
f (x, y, z ) = (x + y )z
= qz where q = (x + y )

Clearly the partial derivatives of the subexpressions are trivial:

and the chain rule tells us  how to combine these:
∂f /∂x = ∂f /∂q ·∂q/∂x = z
∂f /∂y = ∂f /∂q ·∂q/∂y = z

∇[x,y,z ]f = [z, z, q]

Backpropagation:  
Simple Example

∂f /∂z = q
∂q/∂x = 1

∂f /∂q = z
∂q/∂y = 1
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Backpropagation:  
Simple Example

e.g. x = -2, y = 5, z = -4

1. Forward pass: Compute outputs

2. Backward pass: Compute derivatives

Chain Rule

Want: Local  
Gradient

Upstream  
Gradient

Downstream  
Gradient
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f
Local  

gradients

Upstream  
gradient

Downstream  
gradients



Another Example



Another Example
Forward pass: Compute outputs



Another Example

Base Case

Backward pass: Compute gradients



Another Example
Backward pass: Compute gradients

Upstream  
Gradient

LocalGradient

Downstream  
Gradient



Another Example
Backward pass: Compute gradients

Upstream  
Gradient

LocalGradient

Downstream  
Gradient



Another Example
Backward pass: Compute gradients

Upstream  
Gradient

LocalGradient

Downstream  
Gradient



Another Example
Backward pass: Compute gradients

Upstream  
Gradient

LocalGradient

Downstream  
Gradient



Another Example
Backward pass: Compute gradients

LocalGradient

Downstream  
Gradient

Upstream  
Gradient



Another Example
Backward pass: Compute gradients

LocalGradient

Downstream  
Gradient

Upstream  
Gradient



Another Example
Backward pass: Compute gradients

LocalGradient

Downstream Gradient Upstream  
Gradient



Another Example
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LocalGradient

Downstream Gradient Upstream  
Gradient
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Another Example

Sigmoid

Backward pass: Compute gradients

Computational graph is not  
unique: we can use primitives  
that have simple localgradients

[Downstream] = [Local] * [Upstream]
= (1 – 0.73) * 0.73 * 1.0 =0.2

Sigmoid local  
gradient:
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add gate: gradient distributor  
3
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7

7
4+2=6

4
7
2



Patterns in GradientFlow

+

add gate: gradient distributor  
3

7
2

2

4
2

max

×

mul gate: “swap multiplier”  
2

6
5

5*3=15

3
2*5=10

5
95

9

copy gate: gradient adder
7

7
4+2=6

4
7
2

max gate: gradient router  
4
0



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Backwardpass:  
Compute grads



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Basecase



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Sigmoid



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Add



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Add



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Multiply



Backprop Implementation:
”Flat” gradientcode: Forward pass:  

Compute output

Multiply



Backprop Implementation: Modular API
Graph (or Net) object (rough pseudocode)



Example: PyTorch Autograd Functions

x

y

(x,y,z are scalars)

z
*

Need to stashsome  
values for use in  
backward

Upstream  
gradient

Multiply upstream  
and local gradients



PyTorch sigmoid layer
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Forward

PyTorch sigmoid layer

Forward actually defined elsewhere...



Forward

Backward

PyTorch sigmoid layer



Backpropagation with scalars so far

What about vector-valued functions?
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Review: Vector Derivatives

Regularderivative:

If x changes by asmall  
amount, how much  
will ychange?

Derivative isGradient:

For each element of x,if  
it changes by a small  
amount then howmuch  
will ychange?

Derivative isJacobian:

For each element of x, if it  
changes by a small amount  
then how much will each  
element of ychange?



Backprop with Vectors

f

Dx

Dy

Dz



Backprop with Vectors

f

Dx

Dy

Dz

Dz

Loss L  still ascalar!

Upstream Gradient  
For each element of z,how  
much does it influenceL?



Backprop with Vectors

Dx

Dy

Dz

Dz

Loss L  still ascalar!

[Dx xDz]

f
[Dy xDz]

Upstream Gradient  
For each element of z,how  
much does it influenceL?

Local  
Jacobianmatrices



Backprop with Vectors

Downstream  
Gradients

Dx

Dy

Dz

Dz

Loss L  still ascalar!

y z[D x D ]

[Dx xDz]

f

Upstream Gradient  
For each element of z,how  
much does it influenceL?

Dy

Dx

Matrix-vector  
multiply

Local  
Jacobianmatrices
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(elementwise)
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Backprop with Vectors

f(x) =max(0,x)
(elementwise)

4D input x:
[ 1 ]
[ -2 ]
[ 3 ]

4D output y:  
[ 1 ]
[ 0 ]
[ 3 ]

Jacobiandy/dx 4DdL/dy:
[ 1 0 0 0 ] [ 4 ]
[ 0 0 0 0 ] [ -1 ]
[ 0 0 1 0 ] [ 5 ]
[ 0 0 0 0 ] [ 9 ]

Upstream  
gradient

[ 0 ][ -1 ]



Backprop with Vectors

f(x) =max(0,x)
(elementwise)

4D input x:
[ 1 ]
[ -2 ]
[ 3 ]

4D output y:  
[ 1 ]
[ 0 ]
[ 3 ]

[ -1 ] [ 0 ]

[dy/dx] [dL/dy] 4DdL/dy:
[ 1 0 0 0 ] [ 4 ] [ 4 ]
[ 0 0 0 0 ] [ -1 ] [ -1 ]
[ 0 0 1 0 ] [ 5 ] [ 5 ]
[ 0 0 0 0 ] [ 9 ] [ 9 ]

Upstream  
gradient

JustinJohnson Lecture 6 -66 September 23,2019
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(elementwise)

4D input x:
[ 1 ]
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[ 3 ]

4D output y:  
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Backprop with Vectors

f(x) =max(0,x)
(elementwise)

4D input x:
[ 1 ]
[ -2 ]
[ 3 ]

[ 1 ]
[ 0 ]
[ 3 ]

Upstream  
gradient

Jacobian is sparse: off-diagonal entries  
all zero! Never explicitly form Jacobian;  
instead use implicit multiplication

4D output y:

[ -1 ] [ 0 ]

4DdL/dx: [dy/dx] [dL/dy] 4DdL/dy:
[ 4] [ 1 0 0 0 ] [ 4 ] [ 4 ]
[ 0] [ 0 0 0 0 ] [ -1 ] [ -1 ]
[ 5] [ 0 0 1 0 ] [ 5 ] [ 5 ]
[ 0] [ 0 0 0 0 ] [ 9 ] [ 9 ]



Backprop with Vectors

f(x) =max(0,x)
(elementwise)

4D input x:
[ 1 ]
[ -2 ]
[ 3 ]
[ -1 ]

[ 1 ]
[ 0 ]
[ 3 ]
[ 0 ]

4DdL/dy: 
[ 4 ]
[ -1 ]
[ 5 ]
[ 9 ]

[dy/dx] [dL/dy]

Upstream  
gradient

Jacobian is sparse: off-diagonal entries  
all zero! Never explicitly form Jacobian;  
instead use implicit multiplication

4D output y:

4DdL/dx:  
[ 4]
[ 0]
[ 5]
[ 0]
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dL/dx always hasthe  
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Backprop with Matrices (orTensors):
[Dx×Mx]

Loss L  still ascalar!

Local  
Jacobianmatrices
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Backprop with Matrices (orTensors):
[Dx×Mx]

Loss L  still ascalar!

Local  
Jacobianmatrices

[(Dx×Mx)×(Dz×Mz)]

Upstream gradient  
For each element of z,how  
much does it influenceL?

For each element of y, how much does  
it influence each element ofz?

Matrix-vector  
multiply

[Dy×My]

[Dz×Mz]

[Dz×Mz]
[(Dy×My)×(Dz×Mz)]

[Dx×Mx]

[Dy×My]

dL/dx always hasthe  
same shape asx!
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Example: Matrix Multiplication
x: [N×D]

[ 2 1 -3 ]
[ -3 4 2 ]

w: [D×M]
[ 3 2 1 -1]
[ 2 1 3 2]
[ 3 2 1 -2]

Matrix Multiply y =xw

y: [N×M]
[-1 -1 2 6 ]
[ 5 2 11 7 ]

dL/dy: [N×M]  
[ 2 3 -3 9 ]
[ -8 1 4 6 ]dL/dx: [N×D]

0 16 -9
-24 9 -30

[ ? ? ? ]
[ ? ? ? ]

Jacobians:  
dy/dx: [(N×D)×(N×M)]
dy/dw: [(D×M)×(N×M)]

For a neural net we mayhave  
N=64,D=M=4096

Each Jacobian takes 256 GB of memory! Must  
work with themimplicitly!
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Example: Matrix Multiplication
x: [N×D]

[ 2 1 -3 ]
[ -3 4 2 ]

w: [D×M]
[
[
[

3
2
3

2 1 -1]
1 3 2]
2 1 -2]
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1
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[ 3 2 1 -1]
[ 2 1 3 2]
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Matrix Multiply y =xw
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= 3*2 + 2*3 + 1*(-3) + (-1)*9 =0



Example: Matrix Multiplication
x: [N×D]

[ 2 1 -3 ]
[ -3 4 2 ]

w: [D×M]
[ 3 2 1 -1]
[ 2 1 3 2]
[ 3 2 1 -2]

Matrix Multiply y =xw

y: [N×M]
[-1 -1 2 6 ]
[ 5 2 11 7 ]

dL/dy: [N×M]  
[ 2 3 -3 9 ]
[ -8 1 4 6 ]

0 16 -9
-24 9 -30

dL/dx: [N×D]  
[ 0 ? ? ]
[ ? ? -30 ]

Local Gradient Slice:  
dy/dx2,3

[ 0 0 0 0 ]
[ 3 2 1 -2 ]dL/dx2,3

= (dy/dx2,3) · (dL/dy)



Example: Matrix Multiplication
x: [N×D]

[ 2 1 -3 ]
[ -3 4 2 ]

w: [D×M]
[ 3 2 1 -1]
[ 2 1 3 2]
[ 3 2 1 -2]

Matrix Multiply y =xw

y: [N×M]
[-1 -1 2 6 ]
[ 5 2 11 7 ]

dL/dy: [N×M]  
[ 2 3 -3 9 ]
[ -8 1 4 6 ]

0 16 -9
-24 9 -30

dL/dx: [N×D]  
[ 0 ? ? ]
[ ? ? -30 ]

Local Gradient Slice:  
dy/dx2,3

[ 0 0 0 0 ]
[ 3 2 1 -2 ]dL/dx2,3

= (dy/dx2,3) · (dL/dy)
= (w3,:) · (dL/dy2,:)
= 3*(-8) + 2*1 + 1*4 + (-2)*6 =-30



Example: Matrix Multiplication
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[-1 -1 2 6 ]
[ 5 2 11 7 ]
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[ 2 3 -3 9 ]
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[ 0 16 -9 ]
[-24 9 -30 ]

dL/dxi,j
= (dy/dxi,j) · (dL/dy)
= (wj,:) · (dL/dyi,:)



Example: Matrix Multiplication
x: [N×D]

[ 2 1 -3 ]
[ -3 4 2 ]

w: [D×M]
[ 3 2 1 -1]
[ 2 1 3 2]
[ 3 2 1 -2]

Matrix Multiply y =xw

y: [N×M]
[-1 -1 2 6 ]
[ 5 2 11 7 ]

dL/dy: [N×M]  
[ 2 3 -3 9 ]
[ -8 1 4 6 ]dL/dx: [N×D]  

[ 0 16 -9 ]
[-24 9 -30 ]

dL/dxi,j
= (dy/dxi,j) · (dL/dy)
= (wj,:) · (dL/dyi,:)

dL/dx = (dL/dy) wT

[N x D] [N x M] [M xD] Easy way to remember:  
It’s the only way the  
shapes work out!



Example: Matrix Multiplication
x: [N×D]

[ 2 1 -3 ]
[ -3 4 2 ]

w: [D×M]
[ 3 2 1 -1]
[ 2 1 3 2]
[ 3 2 1 -2]

Matrix Multiply y =xw

y: [N×M]
[-1 -1 2 6 ]
[ 5 2 11 7 ]

dL/dy: [N×M]  
[ 2 3 -3 9 ]
[ -8 1 4 6 ]dL/dx: [N×D]  

[ 0 16 -9 ]
[-24 9 -30 ]

Easy way to remember:  
It’s the only way the  
shapes work out!

dL/dx = (dL/dy) wT

[N x D] [N x M] [M xD]

dL/dw = xT(dL/dy)
[D x M] [D x N] [N xM]



Backpropagation: Another View

x0
D0

x1
D1

L
scalar

x2
D2

x3
D3

f1 f2 f3 f4

Chain  
rule



Backpropagation: Another View

x0
D0

x1
D1

L
scalar

x2
D2

x3
D3

f1 f2 f3 f4

D2 x D3 D3D1 x D2D0 x D1

Matrix multiplication is associative: we can compute products inany order

Chain  
rule



x0
D0

x1
D1

L
scalar

x2
D2

x3
D3

f1 f2 f3 f4

D2 x D3 D3D1 x D2D0 x D1

Matrix multiplication is associative: we can compute products in any order  
Computing products right-to-left avoids matrix-matrix products; only needsmatrix-vector

Chain  
rule

Reverse-Mode Automatic Differentiation



Reverse-Mode Automatic Differentiation

x0
D0

x1
D1

L
scalar

x2
D2

x3
D3

f1 f2 f3 f4

D2 x D3 D3D1 x D2D0 x D1

Matrix multiplication is associative: we can compute products in any order  
Computing products right-to-left avoids matrix-matrix products; only needsmatrix-vector

Chain  
rule

What if wewant  
grads of scalar  
input w/respect  
to vector  
outputs?Compute grad of scalaroutput  

w/respect to all vectorinputs



Forward-Mode Automatic Differentiation

a
scalar

x0
D0

x3
D3

x1
D1

x2
D2

f1 f2 f3 f4

D1 x D2D0 D0 x D1

Chain  
rule

D2 x D3



Forward-Mode Automatic Differentiation

a
scalar

x0
D0

x3
D3

x1
D1

x2
D2

f1 f2 f3 f4

D1 x D2D0 D0 x D1

Chain  
rule

Computing products left-to-right avoids matrix-matrix products; only needsmatrix-vector

D2 x D3



Forward-Mode Automatic Differentiation

a
scalar

x0
D0

x3
D3

x1
D1

x2
D2

f1 f2 f3 f4

D1 x D2D0 x D1D0

Chain  
rule

Computing products left-to-right avoids matrix-matrix products; only needsmatrix-vector  
Not implemented in PyTorch / TensorFlow 

But you can  
implement  
forward-modeAD
using two calls to  
reverse-modeAD!
(Inefficient but  
elegant)D2 x D3



Backprop: Higher-Order Derivatives

x0
D0

x1
D1

L
scalar

f1 f2

Hessian matrix  
H of second  
derivatives.

D0 x D0



Backprop: Higher-Order Derivatives

x0
D0

x1
D1

L
scalar

f1 f2

D0 x D0 D0 x D0 D0

Hessian / vector multiply
Hessian matrix  
H of second  
derivatives.



Backprop: Higher-Order Derivatives

x0
D0

x1
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L
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derivatives.

D0 x D0 D0 x D0 D0
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(if v doesn’t  
depend on x0)



Backprop: Higher-Order Derivatives

x0
D0

x1
D1

L
scalar

f1 f2 f'2 dL/dx1 f'1
D1

(dL/dx0) ·v
scalar

dL/dx0 ·v

D0

Hessian matrix  
H of second  
derivatives.

D0 x D0 D0 x D0 D0

Hessian / vector multiply

(if v doesn’t  
depend on x0)



Backprop: Higher-Order Derivatives
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D1

L
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scalar

dL/dx0 ·v

D0

Hessian matrix  
H of second  
derivatives.

D0 x D0 D0 x D0 D0

Hessian / vector multiply

(if v doesn’t  
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f'2 dL/dx1 f'1
D1

Backprop!
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L
scalar

f1 f2 (dL/dx0) ·v
scalar

dL/dx0 ·v

D0

Hessian matrix  
H of second  
derivatives.

D0 x D0 D0 x D0 D0

Hessian / vector multiply

(if v doesn’t  
depend on x0)

f'2 dL/dx1 f'1
D1

Backprop! This is implemented in PyTorch / Tensorflow!



Backprop: Higher-Order Derivatives

x0
D0

x1
D1

L
scalar

f1 f2

D0 scalar
dL/dx0 norm |dL/dx0|2f'2 dL/dx1 f'1

D1

Backprop!
This is implemented in PyTorch / Tensorflow!

Example: Regularization to penalize the norm ofthe gradient

Gulrajani et al, “Improved Training of Wasserstein GANs”, NeurIPS2017



Summary

x

W

hinge  
loss

R

+ Ls(scores)*

Represent complex expressions  
as computational graphs

Forward pass computes outputs

Backward pass computes gradients

f
Local  

gradients

Upstream  
gradient

Downstream  
gradients

During the backward pass, each node in  
the graph receives upstream gradients  
and multiplies them by local gradientsto  
compute downstreamgradients



Summary
Backprop can be implemented with “flat” code  
where the backward pass looks like forward pass  
reversed (Use this forA2!)

Backprop can be implemented with a modular API,  
as a set of paired forward/backward functions
(We will do this onA3!)


