subtree boolean contains (Recto) =⑤

-

Trees:%nPtr÷¥taf¥ . Points ←④ ""'
den

.

-

recursnoigeehpelyeg.stog.es current. Diz .

,&
,

's .

Effuses
: {kd-tre=QuerieswM Disjoint

"
" b

- p null → fell out of tree- O
← contained ←⇐

' I
- Query rect is disjoint from

th
hmmm hmmm ink + g.size

p 's cell → '

""

@Iko.mtrangeCountCRectR.kDNodep.Rect cell )→ return 0
.

→ no point of p contributes to if Cp null ) return 011 fell out of tree
.

answer else
'

ftp.isdijointfrumlcel/Dretvrn0DoY%1ap
-

Query rect contains pice else if (R - contains(cell)) return psizelltakea "
→ return psize else lintctso
→ every point of pi if (R.containslp.pt) ctttllpiptm

'

range
subtree contributes to ctt-rangecountfR.p.le.tt ,

- Otherwise : answer
. cell.leftpartlp.cutD.in ,p.pt))

Rect.gg#yyqglraepn-Recurseon- ,
ctt-rangecountlR.p.right.cc/l.rightPart... ,

O
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Theorem : Given a balanced Analysis : How efficient is our Solving the Recurrence :
Kd -tree storing n pts in IR

'

algorithm ? -Macho : Expand it
(using alternating cut din) , → Tricky to analyze -

Wimpy : Master Thm (CLRS)
orthog. range queries can be → At some nodes we Masterthm :

answered in Otr ) time .

I
recourse or, both children TChf-aTHbltndrdslog.ba
⇒ Oln ) time ? ⇒TIN )=nb8ba

→ Slower than login .
Faster than n → At some we don't Forusj.gg?=TlntsnnY7?rn

-

stabbing ,

'

"""eat "" !

etreebaadaThild has
"

3 cases half the pts + grandchild has
- cell is disjoint (easy )÷O"I"Kd-TrefQueriesT peffrraerntferitcnt.z.mn/y )pisaffintijnoiderla.gs' "

bass - - -

new

"
n'
""" Fan gigsor is stabbed by the - grandchildren 44 pts

query range (hard ! )Ifwecmsiderzcmsecuthw.ci
.

Lemma : Given akd - tree
.

levels of Kd - tree
,
l stabs at

.

(asinthm above ) and most 2. of 4 cells :¥Qtgy÷qgYager, stabbed hatin: fifteen! #
be stabbed by l

p splitsproof : w.l.org .
lishoriz

.

'

÷÷÷÷÷÷÷÷.IT#Ic:::..:i.:ii.ot:.....noii:iit:i:#
-

b.oth one



Range Tree Applications :

-Range trees can be applied to Transforming coordinates : Adding New Coordinates :
a variety of query problems skewed rectangle query : NE Right Triangle Query

- Methods :

- Minimization /Maximization Given a set Bofnptsin Given asetpofn
- Transform coordinates Ri

,
a skewed rectangle pts inÑand scalar

- Adding new coordinates is given by Zptsq:(× ;j ) l > 0 ,
a NE triangle

and qt -1×-1,51 ) and consists is a 45-45 right triang
Minimization/Maximization - of pts in parallelogram with lower left corner

3-Sided Min Query with two vertical sides and atqandsidelengthl .
Givenase.tl?ofnptsintwowithslope-ilrcorners1R,aqueryconsists of atq-tqt.qt.at,y+ )

° T
°

• An"4
☐

I ⑥ %
✗- interval Exo ,x ,] and o

yvalueyo . Return the
°
° °%GAns=6 oo

1.
⑥ %
← e→

,

°

lowest pt in 3-sided q-cqx.gs )
region xosxsx , - y > yo

° °o° ,¥ o

Return account of the
☐ °o° °o° of:(I,j )

°

number of pts of B
☐

°

°

④..-
Answer

lying within the triangle .Return a count of the
Yo
-

j
?

-

÷ .
. ; o

number of pts off inside
xo × ,

the skewed rectangle .



3-Sided Min Query Skewed rectangle query :

Return lowest 'm region
☐ of-1=1×-1,y+ )region #xsx , - y > yo

o o
o

o

°
° ☐#qAns=6O

o

b

☐

°

o

g-
Answer o °o° ,

O 0

Yo
- - -

-

j
-

÷ .
• ; o q:(×;j )

°°
°

Xo ✗ I

Transform coordinates to
Data structure : make orthog range query
- Build arangetreeforx

↳- Aux
.
trees are range trees for qispxs.GE

ythatsupportfindharger
,

,

.÷÷ ?
Line equation :

Query Processing :

gig; g-
✗ + (qiiqi )

- Do ID range search in main
tree for interval [✗0.x ,

] px-iffy-qif-pyspilqj-q.it
- For each maximal subtree in ⇐ qj-qispy-pxsqj-q.it
range ,dofindhargerlyohg-pj.py.pe Build std . range tree for
- Return smallest of these

. Map each p=(p×,py)eB B ! Return ans.to query
Analysis : top '=( pi ,pj ) :(px ,py-p×) } ajxfxsqii
- Same as ZD range tree
- Space : Olnlogn ) Time :o4o5n> Let B'be resulting set . q-y-qisysqj-q.li



NE Right Triangle Query
°

☐
T

°
• an"4 Build a 3D range treemp

'

Space :
I ⑥ %

0.1.00 : NE triangle query becomes : Olnlojn )
• qq.iq?To0qxsxsqx-l Query time :
"

÷
:
. . . ! - - - - - -

; qysysqjl qysysqy.tl Ollojsn)
;

'

' i
- - - - - - .

q×+qy c- 2- sqxtqytl
qxsx .i:p

Line equation :
- iqx-iqysz-sqy-qy-lx-ysqx-qy.tlqysysq.tl

'

'

n

,

7

- Add new word :
2- =Xty iii.

- Mappts : :
'

:

"

p=(p×,py)→p :-( px ,py,p×tpy) i
'

- hate 'be resulting set qxfxs.gg
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can we do better ?
←t

Recap : Call this a 1-Dim Range Tree :

RangeTrees : - Kd-Tree : General-purpose
- Space is Olnlogd"n) datastrutureforptsin " "

÷?
a

;÷g÷,"- Query time : - Orthogonal range query : npts has space Oln ) and

counting :O( logdn) count / report pts in axis -aligned / answers 1-D range count/rept
Reporting :O( ktlogdn) rect

.

. → An" "

*→Ink? login much better than - Kd -Tree : Counting :O(rn ) time lorolktlogn))
Report :O /Kern ) time .

No - of +4+1
..

. Vnforlarcgen .

pts reported
→ Range trees are more limited No .co/-ptsreporteds....: j⑨④É

"

④Y \Layering : Combining searohstructuresipangep.ee/IwM'
¥7

⇒ * ¥
- Suppose you want to answer a
composite query iv. multiple

- Medical data : count subject;yÉ?
'

' ' ' . -

' *☐ ☒ ⑨ ☒ ☒ ☒☒☒

criteria :

"
Qb" Q¥H§§

.

⇒

. Age range : qosagesani .

age 1-Dim RangeTree :

⇐
Canonical Subsets :

Weight range : wiosweightswni ☒<oÉÉ-%Ñ
'

- Goal : Express answer as
-Design a data structure for a Qui → Count :4 disjoint union of subsets
each criterion individually Approach :

Rept:b""" - Method : Search for Qur
- Layer these structures together - Balanced BST ( e.g. AVL ,RD;) Qui- take maxima / subtrees
to answer full query

- Assume extended tree ?
- Each node p stores no ,

of
→ Multi- Layer DataStructures entrieinsubtree:p .

size ←¥µ " "

°
,
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Recursive helper :
⇐

More details :

" range :b:-p
"

"

:÷µ ; ; :|int range 1D×( Nodep , Given a 1-Drangetreet : °

,

0

IntvQ=[Qw,Qn;] .IN/-vC'=lxo.xiD-LctQ--LQw.Qni] be query • p

initial call : rangetdxlroot.Q.co ) interval 51ps / | : :| p .

! ! !
- Foreachnodep ,

define -

" " i÷
ooo

Cases : interval cell C
' :[xo ,×, ]

""
" ""

•

°

- Jlp/ ☒
pis external :s.t.at/ptsotpisvbtree2-DRangeSearching:.-ifp.pt.xc-Q-s1else→ 0

.

lieinc
.

-

"

Layer "a range tree for ✗ with .

pis internal : - Root cell :C' :-[-9+0]

# range
tree fury

- C' c- Q ⇒ all ofpiptslie - For each node pest - ✗ tree
>
let

within
query SYpt-se.to/-ptsinpisubtree.-iiangiTreeiIwT→ return p .
size - Def :p .nu/i:A1D-ytreefor

P ' Icp )
' ' ' ' ' '

'

Analysis : §
1 I 1 I 1 1 11

int range1Dx( Node p ,¥%fn
: ✗ , IntvQ.T-ntvo-txo.x.DE .-

g
Lemma : Given at-Drangetree .

ifcpis external ) t> 1 with npts , given any interval
- C' is disjoint from Q ⇒ none ( returnp.pt.xc-Q-j.co/Q.cancomputeOllogn)subtreesofpiptslieinQ) | elseiflcso) return p.sizewhose-guery.TW→ return 0 else it (Q&adisjoint) return
- Else partial overlap else return :mng.wg.wyaix.my?,nm.gwen,,.ang.y,g.
→ Recurseohpi children '¥p¥ , can answer range queries in
+ trim the cell ? trangel.Dxlp.right.Q.lp.my#/tinieOllogn)......(--ktorport)



/

Answering Queries ? Higher Dimensions ?
Given query range

To;☐
""

2DRangeTree :
- Construct ID range tree

-In d-dim space ,
we create

Q=[Qw.x.Qhi.it/lQio.y.Qni.y] based on ✗ words for all pts d- layers
- Run range

1Dx to find all - For each nodep : - Each recuses one dim lower
subtrees that .mn#u+e.u+syp,bep+.otp;+reeJon+i1wereads.dsearuh- Foreaehsuchnodep .

-Build ID rangetreefor - Time is the product :
run rangebdyonp.am Slp ) based on y→p.aux login . logn . . - - logn=OHogdn)

.

- Return sum of all result
.

- Final structure is union of
. I ⑧ .

✗- range tree """
""

" " " " " "

oj
"

"absinthe # search .ie.

ofollogn> timer generates
Ollogn) calls to 1dg search

'

'
, i , i - ⇒ Total : Ollognilogn )=O(login)

&ÉQhix Tip> 8D intrangeZDINodep.RectQ.IN/-vC'=lxo.x,D1 Analysis : ⑤
. ÷, µ :| ! :|; ;µ-Qni*Y

- ran tree if / pis external > return ;p .pt
c- Q ?

.

.

else if( ✗ contains C) DC's Qix - projection" [ yo ,y ,
]=[-N

,
-1N] llinity -cell

•

- °o° ° ! • °o° -0110.7 ( return
range ]☐y(p.au×,Q,[ yo ,y ,

]) ←
Invoked 0%9"
times - once

Intuition : The x- layer finds { else if( a. ✗ is disjoint of return 0 Permaiimal
subtree

subtrees p contained in ✗- range else llpartialx -overlap
+ each aux tree filters based return rangeZDlp.IE/-t,Q,IXo,p.x]) times - once for

+ range ( p . right,Q,[pyx ,])

Invoked Ollogn)

each ancestor ofon Y .

}
Max subtree

°
,
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Hashing :(Unordered ) Recap : sofar
,
ordered diets

.
Universal Hashing :

dictionary - insert
,
delete

,
find Even better- randomize !

- stores key -value pairs - comparison - based :S ,== , > - Let Hbeafamilyofhashfns
inarraytablelo.im - I] - getmin.getmax.getk.fi'ndUp . . . - select HEH randomly

- supports basic dict - ops .
- Queryluipdatetimeioclogn ) - Ifx-tythenproblhlxt-hlylt.hn

(insert, delete , find) in → worst-case
,
amortized

,
random

.
E.g. Let p

- large prime , ath . .pt]
Oct) expected time * Can we do better ? OCD ? belongs-Dall random

-

-

dooepssygteff.in?FintdYp.d?ged . Eg . - ha.ms#tb)modp7modmqg .

- simple , practical , widely used Imaginings wh.LI?IddiPngmfdymaI?argeprime⑧
Overview :

"
w -

-

- smuttmearfnko7.be prime ¥5
- To store n keys , our table

( e.g. power of z)

should (ideally) be a bit Good Hash Function : Common Examples :
. larger leg . ,m > on ,c=h2.s) - Efficient to compute .

-

Division.tn?snh:mojjn'
"%!÷7÷!a÷ .

- Load factor :
- Produce few collisions

X - Mm - Useeverybitinkey - Multiplicative hash :

- Running times increase as X11 - Breakup natural hlx)=(axmodp)modm
- Hash function : clusters a. p - large prime numbers

h : Keys- Lo
. - m - I] E.

g. Java variable names
:

- Linear hash :

→ Should scatter keys random .
temps , temple , temps hlx)=Kaxtb)modp)modm

→ Need to handle collisions 2 table: FILITTI a,b,p - large primes
.

hcx ) - hhs)
.
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Overview :
1€ Collision Resolution : If Kanwar X > Xanax ? Rehash !

- separate chaining If there were no collisions
- Open Addressing: am .ph/s1uw hashing would be trivial ! - Alloa new table size -- Yao
- Linear probing - Compute hewhashtnh
- Quadratic probing ! ! insert (x ,v) - table[hcx)] - v - copy each x.v from old to
-Double hashing complexfast find (x ) → return table Chex)) new using h

delete Cx) → table [hlxD= null - Delete old table
-

Kf
separate chaining :

. Ig ⇐
table is head of linked token . Thin : Amortized time for rehashing
*amlipgtotkessthatwheashtoi-I.nashing.IT iisltMmmaxmD) )
Keys Cx) HIX 0=451717151 6*6 -

- %)d- s s DH ¥8 How to control X ?
Z 4 2=1 S's Expected search time -Rehashing : If table is

- ± & "site:p: it:* . rt::&:c:L '

of
.

t s -1 x not found (unsuccessful) ideal size
f O -

m=8
'
=' Them : S's 1+42 Us ltX Designer : Amin ,Xma× - allowed

7 o-slpoT.fi

"Abi's:B:""nl:*:*:b:P:÷÷÷÷÷÷÷÷¥I÷÷?÷÷¥C7 '"Kimi
es

m
-

- table size If X' Xmm. or X > Imax
. . .

°
,
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Open Addressing : Ar collision Resolution :(cont.) Analysis : Improves secondary clustering
- Special entry (

"

empty
"

) - separate chaining is - May fail to find empty entry
means this slot is unoccupied efficient

,
but uses extra ( trym-4.jimod4-owt.hu

- Assume 1st space ( nodes , pointers , . . . )
not 2w3 )

- To insert key : - can we just use the table - How bad is it ? It will succeed
check : hcx) if not empty try itself ? ④ if Ash

.

£hCxi- is → Open Addressing
. ftp.cxtii. .

It
"

Ligia .is , . .?
-Probe sequence locations are distinct .

- what's the best probe sequence ? {HashingtIT Pf : See latex notes
.b-

- - es
-

"

④
Linear Probing : EI Analysis : th clustering

t
hcxl.hlxi-l.hu/7t2 , . . . . - Clusters form when Keys are

- hi"gTtng÷ hetsir-YYEetedfutimeatrorni.hgsheadd.toemnegr.bg, locations .

available UP ' " " unsuccessful " Quadratic Probing :

Simple , but is it good ? hlx7.hlxltl.hlxi-4.hu )-19 ; . .
x :D ,z,p,w,t

.

.

.

.
>
t did not Thm : Sip - { (t 't )

hlxjtjhcxsior.no
.→%t"teddies:b,÷,uwEH. hY¥g¥T .

table doWI.pt#..0bs:AsX-s3timewrap&nd2
.

increase rapidly
.

it > m
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Double Hashing :
1€ Recap : Delete Cx) : Applytindlx) Figt??

(Best of the open - addressing separate Chaining : → Not found ⇒ error K

methods ) Fastest but uses extra → Found ⇒ set to "¥y
"

-Probe sequence det'd by space ( linked list ) Problem :#jqadegd
"

second hashfn
.

- gcx) Open Addressing : insertion) :

hlxltlo.gcxl.2.GG ),3 -gtx) . . . } Linear probing: delete lo) : ITE.tl/a
[modem) Quafyoati.gg ,

}"
""""
stink as :awTot§g

-
hcx ) . .t.si#YFFFf" Gt Find.gg?;nYeisiutnggtriesonprobe

(until finding an empty slot ) - found x ⇒ return vwhseduoenesifbuactxygtggtec.io?,....nzIHashingtIm - hitempty-retunr.n.nu!!
it is very unlikely that

4th ---
"'

""T%T%T÷fCf t.gggcx) -- gly ) AD
.

⇒ prg.ly#egggyqncesareentirelyFhm:uSp4yn.. Dictionary Operations : .

⑥
Analysis : Pets :

→Proof is nontrivial (skip) Itpsreorbtesxe'g%j¥PuM¥ ,
§ , Expected search time x : 0.5 0750.95 0.99 finding first empty slot .ofdoub.hash.ifsuccessfuluq.gg:1?ga/.4gg/2?# - Insert Lxii) here

.

UDµ= Exp . if unsuccessful (Ifx found along the way
Recall : Load factor 1-Mm every efficient !

⇒ duplicate key error ! )
°

,
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Multiway
Search Trees : A- Secondary Memory : Node Structure : constant intm:

.

- Most large data structures class B.Tree NodeIt9¥ reside on disk storage int nchild Kno
. of children

( / \ - organized in blocks -

pages BTreenodechildf.MIL/childrcn
- Latency : High start-uptime keykeycm-DHkeys.Q.a.Q.a.k.IQ

.

-

was:c amineismieisenoot l
- ⑧ '

,

,

④ .--nan- .

' B'Ifeerehiapsthemost widely ftp.treesIC/7jThewiFhmn-i9egBitfeaesgfeiogrndera+m
- Yaidosefsrayhrtreemereight L-umostllgnxr.where-lg.CH
- Databases µg Example

: m=5 (see full notes for proof )
- Numerous variants [Each node has :

root

)
⇒ in:*; IT

.

B-Tree : of order m 13377 I b# .

- Root is leaf or has 32 children l4o Ht-
Non- root nodes have 1%7 tom ft t t ) 11 ! I f f b
children [null for leaves ]t.k.im#a::i:isia:eziveaiielD:s

.

in
97

°
,
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key Rotation (Adoption) CF B.Tree restructuring : m=5 tell. . . (Parent lost one
- Anode has too few children - Generalizes 2-3 restructure I → keykhild )

(mm - I - key rotation ( Adoption) 4¥ ITH I
-Does either immediate - splitting ( insertion)

'

sibling have extra ? > fmkltl - Merging ( deletion) DID ⑥f§- Adopt child from sibling t Ti Tats To
rotate keys

.

T
, Tat, Ty To

-

- when applicable - preferred .

f) §g .

⑧ III. → ¥11. .IB-treesIITELemma.ForallmzT.fm- S f ! ! ↳ ¥.s4¥
' ⑥m=g# funky s 21mm - l E m

- " ¥-0 1-1 ! ! I ⇒ Resulting node is valid+ two ti. ttt t 's 451619g stiff00*000001001%88888 node merging.
.

Node Splitting : ft' " " " Ts Tt
- Anode ha, too few

.

- After insertion
,
a node has too Promote * Parent children funky - 1

many children . . - Mtl
,

I - Neither sibling has
- wms.spimt.int#m:.nomdei.YmsigcsgjLfmLTTfjm""' em:trg!b¥h:iY¥
Lemma : For all m > 2 , t

,
it, Ty Ts. To sibling to produce node

smklsmtl.fm/4sm L@withgmk7.D .fm/ilchild
⇒ m

'
- m

"
are valid node sizes

°
,
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Insertion :

is:&:*:
-I'TmY¥Ym9. Hilden, n. " i÷C÷

"

TiI .÷÷÷i÷÷±÷:ii÷, ON
.

00.0%0.90
.

.

→ Else
, split T

, I # Fy Ts Ts
'

Ts
"

Ty Ts

→ Promotes key Full !I

.

→If rootspliff' l{TesTIj .

addnewroot-⇐ L-

Deletion : ms

÷¥¥÷÷÷÷÷¥¥I,⇒:*: .

→If sibling can give child ¥t EH
,

Et
→ Key rotation ii.

Kl ) ( h Ill IllI :::÷÷÷÷÷÷÷÷÷÷÷÷÷¥ ooo ooo
-

.

ac.am't give child T, Tz
.

Ts TY ?
' Tt Ty to Tf
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Tries : History ¥¥ Digital Search : Analysis :

- dela Brian dais 4959) - keys are strings over - Space : Smaller by factor K
- Fradkin -

"

trie
"

from
"

retrieval
"

some alphabet &
- Pronounced like

"

try
"

- E.g. E;={ a ,b,c , "
} - SearchTime : Larger by factor

8=10 , ] } Let 1<=1%1 of K
Node : Multiwayoforderk - Assume chars coded as

,◦ iz . .
K-1 ints : a' 0,6=1 , . . - 2- =k- 1 Example :

aÉcz 3
.- ¥! '

%
i "
" "

→☒g
Example :& :{ a -0,6=1,5-2) [ww) →H' t.gr .Keys :{ aab.aba.abc.caa.cab.ch/r Tries and Digital ↓

search Trees I ta→☒µ☒F"

"

i www.i
1- b-

④ ④ ④ ④i.

find "cbc
"

)
HQ. Hi

. H THE. . Analysis : T How to save space
?

} ☒☒ ⑤ ¥É dela Briandais trees : )
"

search : ~ length of query - Store Lohar
. per node? Same structure/AH .Drawing string [olitiinepernode] -

☒→ =/ ✗ ⇒ try next
Space : charm'&

#
,

- No
,
ofnodesv total no ,

of
⇒ ✗ ⇒ advance to next% ④ § chars in all strings

character of search

⑤ ④ Large !
_ spawn Kiko .

of nodes ) - First- child/
"""

2
next-sibling

°
>
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ID

Patricia Tries :

'

Dealing with longPaths : S's :ajam . . . aj
-Improves trie by compressing - To get both good spaces &

,

Sio :$ $ Si : pajamnpaj

need to avoid long,

% Example : ID

degenerate paths query time efficiency .

a$ S's :apaja. . ap
- pair, , ,µ= practical Alg .to £, :ma$ may : mapaj . . map¥9

,

§! : "a¥a$ ama$ & : amapaj . . . amapRetrieve Info
.
Coded in Alpha . . . degenerate paths .

- Late 1960s
'

: Morrison - Gwehenberger : :S's :jama$ j So :pamapa. . pam
- Each node has index field

,

- Path compression
!

0 I 2 3 4 56 7 8 9
' °

.

indicates which chart check next Example :S'=pamapajama$ .

} (Increase with depth) .
.
.
- Branch based
onithchar 5

,

- $ Def: Substring identifier for
d-string Iiis shortest prefix ofii"jTriesandDigitalwM " " ' "$

Example :

gs
£
,
- mash S! unique # this string

Ésséiice Search trees I £
,
- ama$ E.g. IDCS:)

-
-

"

amap
"

essential t ④ i IDCS's )="ama$
"

estimate 4 £6k
*y gag

•

sublease A- estimate"b
"

qq.su/fixTrees : 4)
e

"

Analysis :sublime esessential subh① subliminal
- Given single large texts

.

subliminal
.

- Query time :(Same as .

- Substring queries :

"

How

same data structure-Drawn differently stdtrie)v search string many occurrences of
"

tree
"

"

abode 0 0 just easier length (maybe less) in CMSCYZO notes
"

§#kipped .

discriminator substrmg
£
"
" +◦ read Notation : D= aoa.az . . .am ,$Jthe strings

- Space :

game data
No

_
nodes : ~ No

.
Of special

Qtimate
"%Qim ° " " "

strings lirresp .
of length)

- "# "

× "

$i=aiai+ ,
. . _ an.,$terminatePiat estimateeeal strut .

Total space :Ki(No . of nodes )
- Q : what is minimum substring

encessen sublime subliminal +Cstoragefor strings) needed to identify suffix S! ?
°

>
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Example :S! piimapiijainai.IO?sJuftixTrees (cont) PRK -dtree : can be used for
£ - text string 15th answering same queries as

☒É S'i=iᵗʰ suffix point Kd - tree forth . range , near. neigh)
substringID-minsub.tn"

☒
☒

needed to identify Ji Geometric Applications :⑤ 0
Asuftixtreeisa Patricia }

trieofthentlsubstring PRKD-Tree : Kd-tree based
.

E.
g. IDCS

'

,)=amapID($ , )=ama$ .
identifiers

.
on midpoint subdivision .

Assume points lie in unit square"

Substring Queries :

"

1
How many occurrences

oftnitext? he Tries and Digital bisect
- Search for target string tintrie TSearchtreesllT-m.MY "

- if we end in internal node ↳
b- her as -

~
◦

◦ ÷ ] ✗=L [(or midway on edge) - return ✗ = ""

bis
no

.
of extern

.

nodes in this subtree Analysis :
.

- else (fallout at extern. node)
.

- Space : Oln) nodes
.

- F-%
.

-

compare target with string Olrik) total space ] stop ◦ is

when
- it matches _ found ] occurrence ( 1<=1%1--04 )) ✗ = 't

, each cell has < 2

- else - no occurrences Points
claim :

- Search time : n total

ThisExample : any length of target Final ¢70
.

trie !

string tree :search(
"

ama

"

)- Endatintwnnode $P - Construction time : É £Report : Zou's
. ←☐

Search (
"

amapaj
"

) → End at extern node - Olrik) [nontrivial] ⑤ '

some

'

cells mayGoto #+ verify / be empty
>
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Binary Encoding : s~PRkd-Tree ≤ Trie ?? Further Remarks :

- Assume our points are - Approach : Show how to map
-Techniques for efficiently encoding ,

scaled to lie in unit square any point in Tito bit building >serializing , compressing . "
◦ ≤ ×,y< 1 (can always be done) string tries apply immediately TOPRKD-tree

- Represent each coordinate as - Store bit strings in a trie - Can generalize to any dimension
binary fraction : (alphabet É, -10,1} ) ✗ =

o.a.ai.JO/--a.biGazb-ci- ,
.

✗ = 0.a.ua, . . . . a. c- 10,1} - Prove that this trie has same y-o.b.ba . .

- ✗
= ai . Yzi .

structure as
.

7--0 .GG ._ .

Example :
"d- tree Lemma : Given aptsetpc.IR

'

%
( in unit square

[0,15 ) let
↓#

" -0.17b¥
, §TriesandDigitalwM F- { p.i.spnlwherepi-lxi.si )

6 Search Trees ☒ Let ⑤(B) =/ $477,01m , . . . ,∅lpn))↓÷Éi=É= baser £66bn - s ← (n binary strings )

"
£ " "

Bit Interleaving ,

¥.

Then the PRKD - tree for Iis
↳ Bit string : 010110110001 . . . equivalent to binarytriefor -011 ) .

.

How do we extend to ZD ?
_

Given a point P """ '

proof : By induction onno .
of bits

"

i. ,
PRKD-tree ◦ ≤ × ,y< 1

× :
let : ✗ = 0.a.az . . .

. in binary Let ✗ = 0.a.ae. . 5- 0.4hr . . .
y
:
.

]
01 4 11

⊖, y
-
- 0.b.br . . . and consider just #×,y)=aib ,

- . .

←
£ ii. Y Y Y Y Define :ai.gg#ThePRkd-treey=.o¢15s) - aibiaibrasbi . _ .

b. = µ , , ,
+ binarytrie00 to
assign pts

SÉsw
◦ ° ° ' ' ° "

called Morton Code ofp " same

y
: o subtrees

.

✗so ✗ = .0 he ✗ =
.
] ]

.

a. b) = 00 01 10 11 f. i. induction )
0
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Deallocation Models :

"

what happens when you do Block Structure :

Explicit :(Crctt) - new (Java ) Allocated : Available :

-

programmer deletes - malloclfreecc' )
-

may result
in leaks

.

- newldeleteco.it ) ?

t.mpiifitnt.si:9#nonRunt.imstascEti:aii:mri.nresiin.in
- runtime system deletes - Heap - for

"

new
"

objects
-

- Garbage collection .

(Don't confuse with heap ' . .

{
Slower runtime data structure lheapsort <

&
y sizez

Better memory compaction
"

8 ?
. . Also stores
size

Explicit allocation#allocation :MemwYMIana9ementwM Guipdreeitnusosifpreucmtig .

block
- Heap memory is split into

htt
- - * s - o is allocated

%!:¥%Eb%%÷mues" made? Fragmentation : :g÷. elitist:iI%%"its
.

- merged when contiguous →D - Results from
.

Clinches headers ) ③
.

- stored in available block list repeated allocation How to select from available blocks ?

T.FI#-Available
+ deal location

1111 I 11 Ill bist" (Swiss - cheese effect) - First .fi#Takefirstblockfrom

all .ca#IIIauaiafble/External:Cavsedby avail
.
list that is large enough,

(in.ua ,
tree) pattern of allocldcalloc -Best fit : Find closest fit from.

Internal : Induced by mem .

avail list

manage . policies ( not user ) Surprise : First-fit is usually better
.

.

- faster tavoids small fragments
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Example : Allocb -59 THAI location : malloclb) Deal location :

n - a
-

- search avail
.
list for block - Ifprerinext contiguous blocks

11114-0^1 of size b
'
> btl are allocated - addthistoavail

-← yo
- If b' close to b : alloa - Else -

merge with either both

← v

-

entire block (unlink from to make max .
avail block

Too / avail list ) Example : + adjust
Timi - Else : split block sizes

' I return

③ as
v -

t jmemorymanagementwT.IT
Some C

'
- style pointer notation@

- - w"
-

eqpl.size-sbxremoeaa.int* (ptpsize- 1) =p.
size kite2

void # - pointer to generic g
- ptpsizellstartofnewblockl

.

word of memory .

doidxlallodintbll
.

,8jjirenbu.e.gl/nn9adYI
"

"

Letpbeoftypevoidx : best lladdtl for header

p -110
- 10 words beyond p p

- search avail list for block
* (ptlo )

- contents of this size > b g. in Use
=L

Let p point to head of block :ifcp-i.nu/l)Error-Outofmem!(qtg.size).prevInUse=1p.inUse,p.prevInUse , p -
size iflp.size-bc.TW -

SMALL)

* impi:: .TT?rit::::nY:t.iin/lgntnkpptrmauaiilist,re÷÷Y;::÷Y÷Y::÷II
word in this block

.

else
. .
. .
( continued)

.
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Buddy System : tbcoping with External Fragmentation Example : allow ?!¥aHod4 )
- Block sizes (including - Unstructured allocation can avail splitting: alter
headers) are power of 2 result in severe external fragmentation I

-
- Requests are rounded up - can we compress

? Problem of
( internal fragmentation) pointers -15€

- Block size 2
"

starts at address - By adding more structure we

that is multiple of 2K can reduce externfrag.at Fioretti"

B , - K - level of a block .
cost of internal frag . .

Structure : t g Allocation : alloclb) '

③
Level

g Memory Management - ksflglb.it?7.....sadhdetatdteF
4- IT slimmed - if avail Ck] nonempty -
zTj £8- o - - - * return entry +delete

z i7¥ Merging : %g - else : find avail to
for j > K

.

I o÷÷C÷ .

- when two adjacent blocks .

- split this block

° II are available
, we don't always Big Picture : ③

merge them - Avail list is organized by
In practice : There is a minimum allowed → Must have same size :3

" level : availlk]
block size → Must be buddies - siblings - Block header structure same

Buddy system only allows allocations in this tree structure as before except :

aligning with these blocks Def: buddy,fx ) -1×+2
" "" divide"

pyieytnvsefnot
- needed

x - z
" otherwise

.

⇐ buddyklx ) - deck)④x[Bit manipulation]
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