CMSC 45\ - A!gorit\rwh Des(ign
Lecture |- Intvoduction

About this course-
— Scond wurse in algorithm &ugn\ (affvf‘ 3$1)
~ Fundamentsl ¢elements of a(lgoriﬂ\m Ae@h
- c\csgm ‘cchv\icbueJ ( grecdb Jdivide « wn%utr)..\)
- Pprov ivg corvectness
= ana\\gzivzg runnivg times
- Theoretics\ fows - no ‘pr%o'mw\mivg projects
Overview :
- Graph bacics, DFS, + shortest paths
- éw‘ecét& a&gorit\/\vm
- D.anavmig Prggrammivg
- Network C‘:IOM
- NP-Hardness + Approxima‘t\'ovx a(lgori’(Lm

/Prere%uisi&u - ((ms¢ 351)
- Basic pr%gmmmm(g
- Duarete math - induction, sets : Pr‘o\oalo},ifa o
- Sorting + basic dats structores
- M a’C\/\é- lt’égj & expomntials) aleulus linear é(\gc]ore



A\QgOV'(HI\W\ ‘Desgvv
Given o el éc{'iv\eé (,ovnputaﬁona\ ProUcm
C\C-‘ign W e'f(&cic\/\t pmocc!um ‘fo\f‘ Jolvivzg’ it

Exavvsplc 1: Given a <t o{ points n the p\em

compute 2 Pat\n of Min lf,vgt\q that
visits all the |oo'mts.

Taput: Dutpu\"t:

Example 2: Given a «t of points in the planc

compute a3 network of min |Cn£t\a that
connects all t\ne Pomtg.

_IV\pUC\'I D\Atpu\—\'

R .2 A/VH



Thesc are JuPcrﬁcial\v& cbu\fe similar, but computational
(_ova\wi‘hu are z()ui’rc different .

Exaw\p\c 11 Euclidean Travehvg Sélelme\n ?IOL'QM
- NP-Hard
- Can \oe. e((i(,icn‘\'l\a eppro'xima‘ch
EXBW\p\C 2 Euclidean Minimum Jpannivg Tree
- Solvable exadl% wm O Time

- Practical approxima‘rion in
O(nl%g w) time

Measures b'f COVV\putétiOV\a\ (,ovvxp\e#"{a_
- Runnivg: time
- Space
P X 4 af\mciiov\ of iV\pu\t fHze (.c!e,\no\‘cé V\7

But Menvy iv\pwts of ame size ..
- Worst-wase - max over all '\v\pu(l] o{ Hnzen
- A\/uage,-casc - e,xpecfru\! @se for inputs of nz2e
h From some distvi lution
- More (ce\i.\t\'g, but & bt L\arc\cr '



Aspmptatic Notation:
- SimP\i(:\a_ wmpl(ot :fuv\dtiwu
- Fows on trend for lawrgc n
- I(gv\or( constart factors

Example.:
T(W)= 31n + ‘i.n'v\\gv\‘r 35n"

=390 + ‘l.\_l'v\\gv\‘r 5nt| - \a\ge— "

~N

=m+ W* 35| _ ignoe cnst
o faCtory
= /2/.5\’\1'

TOn) s (j (v\i) ! on the Onder of ’
Lr Wueuua, wetten Tn) = On®) but

not forma\\va‘ wrreck . (But el

do it evuawaa)

<.

O “ 1S 5\na«‘t\/\ev\é For esémpJfoJ(KﬁN\éL <
Alos:

QO & = Rig thets

o €3 7<"  litleo
0N O Tz Big Ovv\eéfa
R N, Li%g;le omega



tant ¢> O
Cl $5€8 — For Jome g Q
-LW\port‘eV\-l_ C)OW\ l\(j;‘ti é—Pol lOO’eﬂtl’\W\\C, tim
< (o(g n) =

?o l \L)V\owne\ \‘tl me
time
é - Expon entia
AN (24
< C

(> \)
N ,‘0)(, > O
Asg)mpTOinQ Owréorheg- :for & 9 8

Q |o<c\/\
lognSn <

\S qu\vnera\

Basics of egon‘t\l\w\ desi ign
: Al'ampJ(OJ(\L Notation



CMsc 451 - Algorithm Desipn
Lecture 2 - Graph Basic

cﬂ‘ap\\ - A discrete structure {‘eprejenﬂng nodex
QICf'tiou) \\omeé \o%} |iv\ks (Cacgcs)

Edges may either be:
uv\chrcc’c&c\ - or - directed

g

(Und‘\rcc,tccB Gra P\n Directed Gro p\/\

(Dugra p\A\
Definition: 5

Undirected) Graph: G=(V,B) i« afinite
set V of vertices and a et € of
unordered paivs of verticcs,ca\\cé Cdga

Directed Graph Cor Aigrap\’\) G=(V,E) s
afinike set V o€ vertices and o set €
D( OV‘AU‘QA P&irx D\C vcw‘ticu , C&“cé eéges




This definition rules oat : c&o Oi@

- multiple instances
of the same €Agc

- self loop edges Jor
Undirec\edirrap\r\s % %

TchiV\D‘c()gta —

e v
es Ofigl\/\ T Cs c\u't‘ma'tiov\
u e v S :
O- O -t ncident on kv

- Wi aA\')accn‘t 1o v

amp\\ égme: >7u< d%f€€,= 5

)D"lgraP\l\ A%gf‘eo:

%% Out-cleéo’rea = 4
- d%frce,: 2

Jdentities: Z: iv\-c\eg (W) = Z. out-d%r (w) = |e|
R

WeV

2, deg (W) = 2|el

nev




Row Many c%fcs? n=|{vl wm=1e\
Dgrap\a: O<ms nt
n (n-
Geaph: o eme (3)- "5

A graph / digraph i« spare it m= Oln)
= avcr%re vertex A%fre,e, i OC\)

Complete grap\n m=(v2\_\ @ Ks

Yaths + Connectivity:
’Pat\,\ - S%uma’, \/,,V..,)...,VK ,‘S.'t‘ (VL‘,V(n)é’E

L-Lnéﬂl\ = yum. of CAch = k-| X Vs
Cycle - v,= vy v vy

Simp\c - No vertex or eécge, is repea‘ccé
w is reachable from v if
there is a Pat‘/\ from v th w
éw'ap\/\ \S oonnectcc) 'nC a\l \/ertq( pai,rs read/\a\o\e

i ﬁ ges j@m

Dgfaxp\\ \$ sfrovg‘v& comected if Y uv €V |~y

v&cs X Ve r
w Mm



Q: What is the min. number of ﬁAdcs i
n a covw\e/c’(eé drap\/\ oM N vertuccs 7
Q: What is the min. number of eAacs
n a S'bfov(\gl\&~¢oV\V\ezc‘teA dgfap\l\ on N vextwe,s

Representations:  Let G=(V,€) be a_graph/digraph
n=|Vl and m=IE| '\7={1,2,...)n3

Ad\'\awncy /‘/\atrix: An nxn mateix A /Lﬁ\ze /)
L Gee | o
ALV’N] - 0O 0. W.
(’ . ) 3 2
A: .
-; Z; 0] : AJ\)l I |~1>| 2 3|
alo]|1]|O

/ z 3 [ 5\5’&\,,@
3 2 [
i

AdJacencxg List: Avray AdjInl where

AdyEv] s \heaé of a linked list
o'(: V:‘ V\C\(g‘/\\ooﬂs




De,pt\’\ Fiest Search:

A sustematic process tfor vm’cmcf the
\Iefflces av\q\_ ch)a O]t égf‘OP\m

- Tnduces a tree truckure ow the éfrap\\/\

- Twtuition - Go verter T vertex
\oac\t‘tra&\v\g on\y} w\'\e\/\ a\\ Y\Q\U‘/\looﬁ(
have beewn visited

-A(JAL{:\OV\A\ |V\’(:O(ma{2\ow Yo guiclc seardn:

:Fov ue\V:
W\ar\i Lul - undiscovered = V‘\S'\teé—a‘.ﬁv\'\s‘\ce]
dtul - vhen vac u firrt disovered ?
£Tul- uhen L u Jinished 7
pLud - the predecessor, the vertex
that discovered w

DFsVisit (Verter )

mark Tul < visited Jwis  Qisovered

dlule ++time

for cach (ve Ady Lul)  / dheck V\C\g\‘/\‘ooﬂ

\f ( mark E\/]- UV\ALSCO\/CNAB J Ficst time

Prea Lvle uw /) set pfeéeccssor
| D Visit (v) /. then vint
W\afkf_u'l‘_ifmu\nﬁé )l Qowe (,J\,J(\r\ W
_'FYM—\"' ++ time




DFS((;O time <0
mark all vertices undiscovered
as |0Y\g as t\nore \§ an dndiscovereé vert vV
Drivisit (V)

Exavv\p\c= (Undirected) Od'uw\/ /finish,

return f
return d o return g

return c

visit(d)

return g visit(e)
return c return f return e
return b return a return d



Av\allesist
@\ DFS runs in Time OCYH m) IV\erl)W\EI]

- e hit ead, vertex once : J(n)
— We visit féc‘/\ V‘QS"L“"W‘@ vertex (j(c]cg(u))

—Yotal :
Z deg(u) = 21el = Jlw)
~ Total: Jlnrm) wev

Hie(‘aro\/\'\(@\ S‘tmcfwre: d [.Ul] = éisws/ev\& Time
1w - Finish time
fPa\(‘e\/\t\/\eSis Leynwma:
For oll uv €V in DFS tree:
- A IS &esccmc\awt o{ v & [&L\{\ )ﬁ“ﬂé[d L\A )ﬁvﬂ
vamester vt Tt 2
- othernise [cl[\ﬂ ,ﬁv\ﬂ \s é'\s\')o'wik from [J RIR; lvﬂ

12345 6 78 91011121314



Edg‘c Classi\c\(a‘tion-‘ _\ree st(ucture '\V\Juou
distinct Qég’c {:«(/)Pu Eéjcfe (M,s/)

Undire cted C'n*ép\/\-‘ / /@{@i
Tree cdgc: w discovers v

Back nge-' A“\aﬂ\"}{’ edee (Chetueen

ancestor + &CSCCY\&Z\V\J() —

Directed Gry p\/\f

Tree edge : u discovexs V
Back ec\gc VS an awncestor of W 67
(v udes JL'G \wps)

Fofwaré eAgc: V \Sa V\ov\-(,\/\'l\é AQSCCV\ABV\J(
of u

Cross ccgje,: Amet\r\\veg e|se

11/14
— {ree
12/13 e » forward
----- > back

.......... » CIoSss




Q.‘ C\ESS;‘F\& an e/cége (U\)\/) S ?7?
tree | Cross, 'oec\tfo{‘uerc\ based m
diswvery ,finish ) pred velues

Summor\a:
- Easic,éfmpb\ conceplts chﬁV\it\'D\/\s) Props.
- Pepth- Fivst Search
‘wavew\a_/ Finish time
- Ee\<§¢ classification




CMSC Y45\ - Agonthm Des(ign
Lecture 3 - Cua,c\es ¥ Strong Componm'ts

N\

Dicected A%clnc Graphs (DAG) :
— Afises in:
‘SL\/\téu\md PreceAmu constraints
S
- data structures (rocted DAC‘) R

—Sovfce- 1n- Awree ®) /?\
~Sink - out- A@'{‘ee )

Ac)whu’ty Test:
G[NCV\ a Aw‘edccd gmp\/\ doa it L\Aue A c/vc[e

T‘/\o\g‘n’t&'
Tdea 1: Rq:eatcdlv c\clei:e sinks (or Jovfce.s)
Tdes 22 DFS? How to deted cvdes ?
— tree cc\ae
— fomav'é ecge,
—> (/0SS cAde

S
No cyda !



Pack cég¢ =2 L»L\c Back

Huly? Cant crose edges
oreate c:’(,\es 7

No' T‘:‘) PFS on this
grap\n +(you' N see _»

why

How "tD de‘tect a ba(,\: eécéfe,?
Ld,f]

\ID’{] C\a'\w\:
(U,v) s bac\t ec%éic

(3,¢] .
" [4,5\-_\ it FLul < fiv]

[z, 7‘3\

W w\f\g“f?
=0
If (u,v) is tree or ;foruafé
[0, fiv1] e [d1a, § 1]}
2>fta-fin

]

T€ (u,v) is a cross cc\gc
LAY, $TvT) < Lotul fTul]
2 fra>fiv]




C ]

I (wv) s back eége

n o1, fna] £ 1919, 51011
2ftul«fin

dEv : d:u 't.\W\Q:f“ f;/:

(See latex notes for fwma\ Pfoo{:)

TO’PO\OO'\C,(A\ Sof‘tmd (via DFs):
Fac’c Gn\/evx any DAG G =(V,E), there
(,,usts d \\Y\eéf‘ o(‘c\e\fwlg ml_' fhe \/C,r't\cu

(uv)EE = u<v . PO;J'lIo"a many

HON Jro c,ompufc?
Tdea 1: chezrtc&\\&‘ﬁvxé > sink (or source) v
Put v at end Cor start) of order
Remove v
Times Olntntm)) - trpvial

Olnrwm) - more clever



TBpO\%o'ica\ Soct :
Tdea 2: DTS

- Order \lef{:ic&s M Yeverse ovdem 6{
{IY\\J\’\ tlmcs

- DFS on DAG has o L)ad: QAOCJ
by Claim = Vi(uv)eE ‘F[u]?f[v]

1 IMP\ew\enta't\on

- Push vertices on stack when finished

- Pop stack at end %o vevewe order

‘to Sowt((a (v, €)):

ywayvy k all vertices Unéucovemd

S« empty tack

Sor eagh (Mdisavered weV) FopVisit (u)

POF \S\ ¥ oquu[t

Same DTS
structure -
elimincted stert)
) fl‘y\\d'\ ,?"C‘] -
unneeded

JC_Pth Cw): A -
mark w wisited

:Fov Céc\n Q/ e Ad [u-ﬂ
hae uno\\swvexeé) topVisit (v)

Pus\/\ w onto //-fmu\/\cé with

Time : Own+ ) — standard DTS



Verte = task
Lovgcsf Path in o DAG: F,""’f;lféf)n“l”"
= Given a DAG vhere each vertex u LB
stores s Juration Timefuls
Compite the path that meximizes
Sum 0{’ éumtiom_
—T\'\'\s \S s\no»rtest wva\eﬁovx ‘hmc auu\mmﬁr
- Edges are prece dence constiraints

- A\\ouivg MAXiynwuvm paral\élilw\

~ Approach: Use DFS
- Maintain maxTimelul = ‘Ug{\,\
(f'\YV\C-\ O\C |ov\o’€,s't pat\/\
S
startivc\sd at w
- For w, vistE each V\Qg)’\n\oo\r Ve

TimeLun]
ToeLu] & ma | MXT
maxTimelu ) X {t]mt[ﬂ]'\' maxTime Lv]

timelu]
T

; maxTime [v ]



Long Path Visit (u)

T warklule discovered 5 maxTime lule time[ 3
:ioi eac\ﬁ VE AAJY_U\’X
\F (v vnéisw\/weé) Lovg%’c\,\ \Visit (\/)

. wne Lu )
maxlime fule wma maxTiwe Lu ],
x {time{u]’r max \ime Ivl

On termination , output W\&?\(T max Tivne Lul
ue
max Time Tl

h“’\e-i“] DFs: 14 L Fineal 1

enfwey

o

Does this onl‘a Lork on DAGs ?
’ Can ve use this Yo compute the
lovgut J'wv\p\c Pa{\k (vo Y‘CPC&tJ)
0 any divected grop\,\ ?
Ans: No - But \A\me wt 7



St rong (,ovv\pomem‘ts :

Def: A dgf‘op\/\ s &tmv(\gla (ﬂnnecfceé it for
wery. U,V eV, there s a pat\n
From u Yo v ond fom v o .

fop [

StV‘OV\é\g not
COV""“—\"&A (No pa‘t\,\‘ﬁrmm v Yo u)

‘Dcf: Two vertices w + Vv ave in ‘t\nc Same
strong component if Apsth wtov &« viou




Def: Tf e hc,ol\apsc” all the vertices in each

St(‘ 0\(\5 COYV\POV\&'\t > WC OL)td‘V\ '\'\/\( COVMPOY\&V\t

dlgrép\n . @
PO~

C\OWV\: T\\c covnponewt Agmp\\ s @ DAG

Camputivg the &t\[‘o\/\g C,ovv\\oone,v\ts m a c\g;ra)o\n G=(V,E)
- Use DFS = Jln+ wm) ~ % ¥

- Tdea - Tf we visit vertices tlnc mgoic, ;fécr
¥
‘t\/\e COVV\POV\CV\tS opypear (%) '

N\ N\ scpawu trees of DFS.
Bad order: ..

Good order: i..e..

<.

.......
.
o
.
.

.o
....
o
.

All SW\OOJ{C«A

.................. \ A‘\ 2 tge’t\nbr
Eaclh c,ovv\pone\/\le a @

sepc\rate tree

o
o
o
.
ot

.
.
.........




Lolhat makes an order 60000]?
Keﬂﬂi When DFS visits 3 \/e\rte//, it Jaa not
Finish uwﬁl all reachable vertices are visited
X -Tdea s to visit strone c,ow\'PoneV\'tS N

reverse ‘\'0p0|gicd\ oéder of Componcmt d\istf(‘abol,.

7 Shovss DF
6@ """ trees '45_‘

3 5 and ec\g e
/ »
@ between
! t
component

> This order Oouarantca
that gdges between

\ meoch\ts are. (vods CtéSOcs

o
e .
.
.....
.....
..........
................
.........................
................
.............................
""""
. .o .
.....
...................
.......
"""""""""""""""""""
...............

Hubh 7 Pow an Yo of&o\:

t\l\é componentr Lorthont
\(Y‘Owiveg ﬁ/\e ﬁmgﬂ (,oy\nPoncmts 77




I_v\say\e,l\& OC\IC\F —I_f‘l'ck =
- Covnpv\Te revevse OOY‘apL\ 6[ (\fﬂ\/ﬂf i¢ dir‘cc’hbm)

- DFs(G*)
- Sort \le»/tices iV\\Ic\FJcl\é\ Lg 'ffms\\ 'tivwcs

¥ ¥
Claim:This is the Yh%cfic order
: , - It
(Doesn't Cequire \«wou\cé{gc ) (,omponcvrts)

; X
Tohy ? GOy
- Consider covvnpowcnts X+Ymg ) where
X can reach Y (but not vice V(’,Na) (TK,
- Ta G, th 4 e, 3
) é\ , these ave \rovg Componenls, . 4

and Y aw readh X (but wot Vice Vema) <>

- Let v+, be the ladt vertices
to fivich in X+ Y, respec:tiveltg (in DFS (Clg))
Lemma  : vy wmust Zﬁms\'\ \oefore, Vo
Why? Tf DFS hiks X Firet, & visits
G- all of X before stortingY. = Fv,) >F(w)
X Y T€ DS hiks Y fist, iF S 9
will leé\K mto X , viat / ‘fm'u\/\
G\Ie\rb‘t\\ivg i X, and then
retorn ¢ finish Y > f(\’g) »F(w)




Y
Frovvx ﬂm’s we \r\a\)e,: éiR:

s(6°): > h X
> TnDES(4") waz ) > wax $06y

- Run PES(G) but Favor b\g\/\ f-valyes

whenever st&rtivg o tree G: X
= CDV"'PDV\CV\-t Y tall be visited Q
before X in DS (Q) DFS:
AN

4 D DFES(E) visits strone c,ow\?onen'ts M
S
reverse +opo\gi@\ order of component d\iswabol,.

FiV\a\ algorl‘t\/\w\:

S‘trogs Cow\ponwts (G- (V,8))
R
-Cowmpute G
~-Run DFS (G + reword finish timeg
-Sort vertices \rc\/e\rscly \93 ﬁni:‘n times
-Run DFS(G)
- Whenever we start 8 new tree,
use the alove ovder
‘_Ou‘tpu't DES treec as Strov(\g Covvups.

CO\N‘CLJCV\CIU Fb“ow ‘Frovv\ pre\/ioux o'oscrva'tiomL
(See lotex notes For details)



Time: Let w=|V] , m=IE\
— Compute Q" Olnrwm)  (exercise)
- DFES(ED) * Clwrm) (G hoc @me size)
- Sort vertices: Oln) (radix gort)

- DFS(E) ' Olnrwm)
Total : Gln+m) “e

SUW\W\arg:
- DAGs Actoclicit\a Tativc\g
- Topolcggica\ Smtivgg' Cvia DFS)
- L,ovc\fut Psth in s DAG
—~ Strovg Cowmponents



CMSC Y453\ - Agonthm Des(ign
Lectore 4 - Shortest Paths - Bellman- ford + Diksts

Prob \tm: Given a dgﬁm')\\ LoitL NUMENIC eclgdc
uegh’cs ) wvnpu'ta S'nort est Pa‘tlrxs

Netstion: G=(V,E) — the égm‘)\/\ n=1V|] m=IE\
wiluv) - we'\g\n‘t of e%de (u,v)é t
cost of & pa\t\n = gum of cégc ueég'/\’m

(:)——>(2' H' )—>(5 V) wst=2-1v5 =6

dictance feom wto v ois minimum it
of 3y, pat\h from w ¥o v (o0 if o Pbﬂf\)
Donoted Su,v) . Note: Jwn)=0

s‘mOu\e—sourcc: for & oiven source se'V,

compute  d(s,u) Jor all ueV
(Also, encode shortest pat\n iv\\co.)

shortest pathd form 8 tree



Preliminaries:
It eége, ue('\sal\ts are uniform (e Wlup)=1, ¥ (ny)é€ E)
Jastest a<\§oﬁ’c|/wh \S L)FBQAtﬁ ‘F(rst search QZFS)
Oy m) Lime.
Nﬁgatwe e%e ueglﬁcs?

07> = (Ajtd, Cg. , Lhen C(%ges VVIOdQI ZFW\aV\cia\
5’ trancactions - \owa*—sell
= Shortest paths are well defined
Cdleu) oy loe V\ega’cwc) provided

there are wo V\e(,gatwe-wt u(,clu‘

The more times
&0% go around
t\/\'\s \00)0) _t‘/\Ca

lower the cost
S,u)— - K




Rellman- Ford Aggori’clavn 2
- Sol\les t\/\c Ji»eg le Jouv e J\/\owta+
Pa-b\/\ prolo. Jor ar‘oilc\rér% ec\cge,
Uccigkts - Mo veg. cost cvc\u.
- Tuvented 19455. \/m&Jimp\e
- Runs i time 0(.\/\ *VY\)

Basics: Maintains Jcmr Al veV
&I\/] = uv‘rcnt Aisteme e_stimaJ[e
There i3 & pat\\ SwpV 0( t'/\is st
lout m('nsdb\t not be shortesT JIVIZ4(sv)
preclivl = Pf(g\,ucssor based ow cl-vﬁ‘lgt

I-f W= Pfe«é [\l] 'H'\CV\ .
dl\l] = d{u]-\ W(M,\/) wu,y)

Relaxation: ]
- PrDPDg a’cu 6‘/\0‘(‘ tesJC q)&t\/\s C,For wa YC)
one. edéo“c at a time

relax (u,v)-

if

ey dLul+ Lalun) < d1v]
> > then
. ) Jivledinlt wluv)

p\reé Vil w




Tdeca: relax (u \/) V (n V)E,E PePeet unt}l Lovwegence,

Exavv\p\v (Eadn step indolves velax (uv) on a\\ edges)

6

loellmavx ford ((2 (V,e), W, 3) > S0V L

- for eadh (VEVD) s weights
| dlule o0 p%é Lule null
d Lsleo )3 init

r_eecat / velax all céga unti | converge
converged & trye

for each (Cup)€E)

re\éx (M v)

& Alvd J\avxocé / distance d/\ano&c\7
conve%-fee\ e fale

until Lwn\/e\rfcé)
| Lpred linke define an inverted s.p- +tree




RUY\V\\@ time: n=1Vl w=1El
- Each rcpca)r |oop takes Olm ) Fime

- Wl“ Al’\ow (,Gy\\/egfencc wil‘L’m n-| '\tcVaJtiovu
- Total time: OCam)

Cofrectness:
K(,\g— Cov\siAeM‘ é\me J\qortut pa‘tl/\

- Ea(,\/\ iteration 0‘€ tll\e_ fc,pe,a‘t Ioop
Propagates A'\&ta\/\cu one more Ccégc




Lemma: If G fas wo neg. st eydes,
Rellman- Ford will terminste within
n-1 iteralions + dlv] = JCS,V)

‘PY'DD{ Skeftd/\l (SGC« |8t€4/ notes ’(:Of‘ C!Otal\,()

- B& mduction: After kﬂ\ itevation,
all vertices whose hortest pat]/\

has < k edéfes have dt\ﬂ:éLs,uO

- 1f wo neg. cost c«odes L dny shortest
'pat\/\ has ¢ wn-\ e%gu (no rcpCé‘tS)

= Bellman- Ford converges wtl,
wevect Jistances in € w-| iterstions.

Runmvg time:
~ Eadn reax takes (90D time
~ €adh iterstion takes O CW\) tTime
ba - € w\ Cerstions 2

&3 Totel time= OCnw)




Di\)ké'tfé; A\gont\«m:
— Simple g’reee\\a_ olgoﬂtlam for Single-souroe s.p.
= Retbuiru c&ge ueiglf\tl to be Z O
= D\SCDVCVCJ wm \0(56 'ob :femous DutcL\ Sc[entist
EclS(gef‘ ])i\')\q’(rs
- The best foom a UO*NJC- case ?cﬂpufri\)c.
Move Practica\ - A ‘Searclx\

Dasics: Maintains Forall ve V
d{\/l = wrrent d\'steme. &tbma‘te
There s & P&J(\/\ Swp ¥ o( tl/\is wt
lout Méso’b\t not be shortest dJIWIZ8(v)
predivl = predecessor based on d-value
Tf u=pred IV thew -
IIvl= dlul4 wluy) A

Recall: | relax (uv)

T ALalt wluv) < dv1)
&LV_X"‘ A[U\‘-\" l»)(U\)V3
- Pmé Lvlew




Overview:
-Toit: dlsle o ; dlvie oo o0
B Repea’V
- 56\6(i UN DY 0 (LSS 6é \/C\ff@x b\;\*l\ Mmin cl-\/aluc
| - App\%} relax on all owgabméa e%ga
Detmls:
- Store uanccssec] \lchCic_es In & Pﬂ'af'\'tg
queve, sorted oy d-values
= ’P\(‘iov:Ctla. (f)\)cuc operc‘tiov\J:
Build intial - On)
Extredt min - Cj(lg n)
Decrease kew - (j(lggvx)

C_lﬂgm (G=(v, ), w, S )7 Sou{ce

$or esch (VeV)  ? weights
Luleoo; pred Lule il
dlsle0
Q"‘pﬁohtlé %ucue sorted L‘c’) d-values
(,\Lhi_le (Q is not @nptv} JincchAgz]
w e Q.etractMin () VXA‘:&@;

Jor eadn (ve Ad; ) .
— _relax (u,v) + upo\atc Q if y\eccssbr\a_
Lpred linke define an inverted S.p- tree |




E,d, C T p.b ..... » <
@(Pa't\/\'\'bc X 5_"0_76—7'(,

(,or‘ r ec,tmess-‘
Iv\’m\’c\\/e\«a_ ,Dg\u‘tmi ac‘gori‘chw\ pmpagafds

(st Cforueré N '\V\cxeasivg distance

ovder ‘FrdW\ §. 2\
A Y I
S — - —
>S/S /=

-~

Sa‘(lﬁ \occeusc \atc\/‘ vertices annot a\qec’(
Q\,'\stem&s Yo doser ones. (\\\o Y\%)‘, ue\ith d(fu)



CDW&IV\CJS 3(0\\01»4 JCWW\ t\nc v\wt |6VV\vwa_
[dor ueV, dTu)-estimste SCsn)=trve dist]

Lewma: Tor all weV
(M Tf dTul # 0, there epists 3 paJcL of this cost
@) After w is Procuscé) QU.U\]= 5(5,0\)

Proot:
O Follows loé induction + Fact Hnat c\-valuu
are defined \08 relax op:
dlu] diu)

o N T
Jivle d i+ wlu,v)

(2> Suppose not. Consider the first
vertex u, where dIwl# dGu) after
processing . By 0), dLud > d(,u) ®

- Let & be the set of Proces ed ver tices
priov: Jo u.

- The true shortest pat\\ S U ut
Finst Jump outside of 8- |et (X,9) Le
this edge. Lpomlola‘ X=§,Y=u)



dlul ¢ J(\a‘k

/al\ >0

dIx1=8Gu) diyl= 3Gs,9)

A\raé\g /

Processed

- Sinee o ervors Up 10 row
3Lx1= §(,x1°
= Since ¥ was proc,e,ssu\) relax (')z,\iﬂ SQJU
d(,téﬂg) RIERE w(x)\j\
= écs,’x)’f w(w,g)
=4 (5,3)© Lsince this is the tue
shortest patL]
- Since u i procasd next ) Loe kpow
diunl< d1v] ®
- Since Cécge, wﬁi&;{'\h 20, J(S)U\)Z CSLS,‘:))
- Putfing this Tcgct%orr

@ @ © ®
Sleu) < A[U\] < éitﬂ = J(JM\ < J(S,u\)
T 1

\
contradi dion \

QED.



Ruvmigj time: w= 1Vl wm=1E|
A - Outer \oop — n Ttimes
; - extvact min - \%Jn time
- velax - once for eadh eé\gc - m times
- vpdate key value - lggv\ time
C> - Fibonaci \/\eép - 00) avv\oftizcw\
Total : d(v\\czgn +wm lczg V\\

F\\oonaal \l\ﬂé‘)i O(V‘l?g\’\ T W\)

Summargz | |
Single-Jource Shortest Paths lnDégYeplxs
= Nonﬂ%getu\)e We{gt\ts
:bs\)\utre - O( “\257" £ wm)
- l\)eg we,ig\nts (V\o V\g. C,:)clu)
Bellman - Ford - Onm)



CMsc 451 - Algorithm Desipn
Lectute 5~ Gireedy Algorithms Tor Schedvling

Disorete Op’t\miza‘tion:
Compu\'tc a discrete structure o][ agivcn class
(cg. ,svbset , tree, path, pcy-l:itaon) to
W\ax'\mizc/minimi%e acgiwm OloJe,d'i\/c Fonction
(e,cg. , wst, distance, size) Jul)\juf Yo a given set
of constraints (Cg. ) diJ\'\ointv\ag) connected ness,

completeness .

A Feasible solution satufies all cnstraints
An optimal solution is Jeasible and
W\ax/mimmizes the DL)JCC{—I'\I( qunciiovx
Cxawmple :
Min. Spenm%a Tree: Given a WHHCC{'ea)ucgl\tfc\
gmp\f\ Compute:
structure — SulaJcJ( o{: C(Jé)u
o\o\iedwc — min. total weéf'\ht
constraints - (,ovw\cdcc],) acvc,{c)
Covey al\ vertices



Commonn Strstegies:
- Brute-force seardn —Tﬁeal\ poui'o'\lif\'u - Slow!
- Loca\ searda- Find an mit. feasihle solution +
fepea’td\\& moke small improvements
-D%\«\am'\c, pﬂgrammivg - (Future \edu»fes>
- Greed Y- Ruld 3 solution lo\& \Fcpeefcc\i
odditions (never vevokdd /rc\/emec])
Céc\/\ \oach own \:)ut Choice
Ju\oded' o wumstraintsy
Eeg‘ Kruskals MsT a(lgoviﬂ/\w\
(6dd win, weght e;léye, that

doemt @vie a cbc\c,)

—“/\'\& |€LJ[we= 'che &c\/\c&uligg Pro\a\cvm
- Tuterval Sc,\r\eéuling
- Tuterval 'Par‘t'\omvg
- Schedvle To minimize lateness

Totervs| Jclf\ec\u|iv<\§:

Given a set Rz‘ln...fv\s of rc:gvuts, eacl, Lu‘v(\g an
MtOrval e =LSL ,};1 Lompu[tc 3 Au‘ojct of
nov\-ovex\appiv(\g ref()ue,sts o'f Max. Cérclir\ali‘to

Applicstion: Sc\r\cdulivg events ot o :facilita



3 reques ts

ExAmplat /‘ satistied
Requests: Possible solution: {2, 6,8} Also: {5)6)83
L1 |
2
L3 |
L4 |
6] 6
Time Time 8

v
v

Grceéna Appmac‘/\- Select o rez()uest that does wot

ooV\ﬂiCt ui‘H/\ prim‘ JCICChDY\ + MIN. SoMe Measuye:

- Earliest Start - \(C%uat with smallest start g

- Earliest Finish - ' ) finish , fi
- Sl\ov-'tes't Purstion - " ) ) durstion )J‘;-Sg
- MW\ LOV\f'iC-tJ = OVCW\BPJ fewat GVV\OVg re,ma'm'wg
re%uats
Op‘t'\ma\?
- Earliest Start - X =
- Earliest Finish - - Exerase: Find
- Shortest Durstion - X = countcfwéw\\ola

- Min wonflicts - X “



Earl

iest Finis\/\ First :

Zreedy- wbervol-sched (s, 1)
sorl vequests L‘a_ ¥ - times

prcv Finush « -
'fof (= \ o n)

| prevFinish « {11

S« ?5 // it C\ijfa sc‘/\cAulc

i (sLia» prev qu\\) // no conflict?
oppend 1 o 8 . schedule it

Exavv\p\c,: (Presocted \03 'Fin'u\n t'\mu)

— Add 1 (skip 2:3) - Add 4 (skip 5,76) - Add 7 (skip EE)
2 2
3] 3 3
| ] | 5] 5
6

ing T :
P\uvmw(\) tiwe

&

Oln l%g n) - sort

Jn) - remaining procesiing

i

Gnlogn )
tota



Correctness:
Must show: Feas'uloil\t\e - A wlid schedule (o covithicts)
Optime\i’c\&- Maximzes no. of ret{)uests

F&Sﬁbil}ttez Easa- l\)O {‘eteueft \S JL‘/\CAU\(A Until
5&@ pPrev re%uu‘t -Fiv\is‘n&s
Opt\mal'\’c'a: Not so ey, - Lets do this rié;arowl\a.

et O (x,,... ,'xk) boe any. opti ma\ s«.]r\ul,ule
(wwa \ge mev\(,\)
et (’\=<%U"‘)%\(’> boe EFFéjreeJ\& SL"\CQI,ulC
(k' 2k)
I‘Q G;‘-‘- d, were Aone!
otherwise , let J be smallest index 4.t X #9\\
- G\& dc{ih\f\ovf\ of EFF, {[33‘] < {[’XC)]
- Form Q New Jckeéule O/ \ma v‘e‘o\eciv\g
X \m’&- i Seill 'FCBS\‘O\C + Sme Se

O: 71 Lo || Tj—1 || Xy Tjt1 || Tj42
(G: L1 T2 eeo| Tj—1 (| 95 || 95+1 || 9j+2
O |71 T2 oo Tj—1 || 95 Li+1l || Lj+2

Repeet (\«\'\C\AW\ ihc\,UCtion) unt\l Om’; G = é: \JS op'time\
H



Nb;tt p(‘ololom:
Thiterval Partftiowivg: \Sumoase We L\ave N - man
(esources \‘/)q‘t t‘/\uo cost $“
Want Yo sat\'s{& all rc%uests with fewest resources
?rb\o\CW:

Given a b R- {f‘)m,rhg of rquuests>
eadh with stavt/finish times s, /f; |
partition R wto the smellest num.
of sekbs B,,..,Ry such thet al\

vequests in R ave pairuise v\ov\-c,omclidiva:'

Examp\c: d=3
R : [

1 3
1 2 1
2 1 1
3 113
. _ 1
time time

P
>

v

This is on Qevv\\olc wlorivc\sd -
Given » set of objects + o conflict velstion,
partition wto emallest number of conflict-
free subsets

Numloex O'F SUtSCJt3 = (;o\ovivc\é)’ V\vm\oc\f



éwap\n (o lov‘wg 3

Grraph w\owivg s NP-hard bt

'mtc,we\ co\ofwg \$ W\U(JA asiey .

C‘rrecJ\a \Stra'l:ga $or Tuiterval Partitioning
@)
lowest A\Ié\\e\o\e Color

(g‘rccdg-iwtc\rvdl- pef'titiom (&, () // s= starl

—<ort \o\& start tiwmes ) §= f]‘nisl\
'F_of_‘ Cie{l+on)
X< @ 7 X =excuded wlors

for (\)é‘ | Yo L—\)

f_([sj,ﬂ] ovar\aPJ Ls, )f\--n
| add wlor[)) o X

| color[L) e smallest olor ot in X

returmn wlov arre )




Example:

] 2 ’_l I
2 10
1 [

313 E

L]
time - tlme >

X-123% J

,E/SW\e\\ est é\)é‘l\é\o\g, =1
RUY\V‘.“Qg TiYV\cz

;g{ - Sortivg - O(V‘\‘ég n) o(“‘t)
33 - 2 nested loops L.wnws 1.0\ Yota)

= Zi:(t-\) = O0(n*)

There is smarter approach
that vuns in On) Hime after
Jov*t‘wg - See \eciure, noley.

Corfe,cfnc_ssz Necé to s‘/\ow
-'FcaS\L'\"\JC‘é - Obvious (AUO\A COV\H\'Ctigo' colors)
-Dpt‘maht\e - 7?



QP‘timalitta— APPI‘OECJ/\
- ’_Dcf’me a statistic - &ep’c\/\
- |.ower lOouv\é - Ana Jolution W\UJ{'
ufe 2 c\/CPfL wlovs

- Lkppef bound - é[reeég) 6(%0«&&\4«

vies < éept wlovs

= (:\rc’,e,cltar is opti\ma\

De,ot\n— Given \rcabue,st set R‘ {f'. ,w)rng, "g‘tsn{:(]
+ time t define
clept\nR(t)= m. jtervals ovarlap t
| {iltels Ry

depth(t) =3

A

time _ time |t
and: dcpt\/\ (‘R) = ?78)( Q\,Cptlﬂp_('t)

Cearly, oll \(‘C(()U&SJCS Low‘t'llauhyc\g to 60;9“/\ wnflict ..

Lewmd: For ame é—u)\oriv(\éa’ o(' R, a2 c\ep'l:h (’R)




The 'Fa“owi%rf impha tlnatéjrecég s op'tiv“a\

Lemma: The grceém& aliwi‘chm (gemere‘tu 3
where Q < ée,}otlx\(R)

A—crolo«ivc\g,

?{'vo'f: Sumoase +owasz Q con‘tfé é'\g{iov\ t\/\é't the
;o a'ﬁﬁt time S wb\emgmeé\a uies Mmove

‘t\l\évx de'otlnk(sﬂ wlo.

3

Consider time T \)uft prior 1‘0 § U

dept‘nk(s 1) = c]epth(t)*l@

Gl
~ .

Lot d = V\Um.éjreeég wlors st -t
timc 1. Sine S, s ﬂ\e \[irst CYroy :

d ¢ degth, ) ©

T\r\us) tl'\cwe are. d 6)cc|ué€A wlors in X

when s; s Procasscl. Timplies that
greee\a uses o o
dt1 £ depth, (811 = depth ()

Contrdéiciiv(\g hm) ‘tl/\e't ercor at g 0O



??? Q: I€ requests Were Sort(’&l bv &
d'\«wi%\t oniterion ) would tae
é\gorﬁ\'\vn still be opt\' mal 7
R Can we W\oéifa tlr\is to wlor
graphs 7 (NP- hatd!)

Scl\céuhvg To Mimmize | aten ess

- Tasks vather than TC%uC&t'S - X Smc,...x“%

- Exewtion time- t¢
~ Deadline - &;

- App“@twn — How\euo\rk aSJibo'V\W\tV\'tJ

O\o\')e,ctwc:
- COV\APUC\"Q start times S={s,’...,sn3 s.t.
~ Tasks do net ovcwlap Ls; 1. -.\“[55 )'&1:}5
where F= g4t
- M'mimi%e \6f6ness - max. dcac\line. eXLSS

'Qi ) MAX(O"{‘_J") How for \\oeﬂoné
'H/\C e\caé ‘iﬁc_ J\A
mox. lsteness: you finish?

LGS = max ,Q(

1 sién

M\/C\aaw woret deadlive

X (LSS (wot sum)



Input: Possible solution: Optimal solution:

b, 53 ]T3 s1 f1

. BT [+

1 2 | max lateness

e Jemm=

— [T Lk
= max lateness 4] I

time dll d'2 dlg d|4 d|5 dll dIQ dlg d|4 dl5 dl1 d|2 dl?, dl4 dIS

é(rceéucx} approao\/\

— \S(J/\cclule, \oascC\ on fomél Lrijre\riuvs

- Shortest dugstion firct - Sort \m&'tt X
- Esrliest deadline Jcirs't~ Sort \1,3 d,
= Smallest slack fint - Soct ‘og J;-t; X

gﬁeﬂ)&- lstencss-sched (1 ) d)
soct by deadlines (d,%..¢dn)
Pfc\f Finulu— O // whc\n prc\/ fesk Jcimslneé
Dior_Q‘— | o V\3
S € prev Finish // start after Prc,\/ 'Fimsln
prev Finishef e scvty / update finish
L, & max (o, £;- ;) /] \ateness
retomn Ls, o 80 Lemex §; /7 cetyn start times




Ruv\mv\g ﬂmv
- Sortig - Q(nlgv\) }’Totel: O(V\lgh)
- Prowssiwg- Oln)

Corre,cfnc.ss: Necé to sb\ow
—Feas\\oi\:\’cté - €asy - No comqidtiv%g tasks
‘Dpttvv\al\t\e - 77

Lemma: T\r\egreec)a a|<§orithm Mminimzes May.
la“:w\ess.

?roo'F! We me I'lm'\t (,om'\écre’tioy\ o
;c\(\eéﬁes that are slack-free”
= 10 giops betvseen tasks. CGmcég
\$ \s\éc\(-{:\ree)

- let O be ony |®chess-opt’|ma| ,
slack-free <chedule .
-~ TF O is deadline sorted - wéve done! 0+(
- O.W. \ch X ¥ %\) loc {imt (,ov\secu{'\\lﬁ
PaIr not in deadline order dﬂd\j
= Ll swayp them + show thet

WX |th(,l/\€$5 G_h on la ACCY‘&&SC-



d; d; ¢ d; d; t £
o ti o tj b
: G

eee| 2 ] : ] 2
IR 8
0 G

f L .4

g
- Let Q?a— L e latenesses loelco\rc Swsp
Q? + Q‘; . after swap
- These ore the onl\g lotenesses affected

" Ll Ao show 8 SLWp mproves
J J Y
wen (L0 08 ) € wan (1, 0] ) "o e

- Let t be wrrent time
- For J'\W\phd\f\a »y QIUMme o\g*o)\') paSS&Jf ol\')< CJL <t

( Excerdse- Fix this ) G Loe @an ignore
O
- Olbsueve : max
J o
0, =@+t)-d; Ly Certet))d;
Since dﬂc!j ¥ 'l:;)ZO 5
L = (et ) b-dy > (Erta)-d = 4
= vv\ax(Q;a,Q;)= ﬂ.?
- A\SO?
P J
L.=(t+ ’cpti)‘c\; <(t+’c;+tj)~éd=ﬁj
U5 st +t)-d; € (eetivt)-d5= 47
— Thus:
6 6 o 0 o o
Mmax (l.-“!zj )¢ W\X)‘(«QJ ),Q.) ) = VVlb‘X(l; ),QJ ) |



Q: Does wrhest J(;éd,me 'first

minimize Total Gom of ) lateness?
-If ol what does ?

Su\mmaréz 3%“150'6,( o'F o’reeél& Jolu‘hons
Yo Jimlole sJ\eAu m&:r Pro\o\um.

Tnbervol se'/\ec\uliveg- Eacliest finish first

Tnterval Par‘titiomnd- Smallest éuaileuc (,Dlor

Mimm\%ig Max Lateness- Barliest deadline 'Firyt
G All O'(n\o(g n)



CMSC Y453\ - Agonthm Des(ign
Lectute 6- k- Center Clusttvivge- Gonzalezs A}govc‘thm

(:rreeclt& égorif\nm Oﬂ'ﬂV\ USQJ 1’0 apboro%imate NP‘ \\aré pvo\O\ems

Clm‘mg- C\\'ven 3 set o][ Points P + disbonce ‘ﬁmdion,
‘\lart'\tion it wto simi\ar (groups , LA“OJ Llus'tm

{C\,'“ )CKS

Cmtc\r-\oascé dusteving -
S
Compite 2 set of dustec centevs {c,,...,ck}
and clusters are irvnplic;ﬁt[vc)~ defined \"'(’} distonce

N(CJ = Ju\owt Z)l[ P doses't 1'1) !

Two varieties -
- Centers must be (J/\osm WCruw\ P (é’uc\rtte c\ustcriv\\g)
- Centers can be éh\a. poin‘t in spact



Three Common Contor-Baged  Clusteri s’
Compite k center points To mimmize...

Vel | ~

Sum 0'( Sum of sq)oefe,c] max o{

k- median / k-means / k-center

... Euclidean distences
Yo nearest center

Whidh is l:»est? 'Depcne]s on epplicet\'o\n
(eg. , Sewgitity o outliers )

He\ps {'0 unémfené t‘nc Jiglﬂ-du&fcr ese (k:\)

1-medien- 1D - medion

JdD —» l\aré '- ﬁgxfme{'-(,\)e'ocr Pro‘ol(,m

1-median = median 1-médian “u.

°
®
<—o—~—i~ *—o> ]__means o %o
\ (@)
°

l-means = mean i e o
L e

1-center = center 1—C'enter

.
.
.

4—&—.-.—.: i & LD

el



1-meens - 1-D = mean

d-D - cc,wl:roicl (ccntor of W\ess)
Edsé"\'o Low\pu\'t(, n av\g) éimcmion!
Toke wmean (,ooré. Véluc m Qé(,l\ éim.

k‘ M&‘.Y\S s Ve 6 (Populéf = L\O\é}é:\ A(lgori‘t‘nm

1-cnter - 1-D- minoin’C £ min+ max
d-D = center of min ev\closivg ball
(Con wm\ov\"'t in On)time,
but tricky algorithm - foke 5 754)

Metric Specﬁ
Distance function & PxP > R
-48(pg)2 O +dpp)=O - TPositive
- 5((},!6) = é(%,p) - 53Mmctric
- d(p,r) < 5(p,r6)+ 5(%,(‘) N A‘Ine%ua[it))

k- Ceniter Problem:
Given po’mt set ? in & metric space GV\A
k2 l,cpvnpm’rc Cef o]c size k To minimize max
d'\.stemcc, To dosat covter wm C.

Note: Centers must be drauwn from T



More formalla— Given C < f, claﬁne o'z)JecTn've .

AB(C\ = MeX wmin é(p,c)
peP ceC

,Pro\o\f;vvx- COW\pv[tb d \L—dcw\cnt set o minimize fLis:
min Ac(f)

cep
IC\=k

C(eow\ btv“n C iY\tU‘Prctetiom -
Covex B“ Pt( 0\( E
- k balls (centeved ot pts of D)

= Minimgm radivg v = AE(C)

Input: | '.:: ) k=6

(:‘OV\ZB‘c%'S A(lg’om't\nw\-
- G\reeév& v overy Simp\e
- Zx-approx. o k-center
- d(k-n) time



Tutuitive EXp\ev\atiow
Rqoeefcélua_ édc\ ﬂ\e, 'Point 't‘r\é't X
(Fértln est From its closest center

(gg&zelca (B,X) 7 Gonzalezs k-center

G #

Jor each (p eD) (H_P]‘_ +0 /. imit . dists
io_r ((e | 1 k)

PE pt f P st. c)f,p] is max /[ forthest P‘t
2dd p To G /| ... is next center
fir_cecl,\ (%6 P) update dist to dosest
dLg1e min (401, dist (p.g )

| retumn G / Fina\ centers

Exemple - 1=4 A= max distane To dosest center
= L)e“ rac\ius

farthest pt= next center

1=4




Covrrectness -
Feas'\\oi\'\\'g - Clcerl\a the 6gorit\nm veturns
a wlid clustm‘vc\sd (provided \P\2 k)
(Approﬂ Op’timal'\‘t\a - Will show that our 'ﬁv\bl

cadis € Z gt radius

é{iVG«V\ ony et Ce? » rccell tL\ai olo\). fn. is
AB(C)=' Max Win J(p,c)
pef ce
Let G = outpu’c £ Gonzalez
O - OPt. k‘CLV\tLY‘ Jolu’t\'on

Thm: AB((X) < 2 Aﬁ(.-g)

UJC’H Q\rop ‘l"n'u
Juleri pt

At 'F\Y‘Jfé'év\(ﬁ ‘t‘/\ij Jeems \/\opc‘w )
- k-center is NP-herd
- We carmot know what A(G) s !

Stre’tg«a-
- Derive an eeS'llta wvv\puJFé\o\ﬁ estimate, A,
- 5\'\0\&'- A(d) 2 Am{vs
-Shov: ALG) € 22A
S AL) € 2D, € 200)



Notation:
a;- {3\,‘..)%(8 ~ the firt 2 grecclta cbrs.
AV A>G,)  ~ forthet Jdist Yothese drs

]:W\%gme thet we von one additions| iterstion
o ge‘t kel centers G "

The tt\eov‘evn ‘Fonmm ‘me 3 daivm-'

Claim 1: (Cw‘ceévc} Qlistevw,es c!ccrcese)
For 1€0¢ kel Am <A

Pt As we add more centers, the dist to

each pts closest ctr. can never increase.

ClaiW\ A (ﬁrceévc) centers are novey dosc)
For 1602 kel every. pair of centevs of Ai.

Gi ave ot dist 2 A, @
E%)‘“‘ttivc‘g vkt S 20,

@
Cof‘onérg e %,%'6 Gkh:} 5(8,3') 2 Ak = A(G}




4. (of Qaim 2) B~a, nduction on . Stage i-|°
- At stage -1, \93 iV\échCioV\, all "—"
d:(‘§ are Sep. \o\& dusC 2 A “\'f-'f/;A"'L
~ bada‘,m 1) Aiﬂ, P VAVR Stage i-'
= Gonzaler choie > iw center et dist "’\T'/'};,Ai_'
=, from it dosest ctr R
> All enters ot dist. > win (A, M) = A )
from eadh other O
Define: Awin = A J2= AG)/T | Tmportor

W
e Juré
under st

Claim 3¢ ( Din s 2 lower \oouy\d)
For any st C <P of size k, AC)ZA,..

Pt: Ba_ éc{‘, every pt o{ P lieg wthm
dist ALC) of some pt of C.
- Since Gikﬂﬁf, every pt. of Gy,
/ is within dist ACC) of some pt of C.




/

- Since \Gm\= k+l + IC|= ket least
Two pts of é‘m\ Are within dist A(C)

of the same pt of C. o e
, @;gu’?{mo‘?

? 34,9€ 6 ceC st. ®
$a) € ALY + 35, )¢ AC)
- e have:

©
AG) € 8¢q,9)
< JC%»‘J" J(c)ca/) (A—ine%uaht\:))
€34, 8y,0) Logmmekey)
©
SNCARNNCA

= 2AC)
by Def of Awin

2 MY A2 = A
In conclwion= Applxgir\g Cleim 3 o opt,(j,

AlQ) = 2-Aan € 22A00)

élf‘ecég, is within Hctor 2 of opt. ]



Examplc (in 1D)

k=3 Opt

Gonzalez
15 % 3
a \
T /\*G T T \U/ T T @
12 0 2 4 6 8 10 12

Jumma% - ketenteor - NP-hard dustering pro\lole,m

S

= Gonza\ee = (:N‘ceé (\9 é!g. 1c0Y‘ k-(ﬁnter‘
- Factor 2 approx. to optimum



CMsc 451 - Algorithm Desipn
Lectute 7~ Greedy Approximation = Set Gver

Set Coyer - Cover a dopmein vith a Minimom

Y\UVY\\OQM of sets

APPliCé-tiOV\J’

Sovveillonce - Place ¢ win. number

o\c mevas in art (g’a“orto,

|

(n)ireless /Ce“u\ar Covevaoe - P\acc min.
number of wireless (oufe\rs/ cell towers

—_—

eateccectoces

o
o .
o . . K
o . . o
. A .
. B
. K
= o
. .
»

o

o cover some region.

Wor kforce SC"\ ec\ ul i vxév - Given w'f\em / W L\efe

evvxp\oeoees can work, schedule Yo cover

all ‘ti\mes/ locations -



Sct&astem: Zz(X,S) Where:

X= {’x‘,...,?‘nk domain o\c
‘ﬂﬂivgs to be covered.
S =15, 5m3 collection of sets
that @n be used 1o buld the cwver.

T\r\rog\/\ou't‘ n= XV, wm= |3
(/\)L AYYme: S,V V...V§, = X L ‘S COVEYS X

Set Cover Problem - Given o set Jastcm X,
Find smallest number of sets thet cover

6“ elemmt( O’f X Fewest num. of

Jets
e, tind C Sil)...,mz of win. size s.t.

U- A SO T X < ovevr entive éowuém

L€
[ QX S3 r84 r85* (83 (84 [85
- 51 L ® o 51 o o ®
€
o S L [ L L o [ L L
59 S2
L [ L L o [ L L

S6 || @ [ [ S6 || @ [ [ C=i3,"',5}




S1

S6

Bad news: Set cover is NP-hord.

(;rreeéa_ Reristic- Repeatedly odd the set

that covers the mast uncvered items.

nweX

C

.

while (U # @)

Le UN s

(gr_w&\a-sot- wver (X)) ‘2

/U= unwvered items

A C = indices of covey

L& sel 3, oveys most dts of U
aéé 1 o C

// cemove covered items
_r'c'torV\ C A (set Su'ot\red:'\ov\)

coyes ©

7

] —

|-

S6

[oooo]ég

S5
)
[ J
[ J
[
[ ]
—J

/7 Final cover - iS\ 33 ,51,533
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o
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V2
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&
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LIl prove Od(“‘lér heuristic gives (I le) dpprox.

[0 o o o |&




]Zuvw\ivg Time: Tlwm) n=1X\| m=13|
(see pdf wates for move info)

RBad Case for Greeélai

S5 S4 53 52 S

S7T||e||e||l®e /|l © © e/|l6 © © © & o o ©

Ss||o||o||l®e o/|l6 © © /|6 ©6 © &6 & & o o

S6

IX|= 22-7

Opt aver = 157,953 - 2 sets

Greté\a: <, 87,55 all wver 16 > take s,
Sy1,87,85 ell wver & 2 toke S,
sa,37,5g all wver M 2 ke $4
| ’ ‘S“)SS 3¢

Greedy tokes b sets
We can cgencrahze this to 1X]|=n= Zk
Opt(0) takes Zsebs. Greedy (&) tokes kil

VGl lgn ~
APP!‘DKimation votio = \T\ A '(%‘ = (jclzg 3
>lgs by,



W show that Appror - totio € lnwn = In IX|
Jor ony. set system (X,3)

Thm: Given any set system (X,S) , let
O = opt set wver, G=greedy set wver, then

red
o < In IX| "7
Lahile true; wel
Proaf: Utility lemma- ﬁ\iﬁ?&&é
lem: V>0, pece of

/¢ 5 ex 2.7\8...

(-%) <e

Pf: Fact: Ve, lcese | | .
an

Setling 2= ‘/c,
73
Cg 2 I“/c, < e \/L

2

¢

let o= IO‘, %_KA\L\/, Onest! (Simpk(—\'es me{l/\)
Wl show 9-€ J. In W , V\=‘X(.

(T\ws,wc're \S\\ouiveg: lG\\ < 1+ |0y |X|)



l\)Oté'tiOV\i Let X;"’ ttems 't\na't Cemain un covered
st end of Lﬂ‘ iteration
n; = 1%, (=|mm@|‘§mat\aw)
(ho=W)
Observations:
- M start st%ge L, N, items remain
- Jver of X of size @
= Javer of Xy, of Size 0
> d set wovers 2 M/ tems o{' .Xg-n

( Pgeovx\f\olc privxciplc)

EX&WP\& Covered w edrher
o © e [ -
(7]
° ° [ — o
o o e .
°© o
-] 0 ( °:.:_. 0 —
- [ (] Q ..... o"
o e C ........... R
(Z\fgfi\g I\ jhems vemain = Wiy

= Since ve @ wver all with 6=23 sets,
some set of S vors ZP‘/&\ =Y elements.
- Gree 33, muwt wuor ot least this Many



7 Greedy wvors at least "'/o

> n, < Ny (\m \/d) remein
\/ ) P Eadn stede reéucu

no. Y‘emamm(g lo

= i (\_

x(1-Yo

T By induction: (%)
ne <€ n, (- ‘/d) ¢, (- /u) n_,(1- '/o)

< V\(\ l/O) R(cel\ a.:l("-l

- APLOJ‘ iteration %_ , still have 2 | ijfcw\ emain.
Ok
2 1w, < w(1-70)

- Bt& Uti‘iﬁu& Lemma | (\' /o) < e o

> n(e /o)e —% n/ et

y)

> c/" *n

%/0 < \y\ ) (teke vy \ooer\ SiCle)
lgl-1 Singe 6=\Cﬂ\“

>
Gl < lwn . o-|0)

4

Icg\nwiwg t\ne“'\ﬂ, tl/\is s ?\‘,\a‘t 0
Wweé (Jenl |



Row Bacl I$ t\/\is?
- Idc,b“\a_ eppmx. ratio an

be made arbitreril\a small — (I1+£)- Opt
- Nuet best - Approx ratio

is o small cwonstant e.g. ,20pt ,20pt
- For set cover, approx ratio

gruws Cslowl\&) wiﬂ\ onmeiv\ s\ee - (l\n \X\)Op't

Sum\maw&:
- Set Ve - A {Undam Lntal Dp‘timiza‘tion Pfololew\.
— NP-hord ( lator thic semester)
- (:;meétg.- Asm\p\e hevristic
(Take ‘tl/\c &et oo\/(xiveg mosT (cmeim'vg‘)

- Proed grwé\& S opt-dm N o= IX

- Ho\oe for better 7 No
Cont beat O(l%‘f n) ur\'as P=NP



CMSC Y5\ - Agonthm Des(ié)n
Lecture & - Dynamic (Pfggre\mmig': (Aeg\.tcé Trtor| Sched.

D\eﬂa mic ’Pv‘zgre\mmiv\ﬁ’ =
- A-fuv\damch'te e(lgori'tl\m clc,{ibdh P{‘indp'(

- Tvolves raum\“\/bl\& L,rea\(ivg o) pro]o]cw\
mto sulopro\o\cwu
- Optivv\a\ Ju'o.(tructure - ?fopCI Jf}) Oll some
optiw\}za‘hon pro]alcms. To obtain &
glalaa“g optime\ rc.sult)al\ JULP(DL\CWU
O G
sh ou\é be JO)VCA QMQ

Isv‘ft this o\oviow?
No- Sommetimes it
is betker to be
JU\oOVti\MB\ on one
Ju‘apro]o\cvvx S° \‘QW\
on d, betker on
svother sub pro‘o\cm

- DwdoYJeA in 14501 \oa
Ridnard Bellman

- Bellwen- For d e&forﬂ:\’\m
- Goined ‘H/\e tuw\

"(,uﬁc, of J\ManionalitO"

O\Ief\éoopiveg JUl)P(‘oL; lewu -
-Prevents VV\ct‘/\ Dclj |i|<c é’\\/iéc-avxé - oy %uev‘

- Can be solved tOP-c\uww o
looH‘OvV\-V)O



(A)e(igk’cﬁé Tnterval Scheduling -

éﬂ\la\é sct 0{ n re%ues A} to loc SCI’\CAU|€J

on an &Lc\wi\/c Yesource.

Tach v%uest has
_ ctart-finis), time intene - [SL,‘(:; 1

- veight o wlve - v,

Olo\')ecf\'\lt- Sc,‘/\céulc o set of V\ov\—a/crlap\omcg

\r%uu‘ts To wmaximze Sum of weights .

iput

S

Ean\P\Cf ?eop\c make ‘a'\és to ure
Plonic table at locl pevk
Lsi6 - When the wart To uie
Vo T dmount t ea'l\ Pé&fw ule

optimal unweighted

optimal weighted

1

U
1

1

opt = $14

Niote : CWeeéla does ot wovk
for wegyhtcé version.




Recursive Formulation:
— AJJUW\C fe%uut-‘ Jo(‘tCA l’)a ‘FSV\\S‘/\ 'bm(,.(
— Consider the lart rcabuest

Vn

r

Sn i
- Two Poﬂilp'\liheg:
(13 [-Svnfn] wot n OY)t JCL\CAUlC

= =Tonove b+ vewrse on Yequests 1.on-|
m ¢ % () %
o Tl
Vn-| / /
Sn £

@ Lsnfnl is in opt .scl\u\,ulc

- Add Yo cdhedule + v

- Skip oJer\éPng intervals {pﬂ,m,\/\-\.s
-~ Recwse on reabuests .. p



When ve 3dd  request ) To sdhedule,
%\0\»‘ Wanvy. Sl\ov\é We s]up?

Sp — Remember:
|:I Sorted L,
A l:tl S\(] -F \/\ i 3
: —: - P sh Tim
Pr'\ox(‘ ()) | EI|
........... 5 .

DQ’(:W\{i $or ERARRY

pro’ ())= V"‘P@X st icp < S
(or O it theve is none )

E'Xéw\plﬁ O€ p\(‘\'o\(‘:

.

intervals and values prior (])

] 1.1

S U == W N =
:
\].

W w o = O O




Optima| Tatal Valve:
:rrov' OSJS n, U())z Wax \/alue
’PQSSi\g\Q foc fe%uu‘ts 1,2,

O  (basis) W j=0
N = WD Gegect) "
Vot W( fior(\)»
) Py
(e u.q)ﬂ

JkiPJ re%uc.\tj
that ovcr|éy )

R(CUNNL ivv\P\er entation: (vl- \,\)L\\a ‘H«\'S \$ loaé’)

WIS(s Cond FLLnT, v Lind)
] Sort T%u&st& \b‘cf} finish time
Covvrpud‘t pv(ov*is'k (for IS\')SV\)
| vetum e TAIS(n) / total velye

&‘«_‘\/H—S (-)) / valve of 1)
.lf (J= 0) vetum O

cec-WIS(y-V) 7/ dont toke
Q\SQ, \fe:t\NV\ YV\ZW{

Y [j W e WIS (wiw[J ])

I tsxe




Cofrect - Yes—\'\uft iW\p‘QW\QV\'lZS 'Fuwct\'on w(_\)

Too Stow! by 7
et TG = nom. of recorsive alls to veclls (o)
éwf'\givc\g ‘Frovn (cc_WlS())

Suppose prior ()= )2 , Y —
o —
—
cec WS ells: [

~ fcc-b\\\i(s-\)
( - vec- | (Pﬁov L\ﬂ) = yec- (NS ()—Z.)

wis(5)

wis(4)

[wis(0)| [wis(0)] [wis(0)] [wis(1)] [wis(0)] [wis(1)]

[wis(0)] [wis(0)] [wis(0)| [wis(0)]  [wis(0)] [wis(0)] [wis(0)] |wis(1)]

[wis(0)] [wis(0)]

= T(')3=T(J \)*T(J 1) } Fhonacci |

+ V(o)=\
Grows fast !
\l' o \ 1 3 4 §.. 10 SO
T(\ﬂ \ 2 ZMw] 306;

o Lonacc.t grows
How ATRYS lvv\Pro\le as §, b= =(1- f)



Memoization (aka. caJ\mér)
Tdea: After compw\‘ivg W(\ﬂ save it

3N afrsy say, WL

-No€ time we need ks \/e\uc) \00]&'3[ up-

- Results in man 'chtr Yecuvsive calls , O(“)
t

Lookup

UPdateé implementstion:
- Sort lole‘(:m'ul'\ times —k (65 \o&of&)
=~ Compute prior L1 Brroy “
- Twil: W['ﬂz -\ (mean "ondefined )
- Afra\a: decepl Li.n]

0ot

dceept [ﬂ‘*"\'wt - eacp’t (ezkucs’( \)
false - re;)e,cj( oo
""""?* (/\)e'“ Jse 't‘r\'u 1‘0 c,om‘brud'
final Jc\/\ec]ule (\aﬂr)

- Yeturn wiemo- WISC)



\Memo-WIS(J) // menmolzed WIS

if Cwej = -1 /W1 andefined?
f()=0) WO /] basis
else

rejVal & memo-W\S(J~\) Il rejlace values
acc Vel € v{J]+ mcvmo-\l\HS(Pﬁ"mf lﬂ)
it ( Vol > accVal) )/ Letker To VeJech

W Y.\')] €y t\')\}a\
|accept [ eAalse
else [l betler to accept
Wijle acc\al
| [acept Lile tyue
refc;w W [j] /I veborn yalue

E’XaW\p\CI (W- values are created b sttom -U\OB

W
0k [0l [0 | accept
: o BB B 5 5
1|2 ] 1[0 = = 2 T
= 9 6H (6l [6l|[6] [6 21T
2 [ 6 ] 210 — —] ] |
| 3 6 [6]]|[6k [6 3|F
3 31 - | O | L
— 4 THI7 |7 4T
: | ! ' Ho 50 B 14 (14 5T
5 513 o - — =
6 6 3] L L | |

Puvw\ivg Time - G0 Lntl rec. ealls, each om)



Bottom- Up CDVUtYU(i(OYH
-1n PTéCt\'ce U s often wiore eﬁ\‘cicv\'t
Yo unravel the vewrsion,and buld W bettom-up
- As before:
- Sorted b\@ inish times
~ Prlor L.1 wvvxpwteé

\ﬁf‘:tow\-up— WIS ( ) // bo‘ﬁom-v\o imPlCmcmtDtiow

Wiole o [ basis
‘?ov (e lton)
\rc\s Ve\é—WC\j-\] / TCJ /acc valves

acc\Va\ & v+ W[yriortjll

IS (rc\)\/a\ > accVal) )l bettex To \/e\')ed‘

W Y.\')] €y L\')\/a\

|accept [ ealse

else /I betler to accept
Wijle acc\al

| awept Ljle tyve

retorn Winl //€inal value

Ruv\V\iv(\g Time - O (o‘ovious) ~%
[Aswvv\'wc\g sorted + p(ior qu\pud‘cé ~

— O (nlogn)



Computiag the Finel Schedule:
- So 'ﬁ\,\f‘ we ov\lsa (,o»mpvcte. ’d/\c ﬁv\a,l \lalue )W["‘]
- Use the aceptil orrey) "\'Uéjuiclb us

Stact at end (\ien) + work \oac\n (uwt;l J“O)

i§ acc,cpt\'.\'\_l =True: skip over
~odd o schedule /[ opiI
- Continue u}t\/\ \'\G—Tmor[j]

6\&&:

- c\ov:'t GAA Yo Jc‘aee\ul&
- continue wit\f\ \"(—\]‘\

gi'E~SCII\Lc!U\C () //gﬂt ﬁﬂa\ Jclr\Cc!ulc

jen /I start &t end
sthed « @ | wit empty sched.
w_\/\ﬂe (4>0)

if Couept[l) 7/ acceptel |

Prepend €yl o sched
_\j & priovy [\3:\
else I rcjccicé\‘)
L Ly< )

return sched /7 final schedule




E’)(.amp\ef-

: pri accept
J rior -
1 2 accepted 110 il
. 200 o [T | Accept 2
?) |I|35 301 3F ‘_ Reject 3
A 7 410 41T
- 503 50T ;Ac§ept 5
6 v 6l3 6| |- Reject 6
Trace: \')(— 6
ecccp't[(»} F jeé-1=5
sccept [S1eT a5 jeprioels]= 3
écc,cp't [23-F Je 3= T
ecu,p‘t L-T add ‘L)\‘)e- pﬁorb,l= O
J=0 = terminate 7
Nate: Even 'tl/\ogg h
acc,cpt M3I=7
dceept LI 1=T
we never visit these
6L)W\W\a\ra—

- Twtro. to c\,t)v\e,mi C Proo*v*emming

- Recursive structure (Julo]:ro]olevms)

- Pr'mc,i\o‘e of optime“t&
- Ue{gt\tté Tnterval Sc.\'\téu\ivg
- Recwwsive (ol )| W\cmotzul)

loo‘ﬂ'om © UP



CMSC Y45\ - A!gorit\rwh Des(ign
Lectute - DP: LCS and Edit Distence

S‘t{‘i Qg&s- U&eé wm Aoc_uw\{;vft ’procwifg &

Co W\pdta‘tione\ Lg(V\OYmQS

“This |Cc,turc - DtﬁV\bm'\c_ ?regfemm&gr (DP) a&\bowit\qmg
:s:o\r' Ttwo Stf(ng prou;ssirg 'Pfo[a\ﬁmsf
- Lovegeft Cowmon JubJuiuemu (LCS)
— B4t Distance

Motét'\c'm* X \s @ String = <’X,,-~-,'Xm>
Over sovne gpkebd 2
eg. T=1ob,c,523, 2 " 1AL G,T)
\X\"' \cvgt\/\ of X
X prefi)c LT, XY

A StﬁYg Z= <2\,-~~ ,%;7 15 d J‘uLS%uen(,e o'(
.X'\f 25 dnovedtens & exv in ordeyrin X

655- x = [A[BIR[AJCTAIDIAIBIRTA
7 = [ATAID[ATA




Given Stﬁvgs X+ Y , theiv lovgat
(OMM OV Ju]olc(&ucvwe (LCS) IS @ Wmax

\evgt\\ Strivg that subur()ucwc,e_ 01[ Lw“n

Example :
X = [A[B|R|A|C[A|D[A|B|R[A|

\\ /// / : s - CTERTSETS
v — [V[A[B[B[AID[ATB[B[A[D[O]O]

Note: The LLS is nt umgue
Les (ABCY ,BAQY) = KACY o BC)

DP Formu\a't\on ‘Fo\r LCS:
—Dewmp01c into Ju'aprolo\erm (Y‘ecumi\/c)
- ?rinicip\c of op’timalit\a wall a)apl\a\
(Subpro“ﬂms Jl’\auu ‘oc Jo'\ICJ op‘tima“O)

De\tinc? For OS¢ m OS\’)S n:
!Lcs(c,j)= Ievgt\h of LCs for
prel‘im X‘ (7‘.-»7‘&7 VY)’ <(‘)\ ‘95>
€. Xs- (ABRAC) Y, { YABBAD)
Qes(5,6)= 3 ({ABAY)



Rasis: 1f =O o« =0 (empt\&string)
then LS i cw\pta

> Qsi0)= u(0,)) =0

Last dnaraders matda: x =g
(SUppose %= Yy ‘A
Claim: LLS also ends in ‘A
Proof : Obyiovs. T not, we wuld etond

\t \o& éppcv\éiv&g mn .A..

- Since LLS ends in ‘A, We M3y s well
assume it comes from Mat\nig: % Lith 13-
(:T\\cfe \$ WO \ocne‘('\‘t ‘Frovh Wié'tdf\i\/g Ct earlier)
- Once matdhed | x; vy, ort elimated
from further wnsiderstion.

- We &\I\OQ\é— Ao our “ou{‘ wiﬂ« ‘FQVV\é\V\ACTS
Ky <x,...xi_‘> ¥ Y’l'\= Yy Y 7

Xy

Xi A Xiq A

\ L
> les(i—1,7—1) +1
/

Yj
Y; A Y A

> f =) sz falil 50+ L




Lést o\f‘éf‘édteﬁs c!o woC VV\d't(JA: %i 7'-' ‘35
-Either x; or Y; or batl, are wit in LCS.

- %; is nol in LCS
- We wmow ignore x; < tontinve W\a’tol\inéd
emeinder XL-\ =<X\ ...7‘-H> with Y\;
D> fuli),)

K Xi—1 ]X[ skip z;
T; les(i — 1, 4)
max -
Yj i
Y B X A
les(i, 7 — 1)
A e

- ‘6\) 3 V\O't fn LCS
- (s«ommetri(,ah gnore Yy, + continve
mafcukwg tmainder Y\i’\ with :X—{
> Qus(i,j-1)

- Both x;+ R not in LCS
- This Lill be hendled La aloo\'c Qses.



- But which?

DP Credo: Pont be smart.
Try em all. Toke the best,

. | Les(i-1)y)

= i (x.# -35) Les (L,\))’W\ax Q,(,J(L,\')-D
Fine\ DP Formﬂbfion .

0 it min (,))=0

(i, >9)

'QCS((,)\Z |+ Les (L—l))-l) .\{ Xy = \60

YV\GX{LUO-l,)\D\g -rf- XL*S\')G,PO)
Las(iyy-1)

N

- Covrect pess ‘Follow ‘(fom eav\ie\r éui\/etion
- Recursive 'IW\p\cme,V\’(e‘UOV\ will take &xp. time
- Imteéé Ym'\\é ‘té\a\e Les [O..m)o..v\l tloro\grl\
—Wmemoizatlion Ccec\qiv\g)
oy -~ loo-ttOW\- UDO




MQW\O'LZCC\ IVV\\:)\Cmtn‘t&tion (\- Hoo\u)
- Ruild table fle, ] r&curswc'\a\
- Add toble HLO.m 0 ) to emind
U 6(2 decisions mee\c, 30 Wt Ln
reconstrodt LCS .
- Tnitt fes [ i3 1 (ondefined)
- Final result: memo—lu(m,n\ m= X ,V\ZIY‘

memo- lu(c,\\ / mewoized LLS
ff (lcsh,ﬂ“\\ / UV\AC{W\QA?
ﬂc(t O or §=0) / \oasis
{esle,j3e O

else (‘x‘ ‘333 f wmath?

Les L, \)1 = |+ memo- \es (i- \,J 1)
HILPY= N

else /7 x4y [ dort matdn
skipk & memo-lg (i-1,)) 7 las it ship x:
skipY « memo-les (i,3-1) 7 les it skip 93
i_{'_(s\tipx z skip‘(\ // lo(tt(,\f“‘o' JU\O X
e Li Ve skipX ; WLje T

tlse U \od:tcr Yo s‘pp W)
Les 5,3 skipY 5 Wi j1e €

Ceturn lu Lt,{l I fine| Les valve




Runhiveg time : O(y\.w\)

X=(BACDB)—— 0 1 2 3 4=n 0123 4=n

Y = (BDCB) ——+—B D C B BDCB
0 Jlooooio 0 [of0 0070 ~ Addzi(=y;)
1 1 BTl 1|+ Skip o
2 2 Al il T - skipy,
3 3 Clloi'1:i'112[2
A 4 DIt STt LCS = (BCB)
5) m=5 B 1‘()’\1f212 31— start here

Add yge éf'ﬁ'h LCS
3 9.u+[S,'-Il= 94.5*[."\)3]+\ = 3 Cont . with R4 3]
(BB = <BO *'B
‘ No J\avge to S - (BD)
xg= B'# y =D Cont.wths H[4 2]
= ch*[S,z‘k max (M;[q’ﬂ’ Qni[S,l]) =2

(BDY = max({eD), <p))

Extrocti ng the LCS:
- e use the H watrix

_ Sta»r't ot H[M)n] & ‘t{‘éoe |oe(,\‘ "‘D HLO)O])
H: D) "
o[

®»
|

*-

- Entries: HC33 -
WA A=y o S, contiwe vith T, 1)
1 Skip . Cotinve tith KL,
' Skip y; . Continue with ALERN



- Note that L\/\av(\ges to L-VJ WmimiC

vewvsive structure

gi-_\cs-setbuencc @) // (gc‘t the L fequence
LCS « B / initialize
LEw; Yo n /) stert ot Lottom- right
while (i #@ o J#0)  Jend at Yop-left
switch (R1i,;7)
“\' : 'pwrcpcné % Yo LLS //vwat(,l,\ 7(\-‘:\(/))-
L
T (- / skip v
Rttt I skip y;
| veturn LCS

C‘“—'@gum &IOO\/C/ 1£0~r wawple)

Ruvmig timc? d(v\-\- YV\) - Eec\/\'\\ofa’(:im O\C(XLW\CV\tS
C;Lt\l\er ) o«\.) Cor \ooH/\)
Boﬁovv\- UP iVV\plCWI wté{icm (see Pé{ 'for c)etails)
- 6l o \o\a vow L& O..m
+* wl \ma ol JEO-n

= Also (j( V\'W\)




Edit Distonce:
- lA)'\c!el wed in genomics
- Givon K= xmy + YoCyy0)
{\ou many edit ops are needed
to covvert X into Y , where edit ops :
“wsert & dhar of ¥ into X
-c\,e\d:c - (Lér Of X
- b\né\n\ge Q (J/\BY‘ o( X 1o W\ét(«L\ o
chav of ¥
= This AC(’W\a o melfic own dfiv(\gs c&l\e&
the Levenshtein distance (Visdimiv Levenslnte,iv\)

EXAW\ka C\/\avcxgc {ABRACADABRAY - CYABBADARBADOO)

____________________ Delete cRa .................... Change ‘R’ to ‘B’

C|A|D[A|[B|R|A : Lev(X,Y) =9

t
OO - Insert ‘O’

T T
BIA[D|A[B|B|A|D|O|O

- We'|l present the vewrsive DP fomolation
- Ivv\p\cmcwte\o\e (memorzed or losttom- up)
wm Olmn) time



- Strocturslly similar to LLS
~ Cate trick - inserting wto X i like

S
o\clctivg ‘Frdw\ Y

Dcﬁv{stion: CJNLV\ X=<7‘\-~~'xm>“'-\l‘ﬁ QQ\‘O“)
For 0¢ism > O¢jen
Lev (m, ) = Levenghten distance
loefwcen X G+ Y <:j) 33>
Fina\(goa\- Lev (m,n)

PRasis:
1=0 - No dhars in X. MMQMSC{U from Y
= W (0,))=y
3=0 ~ No chars in Y. Need t deletes from X
2 lew(i0)= 1
_otheruie if MIN Li)§)> O

Last dharackers matdh: %, = 43
- We chould &° ahead « mat da t\/\ew\
+ continve Ltk remainders Xg,-\‘\' M 5\

= i€(76¢=g)ﬂ Lev(iy)= Lev @1, §-1)




* . .
Y >— Le*v(z —1,7—-1)

Y A Y A

Lact characters do wot matda: % # 4

- Naé ‘\'o Ao SoW\Ct\/\\Vg \ \auft b\)\\a‘t‘ ?
® Iwsexrt Yy ot end of X,
@Dc\ttc %X
@ Change % wito Y,

= I ony of these cases, distance goes up \oo’f\

¥ ©, veove done with 95
~+ (ontinue uith vemsinder Y\i‘\
= |+ LL\/CL,\'\-D
@, we are done with %
+ continve Lith vemainder X.;.\
= 1+ Lev(i-1)y)
X ®, we are done with booth XiY¥ Y
Continve with vemainders XA ,Y:,'-\
= 1+ 1w (), )



3 ()ptianj :

— xZ
®| * :
¥ .
L*ev(z',j — 1) —l|—1: msert y;
Yj—1 B
7 ]
AXV2 A X'_1
min @ Z L .
Yj >7—— Lfv(z —1,7) +1: delete x;
Y; B Y; B
Xi—1 A
)
L?v(i — 1,5 — 1) | +1: change z; to y;
® Y1 B

Wh '\c\r\ optwh?.

- Remember t\nc DY (redo - Tﬂa al\
Take best (min)
- Final DP formulation:

r J CinsexT all ‘_(J-) '|f =0
L (Qelete sl X.3 if \')= O

L‘*\‘u»j)zﬁ Lev(i-1, j-1) (matdh) if L)?O v X =Y,
qu) j‘\) P WMot )‘:.--ddtte‘)‘i

................

|+ w.'mz Lev (-, )) Y '|f i,,\')>0¢ p ‘{)3
\ Lev iV, 1)</ c\/\evgc TR




Leave im‘:\cmcnta't\'on Ac xeveise. @
- On-m) ke LS
- (an tytract edits in O(mren) time

Summara:
DP Algorithms for
- Longe,st Common \SUbS(,reuch(L (LCS)
- edit CLevenshtein) distance

- Eot\/\ YUn N O(v\-w\) Twe (%uedré'tic)

G

Can we o better 7
LCS — Yeo- Nexr linear time
LL\lcml'\tcir\ - IV\ prad‘ia, —\Oes

/ 1w t\ntona - WO

Lower bound of

I(n**) for Sy €20
under the Strovc\g ExPoneﬂtia]
Time \-\npot\nesis (,SETH)



CMSC 45\ - Agonthm Des(ign
Lectufe 10 - DP: Chain Metrix Mu'(:iplication

’D\&new\ic P!‘%g\femmlga ]Ca\(‘ tree strotures -
- Mama optim'\za‘tion pfolo‘(’,wu Proévcc
2 tree strudvre as outpuT

Opti mal:
Binory scarch - A\

tree
?ollagon O - @
tr\avxbo’ula‘t Lo
Quadtree ov —
k-d tree B

C_lr\eiv\ Ma‘trix /Vlutip'l'catiov\ -
A Sivnple ez;tavnplc of tree-lbased DP

S0 lu‘t’\ OWNS.

Problem: Given o Sequence of watrices (of
variows Sizes ), What is the best evalustion ocder



AcA - A,

A
A\ A1’ A.) : AS s AV\

Facts:
- Matrix wult is associative, byt
wit commutative
> (an ?areht\nu ITC 2 Yo like ,
but @wol (,\/\élg& order

- To W\ULLtiP[VO_\ Ab—C
A s pxr (p Yows ) v Lo'umm)

B is rx%
C'\s pxa“
P,[ N = P,[ ¢
Ve { pr—
g 1\

(p * OLr* 407 (px9)

.........................................................

IS
jof|5L5P , \SJS%, Cijz Zaik'\okd

K=\

- Time to multiplva v pger Csimp htied)



Order matters:

—>3:41=60
SY-b=120 <_/é4\ —> Totsl= 180

A [ A | A A A
(Ixt{' \lxt) 6"3
Sxy—— b2 =S4T — >Totsl = &8
AR —> 4-6-2=48

A (AL AY)

sy Ux b bXV

Chain Matrix Mult Problem:
Given 2 se4, of matrices A, .., A,
presented \oua_ thew dimensions ]3=(p°,1>‘,-~- ,Pn>
where  Ap s pex pi , determine the
order of Mu\t\p\l(atiom (tiv\er\a trcc)
thet winimizes vum. of ops

Brute 'Fovu, Solution ¢
- Enumeraste all binary trees uith w leaves
- Ex‘)onevstiall\(r V\/\bmgl.

RN/ Y/ VY.V VY
ANAN AN A A



- Numbe\r o\c Poss'l\ole parent\/\ui%inéiri
1 it n= |
'PCV\)= n-\
kZ?(kYP(m-\O h>Z
=\
5o|u'tion \$ mletcé to 'FaW\ouS Comb)h&fov‘iel
Junction | Gstalan Numbers.  P(n)= Cn-)

N
n

L‘.
C(W\)=ml_—‘( V\) v “'L/LW

A.Sm\e.? Név\!\&é 'GOT E\g;,v\c, Catalan OKOO'&)
but o«(&g‘mell\& discovered in V7305 19\&
Mongol i2n met\,.omatici en / asi'rov\ome,r

Mivg Ant .

DP Solution o Chain Matrix Mylt:
- How to form su‘oprouems for
Partiov\iveg prouevm? .

-for 1¢isjsm, let

ACiy)) = Av- A Ay

M(g’j) = Win. num. o-f ops to wvnpmfe A(tO)
- Goal: M(1,n)



Derw'\vg tl’\t Yecuvsive formulat(onf

- AG) - Ai — trivial (o ops. needed )

- Asume i<
At‘. A(ﬂ AJ - A(‘”J\)
P,:"%P\; Pi¥ Piny = Py * ﬁj Pis * P}

- Wheres the top SPI}JC?

N\ AN

Al .o A\) Ai... A‘At:\s AJ

(A= Ay = (A AD (A, - A)) For ke
A((,j) = A(LK); A(k’f\,)) :

.....
.....

® Where to ‘Plit? Cvalue of kYo '
® Cost o compute AL k) + Alk+l, §)7
® Houw W\a\r\ta_ ops ‘FOY‘ last W\ultiplitet\‘ov\ 7



AV\SNO{L& .

® DP Crcéo-T\m&éU k . Take the bect
® Trindp. of Optimels b,& - Best Possi\glc
MCL )+ M3k, )
@ A(L)K\ 1S Pi- * Pk
ACkel, ) is py * py
ALLK): Alkel))) ke Px' P; OpS
A(i, j)=——Pi-1 X Pj

Pi—1 X g Root cost = p;1prp;

A(i, k)
Pk X Py

cost = M (i, k) Alk +1,5)

cost = M(k+1,7)

Ai Ai—i—l Ak; Ak‘—i—l Aj

Rewrsive DP formulation: Jor Isisysn

it 1=
M(i)) = { i ﬂfv\a,m»f M1, §) 15 if i<
LN * Pi PPy

Final ansaer is M (L wn)



/V\QW\otch vaplcmehtétior\f
- Array MLy, 1isysn M J,

-Uppec tﬂaYqular T ; ' “ ///

-Twil: ML = -\ (UV\AJ) ......
- T our pictures we'll rotetc ;t "

: NN L Looks move
J%( \ A@\ ek
2, (

~ Helpers: HLi,33 stores optlvv\al Jpl t méex

WMEmo-cmm (L') \)) // /"\CW\DLZ%Q CMM

ii/\’\[c)\'\] =-|) / undefined ?
'I'F (L‘ \)) M[i,j-l‘—o / basis
else

minCost & <
‘F_o\r_ ( k« L Yo \"-\\ // t\FV(). é“ Jflitj
st~ (memo-umm (1, K) + memo-cmm (k| ))
+ plodx plid» piy3) A cost
|{ ( wst ¢ minlost)  # new best wost / 7
minbost © st 7/ .. save (€
HLL,\)}‘— k /.. saue split widex
M[b)\] 1 e win (ost I saaefinel (ot
return ML)




Example :

3 final order

A [ 4] (A4

Do D1 p2 D3 2!

\

MI1,4]= min:
(k=1 MILIT+MIz a1+ pyrpop, = Ot 104t 14D = 244
(k22> M L1L2]EME3 YT porpas py = 120+ B4 210 = 41t

(k=32 M0, 3TEMI AT py pyopy = 88+ O 7O =

K\o_efr wmin
MLiule |53
HiL41e3

Covrutness:
- Follows from correctness of DP formulation
p Runmnngmu
\ - O table entries
= Eeadn tokes O(3~L+\)s On) time to cuvnpv\fﬁ
-~ Totsl : O(n*) -
4



Extrad:iga the Finel Sc%ucncc:

- So far e on% wmpute tt\c Or)t. Lojf
-To extyact final Jezvcnw—we hooks
- Recall - H[i ] stores best split for A, A
= A("'J_) = Ai. A‘;ﬂ A\)'

= (Ac Ak)(Akﬂ - AJ)

where k= Hij]

= (ontinue Jpli#fvg ontil L=J' JAG, )= A;

Oﬁl\ﬂuk(i, )) // Multi plv& A‘\,m Aj optime“ver
i (i=3) return A/ banic - one wiskeix
else

k « HL£,31 // opt Jpl)t indey
Xedo-mult (LK) 7 X A Ay

Y <« do-mult Ck+), ) ) /Y Ay A\)‘
_TC«th A XY / final ‘Product

Taitial ell: dormult CHiwm)

Punmg time :
- Oln) to etk opt. ewsluation tree

- OCHU,V\D to 'Pcr{:orm Mu\tip\ica'tlom



ﬁ&order

A A 4] (44

V.

5 4 6 T
pALY Ay p Az Agt o
Po PL P2 P3 pas

I
ArAy = (A )

Bo‘\'\ow\-Up j:vvrplc W\cntétionl
- \\)ofme“\&t\ms is dwn QJ‘? 6x't6mion.
Just fill table row \o\a VOl -
- Doesnt Luork !

Mlz3) My ST

M2 M s)
E&g., Compu‘tig M):Z,S] OLLesses
ML) M55)

&
8 }Not ne,’c ww\pu»teé '.
S

nh o e




Trick: Covaute, entries d\%gome] L"{,\. J\&()gov\a‘,
Loof\ﬂivag’ ouk 'FTUW\ WMAIN A\?gonat

) 2 3 4 5

=
<
=

nh e -

CoAiYg tlm's s O l::'at tn c\n&g Cﬂ/\ink aloou't \t)

Rua\\ \ ¢ LS\\ £SWN (uppcv‘ tr(avcxgu\er)

Main = 15,c é'\agoma\‘ L) [22)lapn] =2 \j-{,-}l:l
2 diegowé\: Liz,3)..Wnin] Jriti=t
O éiagona\= D3tz d)h-tnl 3 jotri=3

‘\,\ —
V\t c\l%:’ona\i Li,n) = J7Ltl = n

Let L= J‘i+\ = w‘/\ic,\n d\%ona\
L runs ‘ﬁrom 1 (W\éin c!iag dto n (Cormex>
1=1,2,.., n-2+1

J=L+9‘\ :cl/\osanot\r\et\jév\



tﬂ‘tgm—u\o-mm () / boﬁam-up CMM
for el 1o n) MLivl=0 // basis- main diég.

‘Fif_(ﬂ‘— 2 to VI) /L= é\agomal number
for =1 o n-fe))
JG—L*,Q-l // p;‘(,\(\)so J’l}‘r\‘-'l

Min (s € & 00
for (ke to §-1)
minGest e win (minlost,
| MLikls MLkl j 1+ Pii Py Pd)
ML ,33 — ywn (ost '
| return ML W]

sane as
Lfore

'
Smaller d-i, diferences
$O entfvg\ \$ defined

Ruvm'\g Time:
O(V\‘&) - 3 V\C,Stcé loor)s
- Each in renge \..v

Summary :
- Jn) DP egorit\wv\ for droin matvix multt

- Exp\afa of DPs t\«af( LuiH l\ic\raﬂl\ia
- Example: Optimum 'oiv\ena searda tree,



CMsc 451 - Algorithm Desipn
Lectuste 11 - All- pairs Shortest Poths « Flogd- (Marshe ||

Eorlicr, Ve (overed the single-source shovtest PatL

PY o\o\e,w\ ‘Fw e%’e— ueg\/\teé égrapl‘\s.
Dijkstra - (j(wwnl%gw) n= V| wm=IE\

Rellman- Ford - O(n-m)  Lallows neg. 6%0{ uc&‘l\tﬂ

Notation:
- The wit of a path is sum of ecgge wegl'\tr
- The distence betreen two vertices ue v is
min. st o any petl\ from w to v.

All- poivs $ hovtest ’PétL\SZ
Given é'grep\/\ G =(V)E ). Eadh e%f"
(u)€ € has ue\g\/\t Luv), oy
be V\egatwc (but wo heg. wst oodu )
co\mrm’&, distance betueen all PRUTS
of vertices uyv € V.

We || p\rcsmt Flo\é\é-(/\)amloa“ agfohtlom
DP-based, G(n*) time.



Nates:

- Dis CD\IC‘(CA ‘lY\éQFCV\c‘CY\tLa \/J\a ’Roloeft
Flmac\ + Stqo‘nm Warshall (mid 12605).
- First Qucovered (byt not credited )
oy Bernerd ?ova~~
- General D? strudure works for Manyy
TC&L(/\é\gi‘it\@ pro‘o\ew:
- Travsitive dosure of? Q Io’me\g e [ation
- (Convey t :fiv\'\tc s":a‘tt avtomaton 'h)
regular gcpression
- Compute max capac'n‘tv() paths

-LV‘Put / Owtpui Repfuentat\ow

-Iv\\oucti (A\()gm&nteé) éé\')ecenoa anJcr'an
V=1 LZ,..,m 3

e W isy
Wi = { w(i)) Wty G))eEE
x 00 i N ,(c,s)é\e

W:

!
9]
o<
|
o

qlo|o|[ef?

1
oQ
xR
0
7

o8| n|d|F

]
1
3
Y




Oujtput Distance wmatrix

dt'\)‘ = distance from ¢ fo

N (o0 v wo patlf\)

vjofz |4 tj/

v |18|o 1S — SpeccS O(V‘t)

a(1|3 8

11 |w|7]|°
Pathe? O™ pathy > Ol storace?

C\(,\chr trick - Pcéuw J'tomgeto @) Cvf')
“Hook matvix  H="lln l.n)
- For eadn O) eV
¢ F shortest at\n is
c!nf‘&(.:t (&ége (L,\)))

K = any vertex alo
Ehe Shortest path.




Flo‘aé- Wavshal| Ag)’or ithm:
- How Yo reduce shortest Fatl\s to
smaller JuloPm\olcms 2

- Obviovs 7 (Qut not best!)

- Qest\fncét) Paﬁ,\ Mgt\f\
€L dij = shortest patl: from
iTO) UJivg < leéga

- Buwld \'\Wd, c\,Ou‘o\iv(\{f:

(20) ®) (0)

d. = vvnn(éwj dy. )
) X J )
() (3
< s L
Qig“ e edges

~ This leads To o slower égwifhm.

- F\o%é- Warshell insight
- Dont vestrict |6vgt\\ , vesteict
w\/\io\/\ \/e,rtic.c.s &ov\ cav\go ‘tl/’fovgl\.

- é“\/ﬂ)’\ é« petl/\ <V| ,VL,-")\/Q_' )Vl>
Va... Vg, O%C '(:Le mtermediate vertices.



?

-Jor 1€, 3¢n « Osksn
Q\,e'f'mc:
O
C)’Lj ° wst of shortest PeJcl'\
from Toj with intermediate
vertices Fam 11, X3.

(9) . .
Approao\n- d‘J = W ( no intermedistes 2 céboc)
Jor k=1 ton

compute d(t-? for oll ¢ L)< .
dé?% = 00 (no path)
d\") = 13(5,1,6)
%) =9 (5,2,6)
i) =8 (5,3,2,6)
d) =6 (5,4,1,6)
dé‘?é = d;% =6 (no change)



‘DY Formulation:

. (0
'&OSM: &L\) = Wi\') (_v\o '\v\tefmeéiéj[c& 2 Cég’e WCg\/\t>

k21 Cases:
- Shortest Pa’c\n does not pass t\wugh k:
= on\‘a intermediates ave 1. k3

() (x-1)
7 9y < 9y

( - Shortert Pa‘t\n passes J(}\mtg\r\ K -

- Jince vo neg. wst c,vc\u S visits k once
- Pothh goes L2k then k~2

- These paths \fkc:‘;v\tc\rv?ke_‘é)‘\am £) 0, k1)
= dcc? — ol Ak\s




PP Credo - T% all op‘tiom + take best

('*’ij .\]C k=0
c\q‘} = d(‘\j)w k)
Y min { CON wn ("7
dih Ak\)

Botkom- Up Ivnplemcntatlon
- Buwld matrm dll. SYME N\
= Ma'tﬂx 0{ hooks 1‘0 save &C\Slom

',HmeA ua\r&\na\\ (wYJ n,l. V\‘D
for (1 ¢4 sn) Vinit &
c\[.t,\\-.l‘— w[t,)]
b1 g

(%)
'Fﬁv: Ck=|ton) //meu'tcA
for Cr<¢,)¢n)
new(ost &« AL. k 1+ A[\!,)_.\
\f(“CN(DS‘t< &[b, -]) // 'O&lt(/\f '\'Ogo
dib))‘l‘_V\CW(DSt // t\nm\g\n 'S
‘A[u,\\]& [ // upéa‘tc hook
T_ctwn O\+\'\ m&{ricm // rcturn di.sts + l’\oo]u




Wunm\gg time: On*) o
Huh?

% - DP formulation had thvee parameters: ) ,k

5{ thw d t
\outt élgont m Coes no USL\C\
- We onl\a (WAL 4 ki— k‘\ yJO We rca||\9 o\nl\a
need two copies of A‘S wmatrix
- wurvent ~ prc\/\'ous

- In \Caut, Wwe an s\/\ow ‘t\/\at oV\Ile_ one
wmaktrix JU'mws (Sce pc\( notes 'FOY‘ c\e‘ta’ul:)

Woo ks
0|8 oo 17
o0 01 oo
4 0 (5)

0

_0029

=2 = W=




Ext{‘ectig the Shortest Psth:
~As mentioned alove , We vie \/\{L,)] to
rcwr.(ivelxa extradt path
-Tf dLi,j1=0 2 no path
otheruise (get-PatL (i,) yields edges on
shortest path.

é’it_ a)at\/\ Ci, i)  / path from ¢ o j

it (hLi,31= %) / divect Patl/\
Lretorn (i) / path is Jigj\o e§§¢
else

mide W1 A ivrmidew)
_rc‘tu(v\ gct- P&t\/\ (l;,VVlic\) %Dg&frpétl/) (\M ic‘«) ))

N wondtenate

Suv\amar :
(0- F'O&CX*C\)MJ‘/\&H all- pairs shortest pe:tl/\s
- O gime / OGn*) space
- qu,\/\c,wra‘ structure @n ‘oc, eppltcc\, 1o
W\a\ma_ similar ?a't\n-mla’ccé problewu.



CMSC Y453\ - Agonthm Des(ign
Lectufe |2- Network Flow - Basic (oncepts

Ne:tuork ﬂow L= c‘a.uicel DmL\CY“ , wlnd/\
emu('gcé 'From t\/\f. ’(\'(JA o}c opcretiom racerd\,
a bronds of appli&é math.

A flow network (ar st petwerk) s o divected
dfrep\r\ G=(V €) , pLhere eada eé(ge (nv)€E
has an associsted ca\oa,c'ft\a c(uwy) 2 0+
theve ave tpo Jpccia\ vertices -
source (§) + JSink (1)
3 (No edges entler 5, o edges leave t)

sink

Source

Max-Flow : T\/\inkivg of e%ésc (u,\/\ Qs 3 pipe
thet @n vy clu,v) units of Flow,
how much flow en we push from s to t?




What do mean I’J(a flo ?
- A'(\W s a ‘ﬁmc,tiov\ 'F Wa)o’owg eé(,L
e,ASQ to & real number Fu,v) 2 0O
- Satisfies:
- Capacita tonstraint
Vv )EE, fluy) < cluyv)
(f\ow cannct exceed capac(to)

- Fluw LOV\SCNé,tiOV\ (Or IOélaV‘“’): out
VveVnistl /"{m
| ' flu) = 2 $vw)
vy T ewee - (v,weE

(flowm = flow oot | except ot

Source + sink )

JA Exemp\u: Fuv)/cluy)

O, O,




Want To meaximize fofel_ﬂau value ) defined
1= £°) = ")
Flow wonservation '\mpliCJ

flow out of 5 =Flow into t

\\C\\= 5t8+5 = |3
€.\ = §+8+5=21  (This the max 'ﬂou)

Max- Flow Problem: Given a flow V\e'twovk)
compute the €low of max total value

T\r\is s 3 L\eaviL& JtchiCA ProHcm Laith
) \ovg l'\'utonat n=|V\, m=1E|, C‘g;;ia
- Ford- Fulkerson (1456 - O((mm)C)
- Dinitz (1979) - G n:m)
- Edmonds- Karp (\472) - Oln.m*)
- Gabow (1985) - O(nm\ocg C\
- C'\o\é\oc,g 'Téf\)eh (\986) .
- Olnwm \%7 “/\MB



Psth-Based View: An ectuwe\ewt way to
view & flow is as & llection of
paths from sto t (like wires))
- Cad~ st ’Pet\/\ \s éss(ignec\ Q uc'gl\t
- Sum o{ ucgl\'b ot e,xceec) &gfc Capéélt'{)

EX«BW\plci
Edoc-based: Path- based

8/10

H1=8+8:5  |f|-5+3+5x338
A =2\

Juct a differeit popectives on the
sdme math, concept
- Some a}goﬂﬁ\w oYt movt C%gC L’&JCJ
- some ave more path loased -
« L

Cxevase

Claim:  An st network has an aégv bated
flow of velue % '\ﬁ it has 2 pet\/\-\oeicé

flow of valve x.




(/OhtaJOSJC one source /sink 7

]i - Can C&ﬂ'la_ Simulate Wou[tiple Joww/Jinks\

- (an Yon also Jpcch[\é_ |in|<égcs7
(eaf‘ all ’HUU {ruvv\ S Wmust (go tD ti )
- No - Galled wult- Lommoc]it\a {low

- NP-hard!

Max- Flow - (A)'/\a (gree% fails
Simple greeév} strategy

- f'w\é dwa peﬂ'\ from s to €
of strid:lv& posiﬁ\le- Cépééitics

- pu.sl\ Qs W\ULL‘ “ow Qs UO\A QWn
élovaéf this path

- r(,c\,ucc (remeiniveg) wpec,\ﬁu
on edges of path



Tots| flow= 5+38+5- K4

Not optimel ! Bul wo move ]Dos.-ce,pecit\a\
s-t Pa‘t\/u '

How to fixgreeé.a 7
_ e need to consider st paths that bsth:
-add new Flow wheve cépaciho exists
- veduce tlow where flow exists



1£1=18  (not optimsl)

Eégc (b, carnied
flow of €. e an
veduee this lov -3

*e

Conserves Flow balance 4

|£1=21 optimal !

Haw fo ﬁ)m\elizc d&gmw‘bvg / Y‘chUci ga p&Jrl'\S?

Residual Network- Given st network G + flow f,
define C\'f to be <t netvork

- same Vertices 2« G

- forwerd eé(gm Ceon 83d wore flow)
for (u ~VYEE st Fluv) < clwy)
sdd edge (uv) with capacity:

c.}(m,\/) = cluv) - Fluw)
Tntuition: can 88 ¢ (v more flow



- Backward e&ga (can veduee eristing flow)
S
For (wy)EE it. CHM,\I)>O
add vevewe e%gz (v,u) uith (,épécitw-.
(._(_(V)\A) = f(v\)\/)
Intuition: con tum off c{_(v\,v) £l

:fo\r CXc\,mp|c:
can 2dd +2

o
C‘{ vedue bg 9 C e
¢
In G, e @n P\Aslt\ +3 flow
on this path. 1€1=2) Coptima!)




Questions:
(1) I¥ G, has aflow, on we vse it
to increase G flow ?
(2) I€ we vepeat this process , Lill it
lead To the op't)mal €low (OV£ef
stuck, ke grccé\o) 7

.o hi
Both anspers are Yes ' ot &

jete”
(V) Straghtforuard. /
( @) Not So easy C Mm-Cut/Max-How Thm )

.C\aivw Given network G +'F|Uw'€, if flisa
flow in Gg , then F+€"is & flow in G.

Pfoafz skd?d/\%
Cepac\t-a, constyaint : if (u,v) is fomeré céfc
fuwhd for G 2 0 <Fu) ¢ clu )
£alid for G; 2 O £4wv) ¢ cplu,v)
def. of G > ci(u,\ﬂ = c(u,v)-f(u,\/)

.
’
R

2> 0% fluHA }(u,ﬂ $ ,Jfﬁﬁ:;)*(d‘m’ )- ﬂ"‘;ﬂ)
= clu,wv) v

(Lecm 'Hou conserVation + loakwéf a CAgeJ as éyexrdse )




Ford- Fulkerson Agywit\«w\:
- Tt flpe: £=0 v
C - Find an s-t Pa‘t‘/\ in rutJualgréfl\ , G

4 -f’e— max. Flow on this patL (min capacity eulge) /
= Update fﬂidvblg'repk based on new flow: fefif

'FOY‘A-'Fulkemoh (G)s)t)

f{<0 J set Fu)<0 Vi )EE

(,J_l/\'.l_e (true )

6'{"’ Compu‘tc fé’Jic\.éNapL Fov‘ 'F // O(WW\)
if (Gghes wo st path)  / DFs = Jlnrm)
L vetun €/ o s max flow

W < any pe‘tL froms 1o € in G,

C < min capac'd:a of any e;\gc on W
ncrease by aééivg: +C to eéOoe: of ©

Running time:
gf ~ Ead~ ikeration of the uhile 'oop
33 can be done in O(n+m) time (DFS)
- N diswu Y\Um'aCV‘ O][ itffa‘tiOV)J
i next lecture.







Corredtness:
- Eds% to see f;Lat F‘pro&cei a valid flow
— On termination - IS .ft o,o‘tiWia‘ -7
-To prove t]nu we Y\cccl to mtroc\ucc
a velated concept - aut
- Tutuitively - Flow cannot be increased

becawse it satuwates all ﬁé(gw 0][ l

a \Oottle\(\ ch ...................................
- Rcw»ovw(\g these L:oﬂlcncclc Cc%gu

cuts t]r\c Y\e)ﬂ/Jork ln JCwo e

Definition: Given an s-t network | a cut is
3 'Paf'titiov\ 01[ ‘t\nc vertex set X,X
sudhthat seX« teY.

The ce,pant of at (XY) is the sum,
D’F @p e,utles {:row\ X 'toY
C(X Y) - Z'\ Z dx,9)

xeX 9eY

X ={s,a} Y ={bcdt} X ={s,a,b,d} Y ={c,t}
o(X,Y)=5+3+8+5=21 c(X,)Y)=5+3+10+3+10=31




Definition: Given G, o flow JC, vout X,Y)
ée\tin( tL(’. net 'ﬂow across the it to
e Sum o\c X"Y ﬂmm minws the Y—)X ”ows.

j(X)Y) = Z: :f(’)t,‘()) g Z: f(‘ﬁfx)
(oeXsY (e X

Example:  Tuwo cits on the same flow | \f1=13

X ={s,a} Y =1{bcd,t} X ={s,a,b,d} Y ={c,t}
fX)Y)=0b5+0+8+5)—1=17

Iv\tuitivella‘ The flow acvoss any cut = 1£1
Coy flow conservation)

Lemma: GWGV\ anuy V\CthO\/'k (2, any ‘“Uw{',
and anyy cut CX,Y\, JC(X)Y)= H:‘ .

(Proof &ven in pé( lecture no’(u)



Given any cut (X)Yy,a\\ the X [ Y
flow wust rose over the ]
CA ¢S 0{ t\ne t' T‘/\u : T

S . S capeéft\& X ,Y)

Lemma: (:ii\/e\r\ é\ma. networ k G, émg ‘F‘ow{
and anyg wt X, ¥):
l'F‘ S C(,X)Y)

This holds ‘Fbr ey wt 5o i \/\o\AJ For

the \mimmum-cepeci’cg wt.

To prove thet the F-F aégori’c\nw\ \$ opti mel,
it suffices 1o prove that the FF flow c{()uah
the min—capecit(f) wt.

This is 2 oametg\)ence, 0{ U/\& '(o“(mig J(dVMOLU t\/\CchlM

Max- ﬂow/Min- Cut Theorem:
—W\c \Co“owivg are c%u'\velcvd:f
@) fis o max flow for G
i) Residual network G\L has wo s-€ patl\
@) 1f\-= LCX,Y) for some it (X,Y) of G




Proof :
A=) [\03 Lowtrééictiov\]
TIf G had an st Pa‘t\n , we could pr
flow on ‘t‘/\is ‘Fet\/\, iwcrw'\vg ‘How velue. 7/
@)= W
- Let X = vertices reachable -Grovn s in Gy
- et Y=V \X C(al rcmeiv\ivg vcrtices)
- dinee wo -t Pat\n , téY
2 (X,Y)isaawt
2> Jor eadh (x)\:\)éX"Y
F(xy) = clny)
> &K
" By previous lanme, FXY)=1€]
S - 1 = «(X,Y) /

W)= W
- E\O‘ Pve\/iouu levama \fl ¢ CCX)X)
For ol Flows £ + ol cuts (X,Y)
-T€ eq)ua\itta \S a"ttaineé {:W awa 'ﬂow éV\A

élma w‘t) t\l'\\s 'How must \ae, maximumw




Summe{‘\&=
~— Flow networks « flowas
— Max-(:low Pro\olem
- Gn{‘cecl\a £ails

- Residval network + avgmenting paths
= Forc)- Fu‘l(eerh A&’orithm

('Fiml e\()gwmntivg Y)é’c]/\ ) upéajr(, ( CSiclua])
- (uts + capacities ~—
- Max- Flou/Min-Cut T\'\Corf,m

CMex flos = Min Cut)
- Whew!



CMSC Y45\ - Agonthm Des(ign
LQLJCM‘Q, |- l\)e,twovk FIOI,J— Aégorit\f\ms

Previous lecture - s-t Networks - source sink , capacitics
- Flows - Capéatv(). T (,OV\JWVé'tiOV)
- Max- Flow Problem

- ’RuiJu&\ Net work + AUOUVV\CV\J(\‘g pet‘ns
- Ford- Fulkerson Akwithm

— (uls
= Max- Flow/Min- Gut theoren-

T\nis Lz,cftumz - Anal\ans D‘F Foré- Fu‘kenon
- Efficient algorithms
- Scalin
- EJW\OY\JJ’ K@’('P
- Maximum loipa\ftitc W\a'tol'\ivc\g



How Fat is Ford- Fulkerson (F‘ F)7

Observe :
I‘F c.é\oac'\tiu cYe iv\tgm , \"F&ié)’mev\ta't\om
are integer velued, =

Lemma: Given on §-t network with in goer-
valued capecitiu, the max flow valve wil |
be o iv\tger

F-F runm&o' tiW\(’/‘
_Esin iterstion takes OCnrm) time
- A.Uumivg G is wmected U(VHW\\‘O(W‘)
- ’Runmvg time is U(W\ (V\va 01[ 'ltcrafiom))

- Huw many tevstions 7

F-F does not Jpaif\& which éggmemtivg petL\
— Whet i we are unluckn?

nd
z n:2

() 100/100
be
100/100

S [€{=200

'y
1/100  100/100

1/100 1/100  100/100




Num‘oer of ]tcra'tiom Gh \oc Q& |ar TP\ H:]
-‘T\m 1S \oeé‘ (rqﬂecc loo mtl\ I,Ooo)ooo)ooo)

CTCY\C@“G— Let C \9(, ena vpper \ODUV\A on l'“
- F-t ruvmivg time. s O(W-C\

Lets qp|or¢ wore e’(ﬁ'dcnt agovdt\nms—

5@'\%; Agoﬂt\nw\ (é\b\oow, \4805 )
- A\(nge,nt \'\8‘1\ ca,aecib& Pét\/\J 'F\'rft
- (on compu'te, WX @Pécltg st pé'l:l/\
in O(wm \ggﬂ) time
- Facter to compute @ close-to-max
C.apadt\a.- pet\n M O/(.W\\ timie

C\osc)fo- MAx cepecibaL?
= Assume epacities are all integers
- C‘_ ema_ upper \/)ouv\cl, OW\ A X ‘Flow \/eluc

- 5_5.
¢ sum of csooed’cics oul of s .
& Z: (,(,S,\/) € 8
(S,V)EE 5 10

(\_ 5+8+10=223



- A€ |a\€gut power of 2 < ¢
L ‘06‘ ¢l ya
ol 7 Ae b

- Twitia\ ﬂau‘- Cf"— © (O0flow onal 6%5&)

~ Given enaﬂow e« A, define

CI_F(A) = Y‘eAic‘Uél netuork G{ kc,e,pw(sg
ov\lxe eégu of cspul‘b& z A

These edges ot
om itezéégﬂn(&
<A

B\a_ compubi V\S
ex\lgmfmtiag pet\/\s
% QF(AB ,‘Flow

increases repid l\&

-Run FF on G () "/3
A2

- When wo eug. patL exists N\e
- Stop when A<l



Sce\ivag-ﬂow (ﬁ) // J(.a\ivc\g ég for netiwork flow

f<o /init. £low is zero
e Zioie V) 1 capuity it of s
VAGREY Aok e /| mibial A

»ﬁ% (( S 2 1)‘ / stop \f A<1// heovy

s « residua | (;{ , with residua |
aapacities < A\ removed

i (G; f(&) faas an st Paft‘« 1\') // évg\memt

e mm cepec‘\‘uo on Y

‘f“ add ¢ to C‘%’Scx of

else A o wmoye eugmov\ts

| A*‘A/Z I/ veduee A\

retorn

E%amp\e: (Jﬂf_ Pf\e\h‘OQJ 'Figurc)







Correctness :
Seme 2s F-F, just P““‘(‘s’ Patbu gmarter,

Runmn(g time:
- Eadh time e A\gvmem't "0 G{(A\

‘a\b‘ﬂou nerease s l/)\a at |€as‘t [L

= yvesidual (Apecitiu on these
ﬂé(gcs decrease ‘0\6 at least &

= After Olm) avgmentation D
all residval ceboac,'\hu f2ll below A

= No aUgm(m‘teJC\'on > Ae A

5ummaw0= Olw) évgmev\tefciom => A halved

- Mter Ollg € haluings , A< 1
= From F-F K each é\lgw\ entation takes
O(W\) t'\vv\e,‘

~Tohal tme O(W\ m - ‘%5 ¢ )

Time pov I N NWV\;\\:(]/C\:EJ
é\gmw‘té o wa‘@y\\'é‘hom

¢
ol 0w helves

= O log C) \



T< this sfcallla_ efficient?
- @ - <IN o{’ @Fea"b'eJ IS en inpu‘t Parevmc’ref
- Tt v Id be ar Io‘\'tfer'\'\& lC‘(g(-) L;
\.V\é(,pCMJCV\t o{ n+m oo @
L,000,000,00V n
.. : —5" (©
- Effidient = ’Po[\awovwiél time
-"\—Z\.)\/\\(\h’égr t'WV\(, Y;o[\awomia, i\/\3
'\V\put Jizeg - O(V\fm-), O(VH’W ), O(n 'g“)
- As oprjoseé ‘\'O Q‘POV\&V\tié' time
-3(2), 0(2"™), 0nl)
- But log C is re\e’cc,é to mpul $1ze
= Nom. of bits needed 1o rep. ce)oacificg
- 50 O(m-lgg (\,) 3 o (Jol\anomiel n lﬁpufii%{
-'ﬂc we cre (,DUV\t'»vi\Sj lo'nts Uf lhpﬂ:

To é\“’“A w“{USiOV\,UC éutin(gma\/\ between:

Strovéo'lg_ ?o\\awomial T'lme -

‘Polév\om'\e( (1% V\UW\\OC\(‘ O'F lNCN‘éJ Of 'IV\PMT

(i(gnoﬁv(\g No. 0‘{' lonts)
- €4. Olnm ), O( nlog ) O™ m
Ues\k\vd\ PO\\oV\OVV\ié\ Time -
?o\\anwn'\el Ta hum\ow of loit; o{' iwpwt

-Eg. Ol ‘gg ¢ Lbuat wot G(m-C))



Ts there stfovba\vd polg,vwmie\ ag, f‘w max ﬂow?

Eévv‘ov\és-KexYJ A\&gorit\xm
- Diswvered indep. \o\a Dinitz (Dinic )
+ Edwonds « Korp n eé»rl\a \470s

- Just vun Tord- Fulkerson | but select
the é\)\gmentigf pe‘l:l\ uith the

‘fc,wut 6%5563. See text
'FO\/‘ roof

Ve P

- COV\\IC\(fgCS " (j(v\m} c\igw\cv\tét\'om

’Tote\ Time = O(V\-W\t)
(Dinitz Jurther redued To O (V\1'M).)

Betlor Jince
nwemsn®

Y"L
)
\og n

—Kivg,Reo,Tér\)eh (H‘i"\j - O(V\'M" <ZW\ nlogn .)
- Oclin (za13) - Olhwm) g/

Faster stull ?
- Crolé\oea(rgxr—rér\)em (l‘\Xé) - Olnm \cg

These ave all %u'lte, (—Ovnpliwjtecu



App,i(,éﬁovu 0]£ [\)C’twork HOW
Ma)('lmum \(\r\éto‘nixg I L)iportite éﬂ‘épb\s

- Given two sets of olo\)'ccti
(eg. moles + Temales | students + éfreé schouls
witomers « agente )
- ... and some Lompa‘ti'low;t»@. relation:
(c.g. female swipes fig\/\t on male,
studewt wants to attend gwra% schoo|
agemt has expertise To serve wstomee)
- . PACUP &5 wany, A pom\o\e (one to one)

Bipertite (:Irep\,\




Def: Given égrép\\ G- (V,E\ , & matd\iyg
s & subget of eéges M EE such thst
‘for each \/6—\]-, theve is at wmast one
cé(gc of M inadent to v.

Recdll: G is Lipertitc if _\7_=XU'\_(
+ oll céges e XxY

?rob\em: C\'\VEM e ‘oipc\,\(‘fltc grepk 6,
compute the max. sized metub\ivg
m G

Cleim= (A)c Qn re&uw WaX. L:\pevﬁujtc m&tdﬂ»{g
Fo netvork Flow.

~ Create souree § « add eécgu (s,u) YV weX
- Create sink T + add &8'63 (V)t) \ véx‘[
= AN cpacities = 1




Clom: C‘l has e metcl«iveg o\p fEe \(
lﬁ: (I \/\es Q ‘ﬂow olc velut K

Proof: (Sketch)
- Becevse capecit\e‘ in + Lépaétt\érou't
=1, @mot pysh wore thaw one
unit of flow ":\nm\gln eadn vertex
- 9 At wmost f;c\ge will @rey flow
qum'\g iy\tgc\r 'HW velucs)

5UW\W\®1‘(6:
- Ford-Fulkergon - Could lae vw\&glow
- Sc&\'\vg Agorlt\/\w\ - Clw? \ocg C) (imp\t
- Stmvég / Weak POl\OV\DmiC‘TiW\(,
- App\icet'\on—' B'\pavt't’te Max Matc[/\ief‘



CMSc Y45\ - A!gorit\nm ’Desg)n
Lectute 14— Network Flow - Cireulations + Applica’c\'vm

Cicanlation with Demends:
Trans Pov‘ti IR
- Network (where commodi ties ﬂow)
~ Eége cepecitio
- 50pp|v() nodes - (gmem‘t« {lou
- Demanrd nodes - consume Flow
Decasion prolo\ew\:
- Gan we manage ol the flow from

. 7
JuPPI\QfJ to confymeyS

Supp\va.ﬁ-’DCW\enJ? Cﬂ\/cm d'grap\n C1’(V,E)
- Eadh vode VEV has demand d(V):

L . Cjewuav\éz dlv) > o (&\, net 'IV\(,OW\‘\V\g)
J”PP“’&-: d)< o (‘AV V\Qt Outgo‘weg)
| \oe\evxu,éa‘j d=0 (incmivg = ou’tgo'lvg)



Cif‘cula't\ow Cﬁi\l(’m 3 direddd grep\m G=(V)E)
wit\\ €<\g¢ Cﬁpedties c(%,\;) >0 end

vertex demands d(v), o civeulation
is & function ‘f: E— R suchthst:

CaPéc'dia consteinl: 0¢Fuv) < duy), V(M,\/)e £
Supplte_ /Demand _Cownstrai Y\;t :
-y =AW | ¥ veV




Dcfi“g: \S\ A {V\ d(\/)< D‘S Ju)opl\e. V\Déej
T-=1v) 401?08 Demend nodes

Ueacly: 2,400 = = Z 40)
veT VES
&ew\ané = Suppl\a\
Cor Mo ‘Feési\:)\e. drwlation Cyist-l)

Define: Tatal demond © 2 80 dencted D(G)

VET

‘SD"“S’ Cirwletion \D-a. Network Flow

— Trest supp|vc). nodes as Sowrges
— Trest demand nodes as sinks

- Add Juper-gourtt + AuPer-Jink o wmect

- Crca'te network CT/’('\T,’ €D .VLV, EetE
- A &« tF to v’
- for veV: Ad) (& v) capaeity doy ifved
Add (V t ) cePeut\a_- A(\I\ \f vET




C\GWV\: é[ ‘I\AJ c\.'FeeSiLle, c\rcu\etion .lfF
Gr, hes & Flow of value D(G) |

"Pfoo“(=
(=) Let § boe & avadlation m G.
Create Flow £ 'axaz
- saturete all eécga out of &F

— n n " '.v\‘tb t*
- all other dgu ame a0 T

This satisfies -
~ Cépéat\o constrainks ‘SExercise
—d Upplb'demané cmstrainty

(&) et 7 be £low of value D n C\/
Ohs : All Cégas out of ¥ v into t
wust be satursted ‘SExem‘s{
=2 Al Jupp'\aijW\éV\éi satisfied




Circu'é‘hons w'tﬂ« ()Pper ¥ Lawc\f‘ Cépécifta\ EOuV\C\J
- Sometimes , we wert to éppl\& |oot\\
vpper + \owc\r loouth( on 'Hm.a amounts

- Lower \oauné ?guafentc&i minmum Utiliza.'tiov\

- For eadn ec)ge myv)€ E, let:
cluyv) = vpper Lound on flow

Q(u,\/) = \owa loOuv‘é own ‘Hou

- New conditions: Aflgw is o ciranlation if

= Q.(x,ﬂ 5{(0\,\/) < cluy) , ¥ (uu)eE
- - (V)= W) .Y veV

Exem p\e :
dw) L), cw)] ) fcluy)

But how en e enforce these |ooer bound 7
— Can do this L“d “MUckigh vith demands !



\Stebo 1: Stéf'—t |0\6, Cfomivc\g ﬂuw 0( l(\h\/3 On

ead eége (u,v)
[251 .. R %@

i"(él\ this £ (pjcudo —'How)

Rut ‘Hr\i! :fo ced HO or\'t norall
Yi W oW 6‘56 \6.

satis (IQ, vertey demands :

[2,5] '\Fo; 2/5
Y [30] \ 3]0
Dn;@_> 4/4
m oul
“d()=0 $,0)-f0)=(2+9-3

=3 # V)R
0*3 '(')/\Y'Otg)‘L\ Cébl/\ ver tex

\S'(:cp 2: Determine tycess ’Hu
(v)

x ()= £ - f:

oul

2/* v 3 §00-f 0= @m)2
\0
e =3 =X(V)

Step 3¢ Eliminete f, lm& recluu'ng upp ey cepau ties
+ aédthivzg demands:
Sluv) < cluw) ~Fo v )= duyv)- L)

d (v) €& CJ(V):)((\I) :.'“.J/w):é(v)-yl(v)

[z)‘s] C‘ : 3 =0-3
; V' [3,10] 5 = 7
4,41 )O 7 :,’ :
S e dup ) A v)

............ s



Observe : Laver constveinty gone -Just Jpper Yemein
Stcp 4: Appll& stondard circulation

é\gonﬂnm Yo this mods ‘Fcé netuwork 6
— |et F be ruuu'

z5

SCCP5‘ AAA béok tl'\e« (Clivmma‘ttg) ‘FOYLQA \owe\f How:
ceturn £+ 1f)

£+ /s SANE SOEINCY
v v v 4/i0
W >@i> vn_AO——

Suw\w\ew%: Given G with L2,ul capacity constraints

- Greste pseudo-Flow $oCuw Y& Lu,v)

- Creete network G7 (same vertices *céges)
up) < duyv) - Lu,v) L
d(uyv)E dO)-x(v), x(): J Lﬂ-f V)

= Compule Qtevxéaxé) cranlation in & —’f\

-If (ﬁ/ hes vo dralation — veport infeasible

e\se veturn f e o+ 1|




Coprectuness:

Lemma: 6{ Cu\tl\ both lover + vpper wnstrei v\tl) \/\a:
o valid dirwlation l'(F G’ (\jwt vppwr wwtreints)

has & valid ciranlation.

See K‘einlaegﬂ-—(;\rc\os for proo‘f
—Intuiti\/clng_’- oc0 hawdles lower Lo\m&r
d/ l’\éwd\es ivmbdemu W é&mdnél
¢ liwits edditional flow 6‘00\/6
Lnv) so it doemt exceed cluw)

jo’ff\ combines {:\/\c,)rwo :ﬂow

Applioeti on - Surveua. Des(ign
Setup:
- A Lompeny, sells k Proéucts T
~5urvc$ 0 customers - Hay Jatssf\eé
- Rules:
®© Onha_ask about Proéuc,tJ customer 'ovfol«eué

® Customer i Ask sbout 2 ¢ produdi
ond € c,tL ro:lucfs

@ Product : Swve\a > P—J customery
and ¢ pJ; customers



Q: Given C-= {[c;,cfl,... R I ‘S\g
B-{lppi Lo, i3
+ Pumhe:e informetion
does theve oust & JuNCa. Jé\‘idfﬁ'\vg all yules ?

?u\rc\/\asc '\V\ﬁ)rmétim - Moée\eé as L‘upertite gre,ol\
products

“(eustomer 3

purchased
product &

- Direct e%gu From cust. Yo pmA.
- Aéc\ ch“tc)c S ¥ ecés‘fu to wstomers

AWl demands =0 - Add vertex t « &@“ from Pmd»ots
low wnservstion) |~ AdY edge (t,s)
Cep sarties:

- Customer ec\(ges (s, i) [‘:i ; J\i ]
~ Product c%gu Ci,t): L Py Py A
- Customer/ product céga : Lo\
- (t,s) i Lowe]



Nom. 0'('
Surveyld on
P{‘Dd. \)"\V\

Nom,
SufJops To
cust. v

L,

e
........

= tbté\ Num.
Jurvetgl

Exevnp|c=
= For simplicity | et L, Y1230 Joral 2
Lpy,pl1=L22) Fral




...... .lf \-}(.l )\.) ): 1 JUY‘V%

cstomer v about
preduct

Ls this o feitL\fM\ inp]CmfmtétWV\ of Jurvey vules?

Claim: There exists a valid civaulation in G
\« there is & valid JUNt\a_ c\uiém

P\roofi
(=) Juppore G has o valid civaunlation .
-Survc~3= Ask aut. ¢ about proJ:) 'n[fCL,j)ﬂ
- L' I\ show this urvey s velid:
© Only survey cwitomers sbout purtheses
€ (reate 6cég< Ci,)) f ipw‘dnasu \)




@ Numn. 010 furveys ‘for ast ¢ in ):CE ,CJE 1
& Since F(s,1)¢€ [C: ,L)rg 1
+flow consevvation (3G)<0)
® Nuwn. of Surveys for pv‘Oé. Jn Y_p; ; p;l
E Since ‘f(\j,t)e[.pg , p;—.\
+flow wnservation (c\(\D=O)
S This s & valid Auwe\a v’

C¢=) Su'opose ﬂ'\ere (IS valié Jwve\a.
Construct flow in G:
- 50,)3 =1 '\{, st 1 JUY\/Oacé on p\roéj
- FCs, i) = totsl survess for cust o
-3 (J )= totel furveys for prod J
- f(t,9) = total pom. of Jurveys
e shou this is & valid ciralation:
© Cust 1 surveyed sbout prod.
only f purdhesed = edge (,))€Q
@ Cust. ¢ Juwe%}c& about [¢, ;) pfoduuts
2> J(s,0) satisfies paatices
@ Prod.§ invalved in tp:) Py 1 Jurveys
= F(y,t) satisfies ceyedtiu
Finell\a_ﬂawnn = flows-out 0 oll demands
(2en0) are met = vald dvaulation v




Ugh! ¥

—-T\,\ese Pfoo'FJ avre lcvc\gu“a + retlncwr tcc)ious-
- prorten’t to understend struduve
- Similer 1o NP'wW\p]ett rcéuctivm

Summamﬁz

- Civeulstions — verter demend /JUPP|\6
—Reduction to wmax ‘ﬂou

= Cirenletions uitL \owu‘\-upper eége capacitieJ
— Reduction stendard ciraulations

- A‘)P\\'cetiom- SUTve\aDu{gn
- Reduction to dreulstions w. |awef'/uppc\f‘

cxpadities



CMSC Y45\ - A!gorit\rwh Des(ign
Lectute 15- t\)P-Complctcnc.ch Dasic ':Delcinitiom

So :Far...
- Hou to c!esgn aV\J éﬂeltaze C'ﬁiciu\t c}(‘g‘orit‘qw\s
fow Combinstonial pmlolewu
- What do we meen \O\a eJ%icient?

- ?0\(&V\ovnie\ tivvw - O(V\c) ) wkex& C: coms‘teht
((wovst e )
- Exponentie| time - (M)

) ¢\
Héfé (PfO‘Ot emsd :
Near end of 17604 :
- Pola‘tiw\e. aégoritl/\vm 'FDT \mema prololcwu
- Ma\m& prol;\c,vm é&'—‘(\d pOl\a-‘time. Jolu,tiovu
- But Solutiovu ‘oéleé on bru)ce*\cafoe
= EXponwtia\ time

- Receavdhers Jo\égll\t the cruis| property
that clistivguisl\u between them

-Spoilef olert -T\f\e\a Goiled !



Eunter Stﬁp\ncn Cook (V7))
- For many combinatonal Pf‘o\olCVv\S’

the bet olution has the ‘Fo\\oww\g form:
- guess the anywer « vuiﬁa'd: s convect

- N\O'Completﬁ, -T\/\c“\r\bwre\e&t Pfomems » m NP
I‘E ow N JD'Vt 6“!9 O'P 'ﬂqu( V\”ob\m\’f

C'ﬁciciewtl\g = \(/)oux «en Jo'\lt 6\16\“6_
P\m\olem NP eﬂ:memtl\o\

- Roolean Satis‘ﬁeb\l'\'tla CSAT) is N?'wmp\etc

Ewvter Ridhard Ka»rp (\q-ll)
- Showed that 21 Lell- known proum\x
are NP- Complete — Thicis ma\')or'.

- Tre\/elliveg selesman
— Hamiltonian L\oc‘e
- Cli%ue,

- Tndependent set

- Greph coloring

-T¢ P-= N?? $F1M Pprize Jor the answer



Decision Problems « Lévg‘*‘%"" ]Zeco\gv\ktgov\
- Tt will Jimp\i{'\a the ‘t\/\(ovv(} to
assume al\ pro\olems have same

output- WS or no 7 Deasion proL\ew\

- Optimization: FIV\A W\W\.Jpénv\il’g tTQQ 'FO\I‘ C‘i
— Degision: Givon G+ 22 O, docy G
&e\lc ¢ spevmivg tree of wcwl’\t €2 /

wvguge R&anBtioﬂ
~ Yor historice) reasons (Gutomste tL\corv&
?(‘C,Aatu éBOfiflt\m 'd\co\r\a) NP pv'b‘olevm

ave e;xpressecl oJ 'atguffc ‘recggmtion

- Actumne e have fonction
\50“'3“?{« (I) - Enwdes inpu‘t 1 (e,.g.)
(Sffapk,ut,num\oef) ¢ & Jt(ivg

Decision prolo lens - Levgu%ge \(‘c(,ogmi tion

Docs é‘ \V\é\Jc ann MST MST = {((2’2_3\ (5; MsT
0{ wcig\nt <27 - has weigk’c $£§




Complexity, Cass P:

Def: P isthe set lev{;"%’“ sudh that

vv\em\om%ip eh be eletefvmsneé WA

P D\\\/)V\o\m'\a] tm\e .

ES Can solve MSTs c«iciu\’cl«a Jo MSTETP

Afe, t\'\exe Prz)lo\evm (levegue(ga ) not ]27

Hamiltoniew Cxaolez Given & grepk G, 2
HAW\\\’COV\ia\n u\/)c\c \$ o Jimp\ﬂ (,\:)JC
Hrat viats each vertey of G (c,aecﬂta onee )

NC= iC\ ‘ G bhes & Hem. a:)dc}




IS HC € P7 (Not known to Scicmc)

RC hes & nice p«apext\g - vcx'rf\'alaili’cy
-Tf GENC, it is easy to verify this
(Show wie the c\\v)c\c )aw:! '.—\:’Il J\Cck)
- However, if G§ R , how to \/cﬂfg N1
(No We2)
CoW\plqc'd'%)~ Class NP:

Def: NP is the set of |evguéga sodh thet
W\evv\\ocrﬂ\i)o an be verified in p°]‘9 time .

What do You Mean \osa “vwi(ic,é“ 7

Given a \avc\gu%ge L Cset of ﬁrign)
- Given J'tri?g X, want to know (‘,\;Lttlf’(’,\f XE L
- A certificete s e“\/\dpcf Jtrivg h
~1f xe L, Y on be wed to prove
this in pol\anmmie' time
-f x& L ) then we dont cove



HC= {(Z ‘ G has o Hamil. C\oclcf
Ce,rt\ficateF List o\c vertices {:an\vg C\ocle

Chedk

X * 0'0 €c,2,e, ovG

T\r\'\s \$ ucifé‘\& GJJlavnct{‘\'(,‘.

- if xeL - ned to \/chfg

-t x& L - dont care
That wat how € s &a[incé.

Are their (V\etwe\\ \BY(\g'U%S"CJ that

ore not Pollg;timt verifiable?
URC = %6\ ‘ (Ji ()/\és ) Uhi%u(, l'\em. C‘QCICE

1f xeUWHC » Yo cn show one Hem. c:f)cle,
but hou do YU prove 't\r\evc, o oi‘lf)cf?

How To 6\\0\,3 Y-'/—'NP ? 5t\ra‘tca*9:
— Find the ‘/\eféest ?(OLSW\ in NP
— Show ‘t\/\c\.J( H’n’s Prololem K] not In P
- Sudne problem wll be elled N2-complete



@eﬁm é(«][mivg NP- COW\pletcv\w, we need to diJwJJ

vedouctions.

?0‘\6nom\a"-ﬁmc (RcAuCti ONS '
Mativation: How do we Jl/\ow that Prololcv\,\
is hard to solve?

Consider :
H - o wdl-knoun (\Iwa l\\(d\g\ »\éfé
Pro\o\em ~ Man eyports tﬁtc]«—'FailCd
- léour pro\o\cm ) w‘iid\ You suspcci
may be hard Clut who trugs (]ow?)
Want to show :

HE? > U&P

| NA—
What everone What You
believes wavit o prove

LL‘tg p{‘oVC wn‘tre‘)ositi\lc‘-

AEP > He?
—— O
I I wold Thew T could Jolve — No wAY!

Jolve wy prob\e,m a €amows hard pro\a\ew\

HOU? USQ ) Jquouttime, 'For W\\e Pro\)lem u
(as 2 black box ) 4o slve W



"P\(;tof"leu\g_t Is ~e H 7

subroutine for H

7 A - VCS
translate subroutine for U
\/ » 110
4 A
" cowert x el subroutine
to x’ 'Fo‘r W on x’

Exew\p\c: Lets t\r% this on two aduel Pra\olems.

HM‘A‘ 3‘60|D\riv<\§ (3(—01/> - Given égraplr\ (q
can its vertices be |abeled with ove of
thvee colocs, $othst wo o &{)accv\(:

vertices have same wlar.




No know POIIG-tIW\Q, é(\goriﬂaw\— even Fow
P\aner éﬁ‘ép\'\s

Your Problem (whidh you want to show is Maré)

Def: A C«\'\%u(: is 2 complctella onnected Aulocgra\o‘n

...................
.....

Cli%uc, Cover CCCO\A‘ Given agre‘;\/\
Cx’(—\/,—t_?) and intger kK, can we paffifioh
vertices into k sets '\/_, V, ,..‘,‘\7K such thet
each Vi s e dir{)ub n G

No
L~ (Need &€
st 4
G: ¥ k=2




(A)a\r\'t To J}\ou

coveP =7 oLel

k./;’_/ \—’—V——/
Tf we wuld solve our Lhen We could solve 3G\

Pro\olcm Cﬂ‘mtwt\\g e‘fﬁucy\ﬂt& (No wav 3

How? S\Ippcue, we L\ed an e’(('\cimt Ju)af‘outinc, fow Cov
Show we wuld ue it to solve 3G\

subroutine for 3-Col

G N (G, k)| subroutine for > Ves
——*{translate

A <~ K |_Clique Cover > 110

o shonld
my it o Topet for »ﬁn&ﬂﬂiél to

3""‘ CLov (o)

How to trons la‘te?
- Bot\’\ ivwol\/e Pa\r‘hov\iv(\g ver T

3ol — 3 wlor classes :l_ et k=32
Clov - k dl UGJ lemert
wm‘omm

= Aé Jacmua (,omlrb on Gl

3ol - If usv have pome wlor (u)V)QEj__\
Clov = T u+v in sawe dl%uc, (uv)EE



ReAucivg o) to ov:

- Given G for 36\:
- Set kel

- Compute a Cu:vv\p\emcn't cégc sd:)
- Rom Lov on (G,K) +

veturn uhatever @& retumy

T this o 'féitl\{:u\ tram\a’t'\ov\?

Clam: G=(V€) is 3-clorsble iff G=(V, €)
has o c\iclue, CoVev o‘f ate 3.

Not 3

3 wlovable
‘ G , Does not
Has 2 d\cbuzc, have clique

Y = )
LoVt J'e(, [43)V, I%8 Hege=3

\i

QN

7

A Picturc is wot a pfodF.



Proof‘
=) If G is 3-toloyable let V,V;,V&
be partition of vertices into colov classes.
TE€ u+ Vv ingome ooy (Jéss, then Cu\,\/)& E.
This imp]ics tl/\a't (u)\/)ééiw"ﬂp]‘m"t
2 Al vertices of Vi (for (= ,2,3)
ave aé\') acont in Z:\
2V, isa di que in Cz (‘fwu—\ 2,3)
2 Ca has o cl\%uc, wver of size ./
complement
(E) TF G has a digue cover AVARVARVA P »
then i€ wy in same set Vi, then (u,v)€E
2 (uv)&E
2 Al vertices of Vi (for 0=1,2,3)
e V\DV\-aAJew\n‘t w G
2 VI, VL,V define & S-cdloring in G
3 Gs 3-wloveble vd

FiV\c“\a_ , note ’d\et our reduction Yuns  wn pol‘omwniel
time (wvv.plcwuont G)
- 1t did nst tV‘\a_ to wlor G
- Tt does wot even know whether G ean
be 2-olored




'Polnanomiel ?eduaL‘.litg.-

Def: Lévgu%je' L, i po|bnomia‘—'timc reAuciLle
1o \encgucz,ge, L, (Jdensted L, <e L. ) it
there is 2 pola-timc (FUV\cIl'on f) st

Ux xel, ff Jooel,

Le showed 3\ Sf Clov (wl\dc f(él)"’ (G ,3))

I‘(: L\ Sf Lz + L-,_ [t Jo'\/élale n polb-tw\ae,n X} Ll
Jdso, it Ly is net solvable in pola-time,
nether is Lo

Summaﬁe :

Le,W\W\e: éﬁv(m \evguagu L, )L,,)LJ
) L, Spla v LEF 2 LEP
GYL spla + LER D1, &0
WD Ly¢pla ¥ LoSply 2L 8, Ly

(D¢ now an cle‘(ine NP'Cump|etener.
Iv\tui‘ti\lel\a_— The ) \\aréest " pralo\am in NP



Recall:
N93 Set O'lc lév‘fugges VCY‘\G&L‘C 12 pola-timc

Def: A |av(\§u%§e, L s NP-herd if
V0Uene, LS, L

Def: A bgu%x L is NP-wmplete, i
A L e NP Qooeeeeeenes Vﬁf‘i{\e\o\(
C'—)vL s NP- L\arc\« e but wot 6313_.'

This condition feevns impomuc ,
since it involves sl \avguegcj
in NP - an infimte st |

Next lecturve: el prove there is an
N?—cow\p\c’cc Prololem

Summery :

w—%f - PD\%V\U\M\&\ time

- Nf - polva— time \/wi{iab\e - wrti@\‘cajte

- Polxa-timc, rcéud'oi“t\& N

- NP-hardness

- NP - completeness




CMSC Y45\ - A!gorit\rwh Des(ign
Lectute l6- NP- Cuwp\exmus : BSAT « Tndependent Set

Recop:
P Set of |c>1gue(ge: (decision Pro'ai.)
Soluable w pol\a-'tivvvc
NP« Set of \avgu%o'a verdiable in pola-timc
Sp' Ly $p Lo meens there is o Pol\a-time
Fonction T st
Ux wel, it §ooe L.
NP-hord: L is NP-hord if Y Le NP, L/Sf L
NP- complete: L i NP- complete i
(m LeNP
) Lis NP-hard

If any NP-complete problem is Jolyable
m {)Ola-tiwm, t\'\ug al are (R=NP)

If ohvy Pro\o\cm M NP is wot sblue\o\c, M
Pol\a—‘time, ; then wo MP—LUW\pICte,
pro\o\e,w\ is solvable n poll(/)—tivv\t (Y 7 Nf)



Eoo\eev\ \Satis‘(iaku'it«a + Gooks Theorem:
~ Prove Q’)\!‘D\o\cmi N?-am\p\ctc tlr\roug\'\ reéud'imn.r
- Need one nitial N9-Lmv\p\ct¢ problem Yo start

Roolean Sé‘tis'ﬁalai\'\)&a (SAT)

’Boo\eek 'forw\u\a:
vavisbles : XHYhT o %, X,
—> Badn @wn be auigm,é tove o Tolse
operations:
A=and xaw -true i both b
Vo mw 9 - true W ejt\nor/lnt\/\ true
B W “V\Dt" =% - Youorses true © {a\se
o{"b&v\ widlen: X 3
Examples:
(xu2)° (xa (tav%\) "((73 ABIVK) T
M

F,_Lx,g)\ = CiVX)A(év‘g)’\ @’\S)V

e’

Def: A formula is Jb‘tl&ﬁe\a\a '\( it u
Poss'a\o\e to ausign veluu to \ler'lé\o\u ,eN,Ota .
so X evalute, 1Log Brue b




Cooks Theorem: SAT s NP-Cumplctc

“The (Proo\c i$ |ovg<\-tuknice] bt heve is o
kgh—\evc\ intw tive ovewiew

SAT € NP Given & formule F(‘X\)...)‘X{y\>
wtl'fi oajf{ \$ és;égnman‘t To ver ieL\u
% T ) X b, 2aeT
To vexifv&, p‘%g’ these into formula
evaluate « dreck that vesult = drve

SAY \S MP'LMJ“
— Given any- \avzguge L€ NP,
wont o show L <, 4T (xe L ff §6)e<AT)

— For ong instance % for L we know
— Can vm‘ﬁ«o\ﬂ\e’c xe L

Twolves o crtificate + verificetion progrem
- Enwde wrtificte as o L,htJtriv\Cg

¢d C = 01oNhol...
- Expren lo'\ts QJ \/ewrie\o\u
X, * \Jt it o\c C (O’f) 1=T>
).61,‘ ‘L“é \5\'\' of C



- \/cﬁ‘F\‘(,e’c'.m 15 Po\l\(«)-t\mc prcgrem-

- ngfaw\ 1% be %‘PVCSJtJ s Q C\f‘w(\t """
‘f Pc\\c/)v\mn'\c\ size e .

:
%

v

;
0

- C\Y‘(,U(\t e l){, O)épreucé QJ \om‘eev\

&u«’w\u\c JC (7‘) o{: pv\\anow\\a\ Jite.

- This Formula 'Féit\n{:u“\a simulates the

vevificstion pragrom:

vel iff feoe sar

L LeNP LS, AT 2 AT i NP-havd !
A



Cook 'PfoVCe\ 8 stronger vesult -
Satssaa\ot|¢3 s NP-complete , even i ue
retrict the formst 01[ the formules
to JINF.

Notation:
|\tere\’ A veﬂa\olc o its cump\cvnmt,m o :X_c
3- wnJuwcﬁve normal form (3CNF):
A formula that is the conjunction (A)
of devses , Céc\n o‘€ u\m(,l\ Xi t\z\c
é'\s\‘)unction C\’“) o\c 3 \iteva\s\

Example:
(X, V %V Xo ) A (x V X,V xﬂf\(x X3V x\\)’\...

Def: AT - Satifp\a‘oi\i'tta 0{_’ -Fov‘vvm\ag
wprasd in SCNF form.

Theorem (Cook). LSAT s NP—comPlctc

K
s Reductions ave J‘w\np\e,{




Given that IJSAT i NP -Complete | lets tw?’x

on ot\/\ eYy.

1\/\ALP€M&6V\t SCt CLS): CTNCV\ égv“ép\/\
(I=(V)E) + inleger \(, Jdoes G

S
conlain 2 JULJC‘: olc \/Q\f)ti(,es

V eV f size k so that wo
tuo ave éé\‘)eca\t?

Exevvuplcr

Claim: IS is NP-Complete

Necd to show: () IS € NP (verifigble)
@ IS is NP-herd



() 1S € NP:
Given instance (G,k), the certifiate
consists D]L e ¢t of k vertices o‘( G.
We wnsider eadn peiv U,V from this set «
dheck thaet they ave wnet od \')acemJC.
If o0, we awept the cortifiate v

sthervise we veject it

@) LS s NP—\\afé:
We'll show thet: 3SAT ¢, TS

There exists Pol\a-‘hw\e 'Fuv\cit'on ‘E t‘r\at
maps 3 LCNF \Oafmu\a Fto 2 peir (_Cﬁ,\Q
s.t.

FeSAT ff (G,k)€ IS

3SAT:
F VAN (G, k) [Independent— yes
translate ot - 10
N ]
|<1‘1V@\/x5)/\--'l ;QB

\‘\Uw? These Pv‘o\o\cms seem uwrelete,é!



Letd see uhat ﬂ/\cta shave in common:

SC\QCtiovﬁ
AT = Lohidh veriables ave true
= w\nic\/\ \iterals ave true =

TS Whdh vertices are in '\v\étp.uf( "

litevels map by
vevtices 7
R%uircmcwty

3SAT : Log ica\ "and” of dauses | eady
is or of & literals
= at leact one true liteval pev davse

P

TS ¢ V wust contain k vertices -

set k= number -
of davses
Restrictions:

AT X+ % oot bosth be trve
TS T MV)EE, usv enet o
botly be in indep.set

Creste ?—%gc between ... A




Plan:

- For each clavse , create o vertey
for eadn liters). CCluste of 3 vertices)

Cx,V %X,V xl) —> @ @ @

- Covmcct vertices witl/\ CecL\ c\ustex
(Eorces us to select ov\l\a one as the

"satm‘\a\ Y\g“ litera))

CRERET B @D/@\{@

- Connect e2dn vertex Q with
ity c,ovv\pkmcnts @ ((,owﬂict |\‘V\|&&)

(FWC&S (OK{ "Zo Clnoou. one or Ot‘l\e\f‘

to be true)

C'X."?‘-LV xg) A (-;("V XV X3\




RCAUCC’\OW C\\'VCV\ Oforw\u\e F in SCNF:
kK <— nuwber o]c Jdavses
for each clavse (‘Xq\/ x| V ‘XL
- ereste vertices @ ’ @
- create césu (X)), (%X, 7&,%&)
For eadn varidble x ;¢
- oreate ed es\oetue,ch al\

wpies of @ and @

return (G ,K)

Example: -
(_x‘\/ ilv 73)/\ (’)—(‘v XV XZL) A (3’(‘\/ X,V 5_(3>A (7(,\\/ ;_Lv xz)

G: $1 K=4

/!

1 7 G
@§ // @)




T\/\\.S (1% compu’tul in Polla-‘b'mc in Jize O]C 'Forwmle-
CExerc\'Sc)
L\)\n\a does it work?  Some intuition...
= I€ Fig JaJciJ'Fiau( , t\'\crc wmust
be ot least one true litersl per
dave —> 3dd £ o indep. Jeb
& If G has iV\éep. set of size \()
W\us't be ont \lOftOy, 'F\rom eadh
uster. Set this litevs) true.
T‘/\\S éssgv\ment Jéti\r‘f\'u F

T T T T

- T o

(X‘V le 73)/\ (’Y‘v X_L\/ 7(1) N (7_('\\/ X,V 5(_3>t\ (7(,‘\/ .)_(_LV Xw&)

X\= There may be
X =T H-O—0) s o)
- " which vertex 1o
x,= T o
X1




FO\F W‘a\ ?(‘oof-'

Claim: T s sstisfialle ff @ has ind.sct size k

() IF F i sstisfisble then (becovse F
in CNF Form ) eack clavse 010 F must
have at least one true literel.

_ Select one trve litevol frvn exch
davie and &dd Yo V'

- There ore k cleuses S l\/—'|= k

- Roth @ and @ cannot be

tiue, so no eé(gc between vertices
ot v’
> Vs ind set of size kK 7

(€) T G has indost V' of size k
- Beause dusters are wnneded |
an teke at wost one fromm each

Juster. 0 ‘)

- Becavte k = no. of clewes = no. of dusters
most take wecﬂxa one from each o\ustw\




- Tecause are a&\iaceht,

both et Ve in V7
fx eV o gt T
X € V' — st qieF
€ nether — set e either Toe F
- This éssgv\meﬂ't satidfies cuera
dause of F
2 F hac o safifaivg éJJgJ‘V\W\e,Y\_t D‘/

Done\ Lhowed 1S s MP‘wmpletc,

Notes:

- Rordest part s the reduction

- RGAULC Known N\O‘l\eré to our p»ro\olev\,\

= RcAootiov\ meveltatrémletCJ mmon
elements.

- It i« ngstic (doesnt @ve) Lhidh
varidbles ave true, Whidh vertices
are in M. set o eyen '\( an ind,

set exists !




Summev‘é:

- 3SAT s NP- wmp‘&tc
- IS is NP - omplete ((3SAT < )

N"l?—complote /{IS_\ /IS_\
3SAT BSA%
\ NP

N NP NP

P m




CMSc Y45\ - Agont\nm ’Desé)n
Lectufe |F- NP-Completeness : Cligue, Vert. Cov. + Dom. et

This |ecture - & casy reductions

Rue,p: To show L js NP- wmplete,=
(i) LE NP - it is vepfishle
i) Lis NP-herd - suffices to show L/SP L
‘For Jome \(v\own NP-herd Pro\o\cm L/

Three Probkms
Clueue, Ccuque): Given é(grepl« G=(V,E) + integor K,
is thert o sobret VeV of size k st.
al\ pee *5(: verlices mv are eJJawwt,

]

Cligue of size S Vexrter cover size § Domineting et size Y

TR @

Vertex Cover (vc) Given graph G=(V,) « intggor k, :
is there o subset V <V cf size k st. ;
every eégc of Q is incident to some vert. o{ v




Dom\hét\vgjet (_DS)I éivengrepk 615(,\7)6) e—’m‘tg’bf \i)
is thert o subret VeV of size k st.
6\16\/‘\6 \/c»rto; ‘m)(z s W v’ o aédewnt to
a vertey mV

A(Pp\'\cet'\ows
C\'\cguc- Ane‘adJis o{ tgl’\tlla wuplﬁé groupx

in sodal et works

Vertey Cover « Dominetivg Set - Used in
60)P\ioatiov\1 \h ‘Feci |l't\a_ ‘o@t\'OV\
(Plac‘\ vxg service Taalities c|ose to cli&hfx)

Cl'\%uc /IS /VC: (’\O‘"\& veleted.

Reall: a - LomPlcych\t g\rcplz\ Cu,\/)ea i wwé G

LQ«W\W\a‘ (TNCV\ egrepln Gs(V)E) uitl\ n-= ‘V\. Let VISV
+ =1Vl Thew t\r\c '(ououivg dre ec()ui\/e’\_c—v\t:
(L) '\7'} \s & d'\cbuc o'F fize kK in G
@) V is an '\v\c\,q).sct of size kin G
) V\\T'ss 1) \/C\ft&L ovey U(/:Si?:c V\-\l "N G\




Proof: Leketdh) B
We G+ Al sJ\')eth m G
& vnone eé\)ew/\t wmG
WS WD No CA@“ Svmong v
& all edgies tovda VWV

7

Theorem: CLLiQUE s NP-wvnplc’cc

Proof: @y cuque € NP
Given input (C:F('\T,E),K)
wrtificte = list of k vertices —>'\l—'
vorification:
[ for eadn u,v € v’
check ﬂr\e‘t (u,V)e E
if yes for oll - accept

dse - veject




wy LS Sf CLQUE

- Givon instance (61,\0 for IS
our tranglation function ou‘ty)u't.t
(G )k) for cuque.
- Gon amplement grapL in Oln ) Hime
- Cm'\{‘u.tV\ess:
G hes indep. set of size k
i
Z\ has CLaue of size k
oy, prior lemme (1€2G)) 0

T\f\wrevw VC s Np-wvnplctc,

Proof: >y vee NP
Given input (G=(V,8),K)
wrtificste = list of k vertices —>'\/—’
\lom‘lcat\ov‘
[ Hfor e2dn edge (u, V) 6 E
check that we Vo veV’

lf yes for sl - accept
dee - veject




Wy IS Sf VC

- Given instence ((:),\0 for IS
owy trémlatimr\ ‘Futhiov\ outputf
CG,m-K) for VC (w=1V1)
- Con (,OW\puCtC in On) Hime
- Corvectness:
G hes iV\cl&p set o{ fnze k
W
G has \Ib\/‘tqc oV of T w- K
Coy prior lomme ()€ Wi)) o

—\_\f\w(ew\: DS s NP-w\mplctC

- This u tridder .l
- Looks similer to VC (if Vs o verte
cover” tJ’\eY\ LtS o c]om.Jet,f'\OcsL\'t?)

- But, t(eV\;S\et\tm must be ‘peitt\pu\
(}f Vise Aow\.Stt it W\ag not Le _\[C)




- Gosl: Pol time {mc}tioh ‘F (C\ K) - (C\ k) st.

G has VC of size X

i
Gl\\as DS o‘f Jize \’\’

~ What are corresloonémcg dements?

VC: Eveﬂa_ e%ge, s muiwtwto V o
DS Every. vortw S aé\)ewnt (ov )

= Nee,é to weke eé(gu Le,Lth likt vertices

Tdea 11 Add & vertey within eadh eAgae

G- d:
‘o—0' JC—> *o0—o—0"
‘A’us/

?u'ttivg wor Vv in VC Puttivg worV in DS

covers (u,V) dominatey W,y

o

—> Byt iIC u inDS who dominetes v



Tdea 20 AMd & vertey uitLin each eclgc +
keﬁp the old e%go
él: :F é":
“O OV > U\m\l
Wuv

?uttwg wor v in VC Putti“cg UL/V n DS

covers (u,v) dominates L, + viw

‘_n\'LS X &lW\DJt por(ect Juwo issves:
(D Dont want DS to use the
W\A— eégc \Iorti(.u ) Hou ‘tb o/\fova ‘c‘r\is?

(@ Who dominstes isoleted vertices ¢
(wo wadent £§§€A\
Fixes:
® Not a (Pm\olew\. No aJvevxte(gc
W UJincg Wuvy ; SIML U or V
dowminates ot kast as many verCices .

v. .\ 7 R\ -

(h’u v ‘Nu v
V|



@ TLsolated vertices ere triviel to hand l¢ :
VC - Tlr\m& never \nclp
DS ‘T‘/\eg_ wmuwst be included
Lel wg denste wo. of isolated Vertices
m G, Set Ke ken

Fivol reduction fonction §

- Given (G,K) for VL, G=(,E)
- for eadn eé(gc (uv)€EE

- oreate vertew vy
- add neu eéﬁgu (,u,ww) + (V, U\N)
G, A
o—0 I oo
‘Nu\/
- Gl vesulting gsroph 6
- let Ny = Vo solated vertices m G

-set K« Kt ng
- retorn (G, k)




Lemma: (G has @ verte wver of size k iff
(:t/ has @ dow. set o‘( size K

Prodf :
(D) Lt Vbe s VO in G of size k

~ let: )
V =V v {e\\ isolated vcr‘t‘\wsg

- C/learlxa., V"1 = ktng= X’

- Since Vis VC, Y tu) € €, cither
u\é-vdur veT’

- In cit\nor se We c\,ow\‘ma'tt W,V, Wyv

> Vs dom.set of size K in G v




) Llet V,’ be & DS, in G of size K’

- If V” containg ema mié-dgc vertices
Wuv fﬁp\acc with either w o v.
= Sl o dom.set (as cbserved eaclier )

- let V & \T" with isolated vertices removed
(Isole‘tcé ver tices musTt be in dow,. Jct)

-\v\= K- ny =K

- Sinu,'\l'"éomw\efcé all vertices

2V domingtes ell w\ié-e%ge vertices
D2V wvers 2all cAgcs

2 Vis e vertey wver in G o'F size k. V
O




T\'\wrem: DS s NP-cuw\plc’cc

Proof: > DS € NP
Given input (6=(V,E),K)
rtificte = list of k vertices —>'\T’
vorification:
__'For eadh v €V
check that v ov some V\elg\,..w\ v
fid yes for oll - accept

dse - veject

W) VC =, DS
Follows Trom previous lemma.

0O

Summeng: Three new MP- Complette proLlcmr
- QL\QueE
- Vertey cover (VC)
‘Domiwet\mg Set (DS)




CMsc 451 - Algorithm Desipn
Lectute 18 - Approx\matiov\t VC, TSP « Einrpec\dgf

(,aPn(\Sg uith NP- Complcteness:
What to do if Yovr P«oLlc,m is NP-hard ?
— EfUtC‘fW% seavoh : On% 'For Sma" inputr
= Heurutics : (ecg.greeé\a) Fast but no
gue(‘en'teu (uwless You pro\/ct\'\CM)

- General searda: Often the best c‘/\o\‘(,c
-Lrondh + bound
- MctFDPOIiJ-L\&J'CingJ

- S'\W\u\’e‘tcé anv ee\ \no

O
- GQenetic /Evo|utioner\a
- Loea| search
- Approximatiom=

- Guarantedd 'Pc\r‘(ormeme
= Specializcé for partiwlér pro]olevv\

How ose to op‘time\?
Approx'\ms‘t'\ov\ rotio: Pe‘ho D'f L\curiJ't{c
value to op‘tiw\a\ P (Greek vho)




Common approx. Yes ults: (Bt to worst )
- (an be c\pprox'\me'\:e,el a\rb\trari\xa wcl\
- Uscv*giua on auoueé exvoy \lf»\mé £7 O
awd Spprox. retio is S |+ g
- Ruwv\ivg time pol\&. in n but £Yous witl, ¢
(eg. (j((‘/z)t V\G) — o0 & 20
- Called ?ol\onomie\ Time Approyime‘l:\'m \S(,l\cmc
(PTAS - ?(ov\oumcé "P-tas”)
- Emw\p\es: Subsel sum, Buclidesn TSP
- (onstant 3pprox . ratio
~ Exawmples :
- k-cenber (Gonzaler ): p=1
- Verter cover: 0=
-N8P: p=7 (o odfer ()=|.5)
- Tin @ac\civgz €= A
- Lagarithmic
- Ewwpl£=
= (ATCCA\(/) et wver: = I
= Esscntiall\& best pwiiuc (wnless P =Nf)

'Iv\approxivne\olc,: No POLJ.'l:ivv\c agoritlr\m
achioves an pprox. unless P=NP.



Vertu Cover Approximshov\:
- Precent o Aiva|6 approx. ég w\t‘/\ ef 1

Vertey Cover  (optimization )
Given agra.o\\ (2’07; EB (.umpwJCC
the smellest gubset V'€V st wer
eécg'e, s incident 1o some vertey w V/

G: (q:

—V

fiat Attempt: Greedy Heuristic
— Re,pest&lha select verter w of hg'kut
Jgree + add 1o V'
— Rewove u + all its incidet o%ga
- UPJ ste vertex égrea

- E%ui\/alel/\t to greegta, Jct AN on (X)}S‘)
X = e%ge set = E
S =V ue‘v‘) Suzie\ e inadent 1o v«g
Approx. vastio=Ilnwm wm=1E|



Steond Sttempt - Based on maximal vwatc‘/\iyg
- Recall: A ma’c()nieg in Gis e subset
of eé(ges MEE st. eads vertex
inudent to ot most one cécgc of M

€M

- Maximum .metLJ/\ivc\g : bgat Size Pom\,lc
- /\’\axima\ matda'\v&gr cannot déé more Cz)fu

- Maximum metdhings ore nontrivisl to compute
(Eéw\o\r\éi b\OSJOW\ agof »t\sz
- Maximel metdnivcxén ave vcvg e2sy

\463 oloJcr\/etiOW _M= éw& vv\axivv\al vv\etJasvg
* :
Vo= opt\vne\ vertee cover

Claiwm:
(&) W17 )Ml
G |V s 2lml




cp\/‘oo'Fi
) For Y- (uy) €M f either u or v must
be in (81w, This holds for ehy metctﬁv(\sr
and 20y vertes cover.)

(i) Since M is maximel | For eveny (un)EE,
either w or v 15 incident to on Cec\ge of M
(ot\/\wuise, we wuld 23 y) %o M).
= Taking all endpts of M to'\C«l\ClJ e vertu

Lover, of size 2-1M]|. V7 cant be \egor.
]

App{‘oaéjz\l Compufe ev% maximel W\e«tblnivg M
+ for e2dh (un)eM | 8dd both uwev To V.

2 pprox-VC (G
Ve g
uhile (G has an d(gc , (unY) 7/ ke on %de
Ve Vo {uvd  /2dd it end pt
delete u+ v and indd. u\(gu




E xample:

Coim: approx-VC adhieves epprox. vatio of 2

Pfoo‘f‘- v/'\s c \/ortqa coveY,
[’\T’\: Z \-M-\, Uhere ML s meximel w\at(,l\.
Ga Lemme (1) M) ¢ |V7)
5 W=zl ¢ zIvd

Rcd\)cfions + Approximatiomf

- Since V€ has & Z-fector émoroximetion
dont all NP PrololemJ (via reduction)
hove & 2 fodtor epproxime'tiov\?



-~ No! Reductions dont nec&sxe\ril»d
preserve. epprox: ratios.

N Cé.se« \ﬁUégl ::5 $£ -V(/ (LJE. JL\QNQJ :)

G hes verter wver o][ nze K
it
G hes indep. set  of size w-k

- let k'= opt. VC size.

= 1 n mpute @ verl . wver OIL sige £ Zk*
=) (A meul((- N '\v\Jep- set 0{ nee 2 V\‘Z\&*

- Approx. ‘etio '€0~(‘ 1S

oet < V\‘k* «— C,oulcl be L\\Zgg'
approx T on-2kE

E.g n-= \)OOI, k*=5007 v\—k*= SOl
n-2% =




Trevclig Sslesman Problem (Metric case )

Reeall: A (diserete) metric space is o
fimte po‘mJC set P+ distence ]Cunct\'on
fuv) V uwvelP, uhere:

. dlup)ZzZ 0o + dun)=0 \‘ff W=V

o d(u,v) =d(v,n)

o dlu,) s Sluw) v Jlv,w)
(,Tﬂavg[e ivxugue.l;t\:p

- Most naturel dist. functions are metrics:

- Euclidean dict
- Shortest path dist. in graphs
- Edit Jist. (Levenshtein dist.)

- Repfcswte\o\c of
- wxn distance matiix (uommet»/fc)

~ complete wuglxteﬂ (g\repl/\

(Metric) vae,,i\g Salesmon Problem (TIP):
Given & set P DF n points in & metic
space , Lompute d Jiv»\p\c c,\\«,c\e that visits
all vevtices of minimum we'g%t.




Exevv\p\ef P: TSP(P):

o o

O o o

(svem @ set | of eJ(ges et wt(T) = sum

of Jistances.

O\oJ? Cﬂ\lem é?\\& TSP tOU‘f‘, yYemoveé v CA&(
A spanning tree vemeing =

Wt (MST(R)) ¢ it (TsP(P))

Tdea: I€ e n wmpu\tc e velid tour H
of weight < ¢ Wt (MSTC?)) then:

WE(H) ¢ ¢t (MST(E)) ¢ ¢ it (TSP(R))
D H is e fadtor-c épp\roximet\'ov\!

How b comvert MST into @ uoolc?



The Twice- Aromd Tour:

- Start ot anyg vertug o{’ MIAT .
- Rold Mour hand dg&iv\s‘t the MST "wall
welk eround the MST

MsT orT. TSP

= This C\Ode hits each dge tuice |, but

repeats points ) not slloned.
- Shortwt the péﬂ’\ \o~a_ mvnovin(g @eets.
- BV} tf‘ievgle, in%va\it\&—sl«ortcuftma

N DV\\\a red uce lengt\!\s. S

Exemple:
MST: Twice-around +Lhort Lty




Since (grap\/\ i cavnple‘tc,, wn (,umpvd?t MST
1% d(n‘\gnﬁ time. Tuice-afouhcl +

hort wts add O(“\ Tiwe.

Lomme: The Tuie-Around elg. \/\es SN Spprox.
retio of 2.

Proof : Let H-= tlAic&-afouné tour
let H*- opt TSP tour +
let 7 = MST e%gcx

Earlier:

Wwt(T) < ut(Hﬂ)

Since “purc." tuwice sroumd hits each cé‘gc
tuice ¢ short w‘\tiveg ov\l\a Jdecreases
u&igt\ts:

WtCH) € 2- Wt (T)
>
wt (R) j 2 wt (TB wt(H) < 5
< 2 ut(H) 2 St %)
O]




Cl'\fistD‘Fic]es Akorit‘nmi
- A 23-fector epprox to metric TSP

- B%} Nicos Cheistofides (1974)

Ols: Uestzgc. i tuice-avound  owes from
vis'\t‘\V\g each MST e,ége, tuice .
- (,e,v\ W< evo'\d t\r\'\s T‘Cpe,'titw\r\.?

Eulerien Grant: A c\aclc in & Cgrepl\ thet
visiTs ery eés'e, e),tacil\a once

-The -Fo\\ou‘ng is well kngun:

Lemma: A 5repk (:P(\/—,E) has an Eulerion
drant ff every vertex hag even égﬂce.
Con be um/\putté m O(\MW\) time,

Eulerian Grenk




How to exploit this 4

- MST definitely, has vertice of B
odd o)egrca (leaves heve éeodvoe, 1)

Oaristofides ee:
- Extrect oll vertices of MIT of odd Jegrec
n Féct’ Noum. of vertices of oéc\ écgrw
s oven (Hev\éﬁ\ekivg lemme )
- Cnvv\pute. Q metJniég on these vertices

- Add these edges to MST

= Nnov 9“ \lcxticu l’\é\lt eNon égg{q,(

-

- Uge Eu\iér\ drcwmt fe’tll\ex H/\evx tuice avround

Eac\ground-‘
Métd'\‘\eg: St of e,%c.(, each vertex maident to s 1
Perfect W\et\n‘n?g: Evcwa verter incident to 1 e%ge
Min-uegkt pw{uff metcl«\iveg (("\WI"\(?D
- porfedt ma’chivag of min we'g\r\t
- Computable in (W™ IEL)



Assume 121 even

o ° o © Yo o/o o—o° “o
o) o) o © o/O
© o © o . g O\O o\o i
o OO o o) 00 l//i I ff
o o © © 1 o—0
© o oo o—o o/o

Christofides Algorithm: Given P in wetric space
() Compute edges T of MST(Y)
@) Let B, ptoof B uith odd deg. in MST(E)
(¢) Compite edgec M of LIWA(E))
@) Form groph G=(B,Tu) LG hes eren deg.]

) ¢ < Eulerian arat in G
C = apphy short-ating to ¢ Lt (¢) £ 1t (¢)

3) veturn ¢




Eulerian cvant
+ <hort wuts

- UJWS on Euleﬂen Orcu\t IS More
ost eﬁ‘\ci LV\t, but how W\ULL\ wei\g‘r\t
does MTIM(F,) edd?

Lemme= Gi\len point set P ) le,t f, loe ema
subset of oven carémel‘»tla\. Then:

WE(TSP(RY)
wt (MM (P, ))¢ 5

Proot: Rcvvxo\/ivzg pts. onl\% decreases TSP
Wt CTSP(R))) < it (T5P(D))
—Sf’lit Ts?(e,) wto élte)(‘ne'tivg grou‘os

My, v M,
W




TSP(ED M—o M—|
%O\°°/01°\0 <°’° S
Lty S 2y

e S o
o/°1<$> AN 10\0 é‘ff

2 Wt (PP Y) = Wt (M) +ut (M)

- Roth Mo~ M, are ‘Pex"(e,dt W\etd/\'mgf

Coul wet nec. minimum wc\'(g't\tw
=2 u‘t(MWML?\)BS M (utLMO,wt(ﬁ’l,))

= M'W‘ O'F two V\\)w\lobﬂs < euwggc,

lﬂt(Mo)* Ut (M|)
2 min (WtMo) wt( M) S >

- CWv\\oiv\ivg :

ut(MWﬂ(PDB $ min (utU"lo?,wt(ﬂ,))
< ut(Mo)+ ut(M\)

Z
= wt (TsP(P))/2 < "“uf?m)‘j




Lewmme : CJ'\ris’cm[icles eég. hag approx ratio %4

Proo{i Let: l-\*= opt TSP tour om i
T = MST(D)
M= MmWM(P,)

As shoun earlier: Wt(T) € wt(R*)

E‘c’)‘ prev'\ouj lemma:
Wwt(M) ¢ 3wt ()

Lck C be Euler arcuit m T oM
v C = short it (C)

(ve have:

Wt (S < wt(¢) = Wt(M) + wt (M)
< Wt + Lot (n)

3 wtll) 2
wt (HY) ‘




Summargl e
- Approximc'tiov\ rotios
- VCftOy v ey ((J=Z)
- Metvic TSY
—~ Tuoree- aromd C p= 2)
- Owristotides ( p- Y2)



CMSC Y45\ - Agonthm Des(ign
LQLJUM'Q 14 - Subset Sum Ap‘orox'\me't\'on

Subset Sum ($8):
— Given o set of 'Posit\’ve in‘tggm $= {'x\,”.)'th
+ Torget valve t, whst s \agcs't som ¢t?

- OIOJQCC\'VU

ax {ZX ‘ Zxétz

W
\S\/s‘s\ )46.5\’ Xé,g)
EXBVV\PIQZ S: {1/ 6)"() \2': \5) 2'$) 31i t= ‘ZL\

Ansuor: S’= {é)\l, 155 gr1ze15- 33 <X
(ot make 34)
Applicstion:
= AJ\w\pli('\ec\ versiom o]ﬁ O-| KnepJack
ond various péc,kig problems.
= S5 is N?—wmp\ete (wo\r\"t prove tl/\’\s)
(see oP‘t\'ov\e\ materis| st eMJ)
Ths lecture:
Apprmﬁma’tion 6gwit‘mm
PYAS - s-epvor- &« Oser spcmcies £
- Retorng anter withm (1-€)-opt
- Ruwnivg time - nghlk& O(Vlz/é)



Po\%nom'nal--nme Approxima'tion to Subset Sum

- (/Je«'ll p{'escnt Q Polxa-timc agfovit\/\w\ Jcof‘ S$
Whidn Siven €, whee O<e<\, returns o
Ju\osd: \9 /S' \9 Whose  Sum 2, Jétis{ieJ

* *
(-e) 2" sz sz <t
% .
La\r\c,\FC z 8 ﬁne. opt\W\um Jumwy .

Exackt (E%ponev\t‘\a\ ’rwv\e) Aégorit\l\vv\

FAK NN Lo=<0)

xel? L=4oV

%12 1.°<{0,,4,S)

’Xg’é:} L3=<0,|)-\)S)e,7,\o)l\>
—Qlgerve: Ll < o

~ Fiv\el ANswex: Lef\‘eest in Ln t'/\e’t § S 1.

a*= max {%QLV\ \%$t§



1 Approad\:
— Compute L for (- O,,..,n
Define: Lrx = add x 1o all ze L
Eg. L- {0,3,5) > 1+4=<4,7,%)

Lo LV (LL-\"’X‘;)} Vvlege,(L)Lw"XL)

— Remove c\,\)p\'\oe*cs } teim(L,t)

- Remove tems >t
~Pickoriallyy
0 %L t
IGeooeoncnses )‘ |
Lv (L‘"Xi) .E. : ; «.«.v v ., l ., 1 «.
?9' 7/ p it ]s
remove duplicates remo;l; Cem
tr|m ¢ oo e o o ° ° ° o o X

CLQLE-suL_uet'Sum (X [‘--V“X, t) // exadl Junge,t Sum
L+<0) /I loasis

for (L 110 W)

__L.é— meroe (L, e xli)) /e o(ien)
Le trim (L, t) / vem. dups & >T
ituf N \aggeft m L




Covrectness — 663\9_

Puhn‘\no _nvme, = O(Z“) C;Croonozltie\ l

»

Ex&mplc
L: 0123456 738910 t=11
| | 1 1 I | | 1 | I 1 I
ik Lo = (0)
1 o o, L1 =(0,1)
2 1: ...... "" LQ - <07 17 37 4>
1 | K _: z‘(;),‘: ....... .‘_' ......... L3 p— <0; 17 3 9 57 77 8>
S N o O s S S output
y . I S e TR e T
S\V\a\ | ﬂ(*) L4 = <07 173745576375 8797 107 >

return \avg dT

Apprax\mation Alﬁgoﬂlt\nm .
— Too v\/\a\/\.a distiv\ét Jumwns (_potcv\t&ellla\ 2 )
- Ic]ee Cpmpr‘efj v\cerl\a e%ue\ Jumd

L= { W51, 9852, 9%0, 9150, 9%52, 19,301, )

r
COVV\P(CSS to ‘(351

compress O 1450

vy v ¢ v v v
(pmpfcsjz —_——a—o © ® -

(B}




How \age

e &i«efcv\ce (N We tolevete 7

prev. = previows uvxpruncé valve

\9 = element wmdey uwuic),we;t%ov\

Cannot prune 93 i‘F relative di'(FCVeV\C{ Y §:
ﬁ- Ec\/ > CS ;) ,_a. > prev
4 -d

o
if

Cﬂp_fe.m (L) cS, t) //(,ompfcu sorted list L
L'« @

Prcv «— O

'R)_\/*Cé()l\ vaé L

(‘3_> t) |ovee\< V4 ighom velues > T

_( W > prw/(\-é)) / different mo\gﬂ\?

aﬂ)e\né 9 to U /) add to L

r<turn

'p{QV «— Ig_
L / finel compresied |t

Ex/ewxplc,: L=
<$

rctufn

<l0 I1,12,15, 20,21, 22,51,53 59 5¢ 80>

0.l t=¢(0

U= (@) (2i5) @9, 21, 21 (51,53 m/ LW>

<10,12,15,20,51)




”B uc,ke'l:‘ ’Pempec'ti Ve
- A bt easier to visuelize in terms of
\ﬁuc\wt? OIL Jame Y eletive Ji1z22

- let 0‘=‘/(\—57 (c>\)
- Breakpots: \ o,0% 0% . 0%

- Bucket J E<rj-] <r§

compress (L3 1) — keep smallest in each bucke?

vp to <t
l—la olod ot 5P o0 ol oS t
[ | | | | | | |
L:
(.,OW\?TC«SS* X ). § ¢ x| ex XX X XX X X
L/.

- Not ch(ilg SAame Qs (,ompve.u, \ov:(
same propertics . 1f lﬂ)\g, i Jame bucket
then ¢'' < n<y gt

/

u: l— lﬁ' < ‘_ ji-\ — \—l—:
V‘a’ 3/ = G-i o
k g= I/(l—g)

2 n Compress , @ booul?\'

Prune \6/




Value o\C ompression — Numb ey o{: Jwviviv&g
values is Fo\uonom'\a\ , not Q,Lpav\en'tia\ |

Lomma: A‘Ftﬂ‘f ompyess (L)é)'t) w\'\cre J:L/V\ )
number of nonzevo items in L is O (G \gt)/ £)

?wroo'€ . Eecl,\ (,ovucud:wc péir o{: SUrVIWVovS s
scpefe’ccé b\& factor of 2 o, yhere o A-§

-Let k: v\uvn\oe,v‘ of nonzeéro JW‘V‘NON

"l T (o, Wy Wzse s W) ST Yi” 0 Yiny
g2l Py 7.&7\‘0‘ y ¢\
> 2ok but yp ¢t

3> o' ¢¢
> (k-l)l\nq‘ < l\f\’t

> k5|+lv\‘c/|v\o—
=i+ lnt/ In Y0-6)

=1+ Int/(=In0-9))
Standavd magualittai -In Q1-%) 2 X

2 K< i+(nt)/d
Jogt
§= 7 2 k< 1+60-mt) /e =O(:\——§-—> a




A&JUW‘ig ’XiSt , each number needs O’(lg t) Lits
—Totel input size = J(nlo t)
- List size. O((nlogt)/c) = g Olinput size)
- ?ollend\m'\a\ '

EEEO_x—JuLset-Jum (xD.n),t )E)

$ &« i/v\ // PrW\ng {aolu{tiow
Le— (o) // loasis case
'LOL(I‘.‘_\ to n )

L& Merge CL, L+ 'x[ﬂ) / 3dd i x;
| L compress L, d,t) //+ conpIvess
retorn Ie\gest itema in L. 7/ |e\gfu't JUNWOr

Example : (uhvg Compvess* rather thaw Lovv\p\ra5>

l—la 2ol ot o0 o0 ol o0 t
I 1 | | | | | | |

L .

-l

Lt‘.'l v (L;_"" x‘) ole Tote o ° o | e o

oow'pf&%* olo oxx [ o x| o X . X o« X X

Li




Apprm(ime'tim\ Anelxam:
»
Let Y = oP‘tivnum Julont JUu value
Yi, = égo\'it‘/\m ou‘tpuf(
— /—\\t\/\m@’l’\ we Ohl\a_ output Sum theve
is & subset Jummi\gg to Y;.

Le know : Yz <Y <t
%
want to show Yﬁ 2 (l-e)'\{

Twbuition :
- A}garif\/\\m \/\éJ n Sféo’e_s
S £/
- e allgwed an eycol OF 5‘ n 'Per Jte&n
- Tota\ ervor ¢ no = g @
- Dut these are Yv\ultiplicetwc ervors
wit add itive errors @
- e Il show the intwition still woecks

DC‘(\‘V\C:
Ly = agmithG st sfter Lﬂ‘ itoretion
L.? = epacl list e\[to\r ')‘\‘ ‘teration

(wo Lovv\p(uJiov\)
x . .
Uaim ’()/\a‘t '(:W n(,)e L theve s Close 26'—(



. * .
Lc,wwne: Fc_H‘ 0SLEn )J'mr e\\ aé L-L S tL\arb w\sts

rel,st.
Q“S) D £ 2 £ (9,
w\f\(zfc S =&/, 8’ c2lled \03 \repre_JcntetNC

Proof: L'l \')ust prove | swser bound :
0—57‘\6‘ ¢ 2
(Uppem bound is an 89 utemion7

*
Bt& induction ow 1. Basis: Lo* LO = <O> Vv
Lt osume lLW\ma \r\oléJ Jor AR uc'l\ show 1

X
Every. elemont o]c L. acies in two —
X

W € L '
or ‘3“’7"{. ) whore \66 LL‘\

Lell show bith Y Yrrs have repre:en'te)(wu
ﬂ\a, 'mé. ll\apotl'\eﬁl ) 3 € LL—\ s.t.

(\—63&\% ¢ 2 ©




BLO_ addin %X to \bot‘\/\) we L\é\lc

1-\
Q"CS3 lﬁ.‘\' Y < Zf‘){,k
1-\

=2 Q‘63 Cv(}wﬂ < 21")&'\,@(3'\“0: -8 < \)

, : *
Bua_ ooW\prcssiOV\, v\ut\nw Z novr TYX, n L‘L

Let 7;,-{- %” be elemernts f‘/\at pfumc\ Z ¥+ TYX}

Ba. mlu o€ cwv\prcuiow @
(-§)z ¢ 2’
(-$)(+x) € 2

I“ustre‘t'\w 1 Lomprcm*:

3-\ \
v} g
1 z % t
I | | I
'K
[ [ ] o ®. 9. e © ® O
i i A A
o o [ ] (o] (o] [ ] ? Cl) [ ) (@] (o] ® O
|

o
Qs
LY
P2
|
S
-+
x




Combin\ng ®@,0), (0"
ol
-8) (- <2’ ]
-8 Q-d)g=e (-8)y < 2/

-8 (- lyax) ¢ 27 |
(

= (0-9) (v(p-‘k;) ¢ 2’

Since E,‘I' i,l € L; ,tll\'ls (.Umple'tﬁl 'P{OO‘F 0

X
App'\aivg lomma with: L=n, g)=Y Copt J.J)
2=-Y Copprox J.S.)

we heves

G-5)Y s ¥« Y

Stondard lemme: ¥V n>D + V a€lR
(va> € (1¥2)

Jet a=-¢

(1-) (- &Y
> oY <X <Y

= apprOK‘JUJNCt‘JW“ Ui&ld! an S-a?proxm/\ﬁt\'w/



Summery :
6» Sobel Jum pY‘Dlolew\ ~SS
=38 is NP-complete (see below )
- PTAS for &
— User paremeter €
— We veturn 2 sum Y st
GCOY <YY"
where Y-* 'S op'timum
- Rumning time:
e phes
— €adn upda’ta list o\c S12€
Cj((\n \C&Jg t)/ £)
= dw* Io(g)/é)

(/Jeaklna\

PD' \ﬁwowﬂa\ \Cw*
fixed €



“ UL %'g‘t_;gf
fi ma\)

S i NP- Cuw\pld:e,: OPTIONAL

W) SS € NP (easyy)
— certificate : ndices of elements in S

~ verificetion : 3dd vp and J\(,Lk =t

Q.L) SS \$ NP—\\a\ré
- el dhovw VC Sf SS

- Give pOL\a-ﬁmc Funcﬁon ]C"
OC(&)\() —>(,S\,t> , st

G Was Ve o\C .‘ﬁ' RY bt whset

Size k sums to €
subroutine for VC
(G, k) | ——(S,1) : yes
subroutine for SS o
IV\JC,LLLJC'\OW
- (,\)]m& \$ compwb'%f Jums 'ilce \ouiléig@ e Vel -
' - [\)uw\loeﬂ Adéit[on
| = bit Jtﬂ'%aj n bool&v\m\/‘
z sets (bi't Jé(,tmr) ~ §et mion



First A‘tte,mp'bi Given epl\ G\:('V-,E) and K.
does G fhve & vertex wver of vize k7

- Let: we: VI m= | E\
V={V\)..~,Vy\ E:{C\)...)le

= For cadh VLQV Create |o\‘t veckor :
<

=7
1 23454 78 9

v, |Oolol\y Ol © o es

Zﬁ\ bit = 1 4\

if ey inadent to v

o o oloof~| - |
p | O~ Oo|oo—|o | T
= o o olof~|~|lo|n
== o olo|-|olo | a
== o oloolo | @
= o R olloflofe |+
= o o r|-lofoo |m

E\ICra_ Cc)(ge mort be wvered

= \i(.a\‘w‘ hes 1 Wn every pmitioh




O\oscwc:
G bas Vertex over o\( snize Kk
it

T\r\m are k )o\b VC(.*O{J NI’\OSC, haf‘p X AL

N oC ul/\at we uan‘ti
@ 'Cgical-ov 7" Sum
@ SubseC Sum has wo I'\\Mit own
V\\)W\\oo,/‘ O\C 'I-tCYV\J W Sum

Sewnd A&Cv\/\p‘t: ((,o{vtct)
— Aééit\ow \/\as cevies

11 O\ |\ O\,
v 0ol |\ + 001\,

L1\ F l1oooco,

Solution - We ‘ng&r base to avaid arries

11 O\ IV O\, “2_gese {0)\)1)33
v ool \ + 001 \q
vt 2 Lz,
(coser)

- Eéclf\ e,%gc, may) covered once or Bt
> finel sum has L «+ 24 lzviz2y



So|utiov\r Create o set of slack valoes
Lolit\'\ 1&\g|t in eadn. Use wit\n

é\'JurCt\'oV\ ‘l:o w\eke, Jum = ‘2.7..‘2,..\1.,_t

Vortey Sum : 1211 2 7,
slecs= | O o O 0O ©
k l0‘ ‘_1 Sg_\gdcto\ovmp
Ol oo © © | |
d* 0 o1 0 0 O+ l-éig\‘tsurhz
Ui 9 O o v O O
|aq O o O O 1 o
Ws O 0O O o |
t=72 ')_'2.’2—7—19
Example:
€a €a
v;l100110001 v110011000 1
(V) ()
e, Y7001 100010 eq Yi|001010010
kaOOlOOOOO kaOOlOOOOO
tl222222222 tl222222222

- HOLJ to Lonbro\ Jize k 0{ \/C\Ft?-';‘ vy 7

”Aéé Ualuwm o{ 1%

= Ac\\jwt t o this wlumn sums to k
> k volues seleted 2 k vertices veledted




Heres the whole reduction:  Given él=(\T,E) , K
- Lt n=lVl « m=1€\
- (reate n vertex velves in bese ‘I,{v\,.\,)vn}
Fo“ Vit M+ | dgttJ
- Leading digit = 1
-1f v, madent to &é(ge, e; set
\')tk é\g\‘t to 1 (e O)

- (reate wm slack values i bese q){to,).“)\aw,}
For Lad" m+ | éﬂg:lt!
—Le,alwg éigi‘t =D
- Set \jd" A‘g‘t Yo 1 4+ all sthew =D

- Set t to wm+l c\/i&g'ltl in loesc 4
- L@leg é\git - K
- Revnainivg % éigits =2

— Convert wumbers 'FNW\ l{)asc 4 to bage |10
(or u\r\a,’ce,\lff Jubz!e't JUm @)‘)OQCt') _’(S ) -l:}

Time — Teta\ D-(\' (AR 2] V\U\M‘a@y‘J) Q,e(,l/\ w'\'t‘.\ war | C)\S\‘ts
=2 O(VV\(V\“'V\AX\ —‘Palay\om'\e\



- {V’w\/‘) Vy 3
|
Q
I_ toke as
needed
1| Yo wake
25

t.

IWV
— | T
B WL
| oloH|— o o o |[ollo] o |o|lof|lollcaf —| | c >
S ol © |[oOf||lo||—| — © o |[|o]|lo] o |o||o]|o]|—| ©f | N N\uw
Wv w | olollo|l—-lo — o |lolo] o |lolloll—llo] of [ \b“
X
| O|0Oo]H o O© — |||o]o] © |o]l|—||o]|o] © | N m
- | olo|—Hlloo o ~ ||lo|lo] o |—|lo|lollo] ol | Ww
Q| oH||lH||lolo © o |f|of|lo] — |o||o||o]|lo] ©f | N ..U.\
O o|Hl|lo]lolo — o |[o]l—] o |o||lo]|o|lo] o | Wm
o — |H|lolo]o o o |[—|lo] o |o||lo|lo||lo] o [ay IwV
™ ||| — = OOOOOOOO@
— N[ <H 10O © I~ ||l O |Tlol|lS]led <
SEIEIS1E € & QSRR
Al | Sl | el B | S Sl | It | I | S “—
J
e 3 >
.WIC M fvu.l
2 2 22 —
——
) 2 S W
> S5 9 > S ™
I . 1] . | n\c
- =
cloo—- 00 o0o|lcoocoococ o oo —H||a |AW
Woocoo - —oo|floocoocoococo o 2\»\ -
e | O OO H O HO||OOO OO O +H O Of|N
VD O OO 1 OO H||OOD OO —HO O O||N
V| OO 1T OO0 H|OOO - O O O O]|N
OO A 1 OO OO||OO O O O O Of|lN
DO OO0 O —+HO 010000002k
Ol ococococo|]|lHoo oo oo ofla v
A A A 1O O O OO OO OoO|m
— NN HID O~ © 0OV T O Y% .o
SIS S SIS
-~

Cotrectness:

Lemma: G has a vertex cover o]c size k '\«

\S\ Mes Q JuloJe:(j t]r\a't Jumd 'tb




Proof: () Suppase G has verter wver Vj |[vl= Kk
To construct Ju\osdc Sum S "
- for eadn vie'\T'=
0dd verter valve v to ,S°
= Jor eadn eéé'e. e; ekt:
if only, one endpt in V, 20y to 5
- Claiw: SIJUWU tot = [k 212~~~1q]
= Since \V'1=k, k velues wntnbute
1o \eéc\.iv\g é\gt‘t |90Jitioh
- 5\/6!\9 e,ége €5 1S covered:
- If once - toke vertey + y :
~T€ tuice ~ toke both vertices = 2 ~

1
N
AN

D) Suprjwc 3 has subset S/suvvu to t.
- To matdh \caéivg é‘\g'«f, theve
ave K verter volues » V7
— The onl\& Wy, o ge:l: 222..2 s
$or eadn lomn to wntn but e
one or two vertices to V. Why 7
- slacks @n onlb norease ounts lqsa 1\
= N0 LYyNiLS PmsiUc \acca\uc onlv&

two l—étgnts per wlumn. O
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