Backpropagation:
Simple Example
f(x,y,z)=(x+y)z
= gzwhereqg=(x+Yy)
Clearly the partial derivatives of the subexpressions are trivial:
of /dz = q of/dq = z
9q/9x = 1 9q/dy = 1

and the chain rule tells us how to combine these:

Of /ox = of /dq 9q/dx = z
of /3y = of /dq 9q/dy = z

Vix,y,z1f =1z z, q]
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Forward pass: Compute outputs
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Backward pass: Compute gradients

w0 2.00

x0 -1.00

w1l -3.0(

' | 00 AN 100 Dy 087 A9} 137
x1 -2.00 LW 2P )

w2 -3.0(

Base Case
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Backward pass: Compute gradients
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Backward pass: Compute gradients

w0 2.00

Local Gradient
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—— Backward pass: Compute gradients

= Local Gradient
x0 -1.00 — O O

—[x+y} =1 —[%Ly] =1

0x oy
w1l -3.00
:>@ 1.00 @ -1.00 @ 0.37 f+‘1\ 137 (1/0073
x1 -2.00 020 \_/ -020 @ 053 \_/ -053 1.00
w2 -3.00 Downstream

Upstream
Gradient

0.20 Gradient
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Downstream Gradient

Backward pass: Compute gradients

Upstream
| Gradient
w0 |2.00 l
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Backward pass: Compute gradients

Downstream Gradient Upstream
Gradient
w0 2.00
-0.20
-2.00
x0 -1.00 R
0.39
4.00
w1|-3.00 2
— |-0.39

-2.00

Local Gradient

L] = 5[]
—\zY| =Y, —|TY| =
e 7 Y
1.00 @ -1.00 @ 0.37 @ 1.37
020 \__/ -0.20 \_p/ 053 \__/ -053

1/x

0.73
1.00
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Backward pass: Compute gradients
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Backward pass: Compute gradients

1 Computational graph is not
— — unique: we can use primitives
1 —|— e that have simple local gradients

x0 -1.00 0-(3;)

wl - . .
Sigmoid
5 100 0N\ 037 /2N 137 0.73
= (D5 ED—5 s (Do

| [Downstream] =[Local] * [Upstream]
el =(1-0.73)*0.73*1.0=0.2

Sigmoid local %[a(x)] __ e _ (1 e - 1) ( ! ) = (1—o(x))o(x)

gradient: (14 e )2 1+e@ 1+ e
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Patterns in Gradient Flow
add gate: gradient distributor

PN

2 O

copy gate: gradient adder

4
4+26

mul gate: “swap multiplier”

5%3=15 ™\

(5=
—/
2*5=10

max gate: gradient router

0 .
(a5 —



def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = w0 * x0
"Flat” gradientcode:  ronvard pass: o
Computeoutput | <3 - 52 + w2

Woiﬁi L = sigmoid(s3)

x0 -1.00

wl -

xl -

w2 -3.00
0.20



def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = w0 * X0
"Flat” gradientcode:  rowardpass |50 "1
Computeoutput | <3 = ¢2 + w2
w0 2.00 L = sigmoid(s3)
-0.20
x0 -1.00 grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
wl - grad_w2 = grad_s3
grad_s2 = grad_s3
o - j @ Backward pass: grad_s@ = grad_s2
' Compute grads | grad_s1 = grad_s2
w2 - grad_wl = grad_sl x x1
020 grad_x1 = grad_sl *x wl
grad_w@ = grad_s@ *x x0
grad_x0 = grad_s@ x w@




def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = w0 * X0
"Flat” gradientcode:  ronardpass |5 o
Computeoutput | <3 = ¢2 + w2
w0 2.00 L = sigmoid(s3)
-0.20
X0 -1.00 Base case grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
wl - grad_w2 = grad_s3
grad_s2 = grad_s3
x1 - grad_s@ = grad_s2
grad_sl = grad_s2
w2 - grad_wl = grad_sl x x1
020 grad_x1 = grad_sl *x wl
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def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = w0 * X0
"Flat” gradientcode:  rowardpass |50 "1
Computeoutput | <3 = ¢2 + w2
w0 2.00 |L = sigmoid(s3)
-0.20
x0 -1.00 grad L = 1.0
Sigmoid grad_s3 = grad_L * (1 - L) * L
wl - grad_w2 = grad_s3
o0 grad_s2 = grad_s3
xl - ”HET<::> grad_s@ = grad_s2
grad_sl = grad_s2
w2 - grad_wl = grad_sl x x1
020 grad_x1 = grad_sl *x wl
grad_w@ = grad_s@ *x x0
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def f(wd, x0, wl, x1, w2):

Backprop Implementation: 50
"Flat” gradient code;: s1 =Wl xd

wd *x x0

Forward pass: <2 = <@ + s1
Compute output |S3 -2 4+ w2
w0 2.00 L = sigmoid(s3)
-0.20
x0 -1.00 grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
rad_w2 = grad_s3
Add [ 976N T 9Tt
grad_s2 = grad_s3
grad_s@ = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl *x x1
0.20
grad_x1 = grad_s1l x wl
grad_w@ = grad_s@ *x x0
grad_x0 = grad_s@ x w@




def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = w0 * X0
9 ” - . sl = wl x x1
Flat” gradientcode:  ronward pass: [or —s0 + 1
Computeoutput |3 =33 +wo
w0 2.00 L = sigmoid(s3)
-0.20 900
; .
xo;gp>xi:> 020 grad_L = 1.0
0.40
grad_s3 = grad_L * (1 - L) * L
wl -3.00 grad_w2 = grad_s3
:if>ng> grad_s2 = grad_s3
x1 -2.00 grad_s@ = grad_s2
060 Add grad_sl = grad_s2
w2 -3.00 grad_wl = grad_sl x x1
0.20
grad_x1 = grad_s1l x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w@




def f(wd, x0, wl, x1, w2):

Backprop Implementation: 50 = w0 % xO
9 b : . sl = wl x x1
Flat” gradientcode:  ronward pass: |52 —
Computeoutput | <3 = ¢2 + w2
w0 2.00 L = sigmoid(s3)
-0.20
x0 -1.00 grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
wl - grad_w2 = grad_s3
grad_s2 = grad_s3
xl - grad_s@ = grad_s2
grad_s1l = grad_s2
w2 - : rad_wl = grad_s1l * x1
0.20 MUltlply e et
grad_x1 = grad_s1l x wl
grad_w@ = grad_s0 *x x0
grad_x0 = grad_s@ x w@




Backprop Implementation:
"Flat” gradient code;:

Forward pass:
Compute output

w0 2.00
-0.20

x0 -1.00

wl -

xl -

w2 -
0.20

Multiply

s@ = wd * x0

s1 = wl * X1

def f(wd, x0, wl, x1, w2):

s2 = s@ + sl

S3 = s2 + w2

L = sigmoid(s3)

grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s@ = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl *x x1
grad_x1 = grad_s1l x wl
grad_w@ = grad_s@ *x x0
grad_x0 = grad_s@ x w@




Backprop Implementation: Modular API

Graph (or Net) object (rough pseudo code)

class ComputationalGraph(object):

i

w0 2.00
-0.20

def forward(inputs):

0 -1.00 # 1. [pass inputs to 1nput gates...]
X -1.

# 2. forward the computational graph:
wl -3.00 for gate in self.graph.nodes topologically sorted():

gate.forward()
x1 -

060 return loss # the final gate in the graph outputs the loss

def backward():

-3.00
for gate in reversed(self.graph.nodes topologically sorted()):
gate.backward() # little piece of backprop (chain rule applied)

return inputs gradients



Example: PyTorch Autograd Functions

class Multiply(torch.autograd.Function):

X @staticmethod
VA def forward(ctx, X, y): Need to stashsome
ctx.save_for_backward(x, y) < values for usein
Z =X %Y backward
y return z
@staticmethod
(X,y,Z are ScalarS) def backward(ctx, grad_z): < Upstream

X, y = ctx.saved_tensors gradient

grad_x =y * grad_z  # dz/dx * dL/dz| 4 ion instream

grad_y = x * grad_z # dz/dy *x dL/dz | gndlocal gradients
return grad_x, grad_y




#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTOrCh Singid Iayer

#else

void THNN_(Sigmoid_updateOutput) (
THNNState xstate,
THTensor *xinput,
THTensor xoutput)

THTensor_(sigmoid) (output, input);

void THNN_(Sigmoid_updateGradInput) (
THNNState *xstate,
THTensor *xgradOutput,
THTensor *xgradInput,
THTensor xoutput)

THNN_CHECK_NELEMENT (output, gradOutput);

THTensor_(resizeAs) (gradInput, output);

TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradInput_data = *xgradOutput_data x (1. - z) * z;

);

#endif



#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTOrCh Singid Iayer

#else
void THNN_(Sigmoid_updateOutput) ( Forward
THNNState *state,
THTensor xinput, ]_
THTensor *output) D 0'(.’1,') —
1. —I
{ + e
THTensor_(sigmoid) (output, input);
}

void THNN_(Sigmoid_updateGradInput) (
THNNState *xstate,
THTensor *xgradOutput,
THTensor *xgradInput,
THTensor xoutput)

THNN_CHECK_NELEMENT (output, gradOutput);

THTensor_(resizeAs) (gradInput, output);

TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradInput_data = *xgradOutput_data x (1. - z) * z;

);

#endif



#ifndef TH_GENERIC_FILE
#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c"
#else

void THNN_(Sigmoid_updateOutput) (

Forward

PyTorch sigmoid layer

static void sigmoid_kernel(TensorIterator& iter) {

THNNState *state,
THTensor *xinput,
THTensor xoutput)

1

—jola) =

{ 1+e*

THTensor_(sigmoid) (output, input);
}

void THNN_(Sigmoid_updateGradInput) (
THNNState xstate,
THTensor *xgradOutput,
THTensor *xgradInput,
THTensor xoutput)

THNN_CHECK_NELEMENT (output, gradOutput);
THTensor_(resizeAs) (gradInput, output);
TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput,
*xoutput_data;

*gradOutput_data * (1. - z) * z;

scalar_t z =
*gradInput_data =
);

#endif

I
}

AT_DISPATCH_FLOATING_TYPES(iter.dtype(), "sigmoid_cpu", [&]() {
unary_kernel_vec(

iter,
[=]1(scalar_t a) -> scalar_t {|return (1 / (1 + std::exp((—a)))):l}.
[=]1(vec256<scalar_t> a) {
Vec256<scalar_t>((scalar_t)(0)) - a;
a.exp();
Vec256<scalar_t>((scalar_t) (1)) + a;
a.reciprocal();
return a;
3

Forward actually defined elsewhere...

a=
a
a
a=

return (1 / (1 + std::exp((-a))));

scalar_t, output,




#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTOrCh Singid Iayer

#else
void THNN_(Sigmoid_updateOutput) ( Forward
THNNState xstate,
THTensor xinput, ]_
THTensor xoutput) D 0'(;1;) —=
1. —T
{ + e
THTensor_(sigmoid) (output, input);
}

void THNN_(Sigmoid_updateGradInput) (
THNNState *xstate,
THTensor *xgradOutput,
THTensor *xgradInput,
THTensor xoutput)

THNN_CHECK_NELEMENT (output, gradOutput);
THTensor_(resizeAs) (gradInput, output); BaCkward

TH_TENSOR_APPLY3(scalar_t, gradInput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;

xgradInput_data = *gradOutput_data x (1. - Z) * Z; (1 —— 0’(23)) O'(ZC)

);

#endif



Backpropagation with scalars so far

What about vector-valued functions?
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Review: Vector Derivatives

reRyelR
Regular derivative:

Jy
oz
If x changes by a small

amount, how much
will y change?

c R

reRY yeR

Derivative is Gradient:

01 01
N (YY) _YY
% < R (0T> n 8:1:,,1

For each element of X, if
It changes by asmall
amount then how much
will y change?

reRYN yeRM

Derivative is Jacobian:

OYm

\ 0
oy c RV*xM (_y) —
aaj Ox n,m O n

For each element of x, if it
changes by a small amount
then how much will each
element of ychange?
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Backprop with Vectors

Loss L still ascalar!

Local

D, [z
\ Jacobian matrices
= < e o7 (] 22| DXV z] D,
T
Downstream M .6'2' 32 < f
, atrix-vector
Gradients multiply 0z
Dy Yy ‘/814 Oz | 7

8/2 'y Upstream Gradient
Dy Y For each element of z,how
much does it influenceL?
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Backprop with Vectors

4D input x:

1]
-2 ]
o

1

 ———
—_—)

f(x) =max(0,x)
(elementwise)

[ 1

4D output y:

o wOo

e —
—_—)

4D dL/dy:

4]
-1
| O

9

——

C———

—

C———

Upstream
gradient



Backprop with Vectors

4D input x:
1]
-2

3] ——

[1] —

f(x) =max(0,x)
(elementwise)

Jacobian dy/dx
1 '
00

1

0

——
—_—)

4D output y:

1

. [ 0]
3
0

4D dL/dy:

—

C——

—

C———

4
-1
| O

[ 9

——

C———

—

C———

Upstream
gradient



Backprop with Vectors

4D input x: 4D output y:
1 — 1
2l fx) =max(0x) | LY
: 3 I 1 f(alamanftwica) | 3 .
1] —— — [0
dy/dx] [dL/dy] 4D dL/dy:
1 1[4 — [4] —
00007[-1° «— [ 11 ——— Upstream
1 ]:5-' — [ 5] —— gradient
O][9 ] — [9] —
Justin Johnson Lecture 6-66 September 23,2019



Backprop with Vectors

4D input x:
1
21— f(x) =max(0,x)
: 31._ | falaemanhaican)
4D dL/dx: dy/dx] [dL/dy]
4] — [ 1 14
0] —— [0000][-1]
9] — 101[9 ]
0] — OJ[9 ]

——
—_—)

4D

C——

—

C———

4D output y:
- [ 1]

o Ww o

dL/

4
-1

[ O
9

dy:

——

—

C———

«—— Upstream

gradient



Jacobian is sparse: off-diagonal entries

BaCkprop with Vectors all zero! Never explicitly form Jacobian;
Instead use implicit multiplication

4D input x: 4D output y:
1] » — [ 1
ol ) =max0x) | LY
: 3 1 f(alemanhwicn) | — 3 -
| -1] — [0

4D dL/dx: dy/dx] [dL/dy] 4D dL/dy:
4] — [1000][4]  ——[4] ——
0] —— [0000][1] ~——— [-1] —— Upstream
5] — [0010][5 ] —— [ 5] —— gradient
0] —[0000][9]  ~——[9] ——




Jacobian is sparse: off-diagonal entries

all zero! Never explicitly form Jacobian;

Instead use implicit multiplication

Backprop with Vectors
4D input x:
1]
2] ——| f(x) =max(0,x)
: ?’1 — | (elementwise)
4D dL/dx: [dy/dx] [dL/dy]

AR

DR,

e

—

—

<a

JdL
x

S
—}

)_ (35) >0 —
i 0

otherwise = |

e

4D output y:

1]

4D

o Ww o

4

5

-1,

9

dL/dy:

——

C———

—

C———

Upstream
gradient



Backprop with Matrices (or Tensors):
[DxMy] |

\

Z| [BxM

[DyMy] Y _—




Backprop with Matrices (or Tensors). | tosststill ascalar

[DxM,] |2 dL/dx always has the

Z [DZXMZ]

oM gl—




Backprop with Matrices (or Tensors):

[DxxMy]

[DyxMy]

L

\

—

Loss L still ascalar!

dL/dx always has the
same shape as X!

<

oL
0z

[DzxM]

[D>xM;]

Upstream gradient
For each element of z,how
much does it influenceL?




Backprop with Matrices (or Tensors):

[DxxMy]

[DyxMy]

Local
Jacobian matrices

(DX My)%(D*M)]

Loss L still ascalar!

Z

92| [(DyxM,)X(DxM,)]

For each element of y, how much does
it influence each element of Z?

oL
0z

dL/dx always has the
same shape as X!

[D>M;]

[D>xM;]

Upstream gradient

For each element of z,how
much does it influencel?




Backprop with Matrices (or Tensors). | fosststill ascalar

dL/dx always has the
(DM |2 Local same shape as X!

\ Jacobian matrices
D<M
[DyxxM, zg o7 [(DyxxM,)x(D,xM,)] Z] [D,xMJ]

O 7
Matrix-vector .
multiply o MO ) - =

DyM,] [Y /L 2| (DM

PR
— / .
= % Upstream gradient
[DyxMy] ! For each element of z,how
For each element of y, how much does ’

it influence each element of 2? much does it influenceL?




Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

w: [DxM] |
32 1-1]
(213 2]

[ 32 1-2]

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d




Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[ 27 7?2 ? ]

w: [DxM] |
32 1-1]
(213 2]

(2 2 2]

[ 32 1-2]

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 06]



Example: Matrix Multiplication

X: [NxD]

dL/dx: [NxD]
[ 27 7?2 ? ]

(2 2 2]

w: [DxM]

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

Jacobians:
dy/dx: [(NxD)*x(NxM)]
dy/dw: [(DxM)x(NxM)]

For aneural net we may have
N=64, D=M=4096
Each Jacobian takes 256 GBof memory! Must
work with themimplicitly!

y: [NxM]

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



Example: Matrix Multiplication

X: [NxD]

2] 1-3]
(3 4 2]

dL/dx: [NxD]
[1?] ? ? ]
[

w: [DxM] |
(3211
(21 3 2]

?2 2 7]

dL/dX1,1

= (dy/dx1,1) -

[ 32 1-2]

(dL/dy)

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

Local Gradient Slice:
dy/dX1,1
[?? 7?7 7]
[?? 7?7 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



Example: Matrix Multiplication y: [NxM]
. -11-1 2 6]
x:[NxD]  w:[DxM] . . . _ : il
213 [321-1 Matrix Multiply y =xw [5 211 7]
_3 4 2] i g ; ?_g: Yn,m — an,dwd,m dL/dy [NXM]
o ' : : [ 2 3-3 9]
[ Z Z Z I Local Gradient Slice:
[ - dy/dX1,1
dy +/d 21?27
dL/dx - Y1,1/AX 1 ? ? ?}

= (dy/dx+ 1) - (dL/dy)



Example: Matrix Multiplication

x:[NxD]  w:[DxM] | . . _
3y 3|2 1-1 Matrix Multiply y =xw
"9 4 ] (13 2 n,m — Ln,dWd,m
13[2 1-2 o zd: @
dL/dx: [NxD]
A gy — L ocal Gradient Slice:
L7727 dy/dx 1
dysq/dxiq [?]? 7 7]
dl/dx, 4 2722 7]

= (dy/dx4 1) - (dL/dy)
Y11= X14Wq 1 T X1 oWo 1+ X 3W3 1

y: [NxM]

1 2 6]

(5 2 11 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8146]



Example: Matrix Multiplication

x:[NxD] ~ w:[DxM] .

2] 1-3) [}3[2 1-1
132 1-2]

dL/dx: [NxD]

[[?2]? 7 ]

[ 2 72 ? ]

dl/dx, 4

= (dy/dx4 1) - (dL/dy)

Y11= X14W1 1 T X1 2Wo 1+ Xq3W34

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

Local Gradient Slice:
dy/ d X11

dysq/dxq1 [3]7? 7 7]

(227 7]

=>dy1 1/dX1 1 =W 1

y: [NxM]

1 2 6]

[5 211 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



Example: Matrix Multiplication y: [NxM]
| -1[1] 2 6]
x:[NxD] ~ w:[DxM] __ . o |
213 [321-1 Matrix Multiply y =xw [5 211 7]
_3 4 2] i g ; ?_g: Yn,m — an,dwd,m dL/dy [NXM]
o ' : : [ 2 3-3 9]
212 7 _ Local Gradient Slice:
[ ? 77 - dy/dX1,1
dy, »/d 21?2 ?
dL/dx Y1,2/AX1 1 Ei? ?}

= (dy/dx4 1) - (dL/dy)



Example: Matrix Multiplication

X: [NxD]
2] 73]
- / ]

dL/dx: [NxD]
[1?] ? ? ]
[

?2 2 7]

dl/dx, 4

W [DxM] |

3

[ 2
3

2
1
2

11
32

1-2

= (dy/dx4 1) - (dL/dy)

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

Local Gradient Slice:
dy/dX1 1

dyso/dxs1 [ 3[?]7 7]

(2?2 ??]

Y12=X14W12Ft X1 oWoo T Xq3W39

y: [NxM]
-1F1] 2 6]
[5 211 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8146]



Example: Matrix Multiplication

X: [NxD]
2] 73]
- / ]

dL/dx: [NxD]
[1?] ? ? ]
[

?2 2 7]

dl/dx, 4

w: [DxM] | . .
321 -1 Matrix Multiply y =xw
' 3[2[1-2 o zd: o
- Local Gradient Slice:
dy/dX1,1
dyy o/dXq 4 [3? ?]
[? ? 7?7 7]

= (dy/dx4 1) - (dL/dy)

Y12=X14W12 T X1 oWoo T Xq3W39

=>dy1 2/dX11=W12

y: [NxM]
-1F1] 2 6]
[5 211 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8146]



Example: Matrix Multiplication y: [NxM]
1

| -1-1 2 6]
< [NxD]  W:DXM] [ S |
21 3] 3 2[1-1 Matrix Multiply y =xw [6 211 7]
342 [21372 —
[-3 ] 3212 Yn,m zdjil?n,dwd,m dL/dy: [NxM]
| : [ 2 3-3 9]
dL/dx: [NxD] [-8 14 6]
[ Z Z Z _. Local Gradient Slice:
[ . dy/de
dy »/d 3 2[1-1
d|JdX1,1 Y1,2/GX1 1 [[ > o0 ?]]

= (dy/dx4 1) - (dL/dy)



Example: Matrix Multiplication

x:[NxD] ~ w:[DxM] . - - _
2] 1 -3] 3] 1_1; Matrix Multiply y =xw
[_3 | 2] - 2113 2; Yn,m — an,dwd,m
132 1-2; y

dL/dx: [NxD]

(12?2 7 Local Gradient Slice:

[ ? 77 i dy/dX1,1
dyso/dxi1 [3 2 1-1]

dL/dx; (222 7]

= (dy/dx4 1) - (dL/dy)
Y21=X24W1 1T XooWp 4+ X5 3W3 1

y: [NxM]
1-1 2 6]
[512 11 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 06]



Example: Matrix Multiplication

x:[NxD] ~ w:[DxM] . - - _
2] 1 -3] 3] 1_1; Matrix Multiply y =xw
[_3 | 2] - 2113 2; Yn,m — an,dwd,m
132 1-2; y

dL/dx: [NxD]

(12?2 7 Local Gradient Slice:

[ ? 77 i dy/dX1,1
dyso/dxi1 [3 2 1-1]

dL/dxq 10?272 7]

= (dy/dx4 1) - (dL/dy)
Y21=Xo W11+ XooWp 1+ Xp3W3 1

=> dy2,1/dX1,1 =0

y: [NxM]
1-1 2 6]
[512 11 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 06]



Example: Matrix Multiplication y: [NxM]
1

; -1-1 2 6]
x: [NxD] w:[DxM] | _ _ - | [
[|Z| 13] [321-1 Matrix Multiply y =xw [56 211 7]
[-342] [2132 _
] 3 9 1_2 Yn,m zdjxn’dwdm dL/dy [NXM]
dL/dx: [NxD! | %é ?2 g}
[ Z Z Z DU Local Gradient Slice:
| ' dy/dX1,1
dL/dx 4 dyso/dxss [3 2 1-1]

= (dy/dx4 1) - (dL/dy) [0[0 0 Q]



Example: Matrix Multiplication y: [NxM]
1

; -1-1 2 6]
X: [NxD] w:[DxM] _ . _ _ - | [
[|Z| 13] [321-1 Matrix Multiply y =xw [56 211 7]
[342] [2132 _
] 3 9 1_2 Yn,m zdjxn’dwdm dL/dy [NXM]
dL/dx: [NxD! | %é ?2 g}
[ Z 27 DU Local Gradient Slice:
L7277 dy/dx;
[321-1]
aL/ax. [0 00 0]

= (dy/dx4 1) - (dL/dy)



Example: Matrix Multiplication y: [NxM]
1

| 11 2 6]
«[NxD]  w:iDxM] [ VI |
[@[1 _3]] EVEE Matrix Multiply y =xw " [5 211 7]
_ (21 3 2] _
A Yom = D Tn.dWim dL/dy: [NxM]
o . d : [ 2 3-3 9]
d_/dx;?[N;D: (814 6]
[ 9) SN Local Gradient Slice:
[~ T dy/dX1,1
(13 2 1-1]
dL/dxi, [000 0]

(dy/dx4 1) - (dL/dy)
(Wq,) - (dL/dy4 )
3*2 +2*3 +1*(-3) +(-1)*9 =0



Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[ O ? 7 ]

[ ? ?-30

dL/dX2,3
=(dy/dxz3)

w: [DxM] |
(3211
(21 3 2]
132 1-4

e

. (dL/dy)

Matrix Multiply y =xw

Yn,m — § Ln,dWd,m
d

Local Gradient Slice:
dy/dX2,3
[0 00 0]
[32 1-2

dL/dy: [NxM]
[23-3 9]
[-8 14 6]



Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[ O ? 7 ]

[ ? ?-30

dL/dX2,3

=(dy/dx23) -

w: [DxM] |
32 1-1]
(2132
13 2 1-4]

(dL/dy)

=(W3,:) ' (dL/dYZ,:)
=3%(-8) +2*1 +1*4 +(-2)6 =-30

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

Local Gradient Slice:
dy/dX2,3
[0 00 0]
[32 1-2

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[0 16 -9 ]

w: [DxM] |
(3211
(21 3 2]

[-24 9 -30°

dL/dXi,j

[ 32 1-2]

= (dy/dx;;) - (dL/dy)
=(w;;)) - (dL/dy;;)

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[0 16 -9 ]

[-24 9 -30°

dL/dXi,j

w: [DxM] |
(3211
(21 3 2]
(321-2

. (dL/dy)
(W) - (dL/dy;)

Matrix Multiply y =xw

Yn,m — E Ln,dWd,m
d

dL/dy: [NXM]

dL/dx = (dL/dy) wT
INxD]  [NxM] [M xD]

[23-3 9]
[-8 14 6]

Easyway to remember:
It's the only way the
shapes work out!



Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[0 16 -9 ]

w: [DxM] |
32 1-1]
(213 2]

[24 9 -30

[ 32 1-2]

y: [NxM]
1

-1-1 2 6]
(5 211 7]

dL/dy: [NXM]

dL/dx = (dL/dy) wT
INxD]  [NxM] [M xD]

dL/dw =xT(dL/dy)
[DxM] [DxN][N xM]

[ 2 3-3 9]
[-8 14 6]

Easyway to remember:
It's the only way the
shapes work out!



Backpropagation: Another View

f1 f2 X2 f3 X3 f4 L

XN X —

Do D, D, D, scalar

Crai 3_L_<%) vz ) (O3 (OL
e Are  \ Oz 0xq 0xo 0xa




Backpropagation: Another View

f1 f2 f3 X3 f4 L

XN— X X2 "

Do D, D, D, scalar

Matrix multiplication is associative: we can compute products inany order

cran 0L _ %) (%) (%) (8_L)
e Ore \ Oxg 0xq 0xo 0xa

D()X D1 D1X D2 D2XD3 D3



Reverse-Mode Automatic Differentiation
X2 fs X3 f4 L

Xo 1w T

Do D, D, D, scalar

Matrix multiplication is associative: we can compute products in any order
Computing products right-to-left avoids matrix-matrix products; only needs matrix-vector

can 0L _ (%) (% O3\ (OL
e Oxg 0xo 0xq 0I5 0xs

D()X D1 D1X D2 D2XD3 D3




Reverse-Mode Automatic Differentiation
X2 fs X3 f4 L

Xo 1w T

Do D, D, D, scalar

Matrix multiplication is associative: we can compute products in any order
Computing products right-to-left avoids matrix-matrix products; only needs matrix-vector

Chain 8_L _ % % % 6_[’ \g;\rlgc?st gfvgce:avr;‘nt
rule 8330 8330 6331 8332 6553 input w/respect

to vector

DoxDy DixD, DyXx D, D, outputs?




Forward-Mode Automatic Differentiation

a f1 XO f2 X 1 1:3 X2 f4 X3
scalar Do D1 D2 D3

crain O3 _ (%) (@i) (fﬁ Oz
e 9a  \ da 0o 011 0o

Do DoX D1 D1 X D2 D2X D3




Forward-Mode Automatic Differentiation

a f1 XO f2 X 1 f3 X2 f4 X3
scalar Do D1 D2 D3

Computing products |eft-to-right avoids matrix-matrix products; only needsmatrix-vector

e 9a  \ da 0 0xq 0o

Do DoX D1 D1 X D2 D2X D3




Forward-Mode Automatic Differentiation

a f1 XO f2 X 1 1:3 X2 f4 X3
scalar Do D1 D2 D3

Computing products left-to-right avoids matrix-matrix products; only needsmatrix-vector

Not implemented in PyTorch/ TensorFlow

But you can
implement

Chain 833 3 3 L0 a XT1 a To a T3 fOMard-mode AD
rue Ao — T~ P — — —_ using two Cgisp’fg '
reverse-mo !

aa aa 83:0 83: 1 aﬂf 2 Inefficient but

DO DoX D1 D1 X D2 D2X D3 elegant

)



Backprop: Higher-Order Derivatives

Xt x¢_f2, L
Do D, scalar

O?], Hessianmatrix
Hof second

8,5(;(2) derivatives.
D()X DO



Backprop: Higher-Order Derivatives

X xq_f2, L
Do D, scalar

Hessian/ vector multiply

O?], Hessian matrix 0%

) Hof second ) v
8.5(;0 derivatives. a:(;o

D()X DO DO X DO Do



Backprop: Higher-Order Derivatives

X xq_f2, L

Do D, scalar
Hessian/ vector multiply
O?], Hessian matrix 0% O 10L | |
— Hof second — = { . U} g;;:n%egzio)
a.CL‘O derivatives. ax(z) 833() 8:130

DoX Do DO X Do Do



Backprop: Higher-Order Derivatives

Xo_fi xq_fo L f2disdx;fi dlidxy v, (dL/dxg) -v

Do D, scalar D, Do scalar

Hessian/ vector multiply

82 |, Hessian matrix 82 I O o1,
—_ Hof second ) = |: , U} gf vd%esn’t
a X (2) derivatives. a 5(;(2] a 'CUO a 'CEO epend on Xo)

D()X DO DO X Do Do



Backprop: Higher-Order Derivatives
Xo_f1 x4 _fo L f2disdx,f1 dlidxy v, (dL/dxg) -v

Do D, scalar D, Do scalar

Backprop!

Hessian/ vector multiply

82 |, Hessian matrix 82 I O o1,
—_ Hof second ) = [ , ’U} gfvdc:jesn’t
35{: (% derivatives. agjg 63;.0 8 'CUO epend on Xo)

DoX Do DO X DO Do



Backprop: Higher-Order Derivatives
Xo_f1 x4 _fo L f2disdx,f1 dlidxy v, (dL/dxg) -v

Do D, scalar D, Do scalar

Backprop!

This is implemented in PyTorch/ Tensorflow!

Hessian/ vector multiply

O?], Hessian matrix 0% O oL
——  Hof second — ) = |i . fUi| g(fa Vv edn%ez:’t )
0x (% derivatives. 63;3 or 0 83;.0 p X0

DoX Do DO X DO Do



Backprop: Higher-Order Derivatives

Xo_ft__xq_f2 L f2 dlidx;f1, dlidxgnom |dL/dxo|2
Do D, scalar D; Do scalar

Backprop!

This is implemented in PyTorch/ Tensorflow!

Example: Regularization to penalize the norm ofthe gradient
OL ||” OL OL 0 O0’L\ [ OL
:_:—.——RW}ZQ——
R(W) oW ||, (8W) (8W> 83:0{ (W) (851:3) (83:0)

Gulrajani et al, “Improved Training of Wasserstein GANs”, NeurlPS2017




Summary

Represent complex expressions
as computational graphs

f=Wgz| [Li=>;, max(0,s; — sy +1)

.
SO=—®—o—
(R)

R(W)

Forward pass computes outputs

" Backward pass computes gradients

During the backward pass, each node in
the graph receives upstream gradients
and multiplies them by local gradientsto
compute downstream gradients

593 /102
o)
é ~

ox
Downstream 6’ f

s\ [P2] o 7
@ 0y | gradients 92
5z OV
_— Upstream
_ = 0% .
/ v gradient




Summary

Backprop can be implemented with “flat” code
where the backward pass looks like forward pass
reversed (Use this for A2!)

def f(wd, x0, wl, x1, w2):
SO = wd x x0
sl = wl x x1
s2 = s@ + sl
s3 = s2 + w2
L = sigmoid(s3)

grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3

grad_s@ = grad_s2

grad_s1l = grad_s2

grad_wl = grad_sl * x1

grad_x1 = grad_sl * wl

grad_w@ = grad_s@ * x0

grad_x0 = grad_s@ * wo@

Backprop can be implemented with a modular AP,
as a set of paired forward/backward functions
(We will do this onA3!)

class Multiply(torch.autograd.Function):

@staticmethod

def forward(ctx, x, y):
ctx.save_for_backward(x, y)
Z =X %Yy
return z

@staticmethod

def backward(ctx, grad_z):
X, Yy = ctx.saved_tensors
grad_x =y x grad_z # dz/dx x dL/dz
grad_y = x x grad_z # dz/dy x dL/dz

return grad_x, grad_y




