CMSC Y45\ - A!gorit\rwh Des(ign
Lectute 15- t\)P-Complctcnc.ch Dasic ':Delcinitiom

So :Far...
- Hou to c!esgn aV\J éﬂeltaze C'ﬁiciu\t c}(‘g‘orit‘qw\s
fow Combinstonial pmlolewu
- What do we meen \O\a eJ%icient?

- ?0\(&V\ovnie\ tivvw - O(V\c) ) wkex& C: coms‘teht
((wovst e )
- Exponentie| time - (M)

) ¢\
Héfé (PfO‘Ot emsd :
Near end of 17604 :
- Pola‘tiw\e. aégoritl/\vm 'FDT \mema prololcwu
- Ma\m& prol;\c,vm é&'—‘(\d pOl\a-‘time. Jolu,tiovu
- But Solutiovu ‘oéleé on bru)ce*\cafoe
= EXponwtia\ time

- Receavdhers Jo\égll\t the cruis| property
that clistivguisl\u between them

-Spoilef olert -T\f\e\a Goiled !



Eunter Stﬁp\ncn Cook (V7))
- For many combinatonal Pf‘o\olCVv\S’

the bet olution has the ‘Fo\\oww\g form:
- guess the anywer « vuiﬁa'd: s convect

- N\O'Completﬁ, -T\/\c“\r\bwre\e&t Pfomems » m NP
I‘E ow N JD'Vt 6“!9 O'P 'ﬂqu( V\”ob\m\’f

C'ﬁciciewtl\g = \(/)oux «en Jo'\lt 6\16\“6_
P\m\olem NP eﬂ:memtl\o\

- Roolean Satis‘ﬁeb\l'\'tla CSAT) is N?'wmp\etc

Ewvter Ridhard Ka»rp (\q-ll)
- Showed that 21 Lell- known proum\x
are NP- Complete — Thicis ma\')or'.

- Tre\/elliveg selesman
— Hamiltonian L\oc‘e
- Cli%ue,

- Tndependent set

- Greph coloring

-T¢ P-= N?? $F1M Pprize Jor the answer



Decision Problems « Lévg‘*‘%"" ]Zeco\gv\ktgov\
- Tt will Jimp\i{'\a the ‘t\/\(ovv(} to
assume al\ pro\olems have same

output- WS or no 7 Deasion proL\ew\

- Optimization: FIV\A W\W\.Jpénv\il’g tTQQ 'FO\I‘ C‘i
— Degision: Givon G+ 22 O, docy G
&e\lc ¢ spevmivg tree of wcwl’\t €2 /

wvguge R&anBtioﬂ
~ Yor historice) reasons (Gutomste tL\corv&
?(‘C,Aatu éBOfiflt\m 'd\co\r\a) NP pv'b‘olevm

ave e;xpressecl oJ 'atguffc ‘recggmtion

- Actumne e have fonction
\50“'3“?{« (I) - Enwdes inpu‘t 1 (e,.g.)
(Sffapk,ut,num\oef) ¢ & Jt(ivg

Decision prolo lens - Levgu%ge \(‘c(,ogmi tion

Docs é‘ \V\é\Jc ann MST MST = {((2’2_3\ (5; MsT
0{ wcig\nt <27 - has weigk’c $£§




Complexity, Cass P:

Def: P isthe set lev{;"%’“ sudh that

vv\em\om%ip eh be eletefvmsneé WA

P D\\\/)V\o\m'\a] tm\e .

ES Can solve MSTs c«iciu\’cl«a Jo MSTETP

Afe, t\'\exe Prz)lo\evm (levegue(ga ) not ]27

Hamiltoniew Cxaolez Given & grepk G, 2
HAW\\\’COV\ia\n u\/)c\c \$ o Jimp\ﬂ (,\:)JC
Hrat viats each vertey of G (c,aecﬂta onee )

NC= iC\ ‘ G bhes & Hem. a:)dc}




IS HC € P7 (Not known to Scicmc)

RC hes & nice p«apext\g - vcx'rf\'alaili’cy
-Tf GENC, it is easy to verify this
(Show wie the c\\v)c\c )aw:! '.—\:’Il J\Cck)
- However, if G§ R , how to \/cﬂfg N1
(No We2)
CoW\plqc'd'%)~ Class NP:

Def: NP is the set of |evguéga sodh thet
W\evv\\ocrﬂ\i)o an be verified in p°]‘9 time .

What do You Mean \osa “vwi(ic,é“ 7

Given a \avc\gu%ge L Cset of ﬁrign)
- Given J'tri?g X, want to know (‘,\;Lttlf’(’,\f XE L
- A certificete s e“\/\dpcf Jtrivg h
~1f xe L, Y on be wed to prove
this in pol\anmmie' time
-f x& L ) then we dont cove



HC= {(Z ‘ G has o Hamil. C\oclcf
Ce,rt\ficateF List o\c vertices {:an\vg C\ocle

Chedk

X * 0'0 €c,2,e, ovG

T\r\'\s \$ ucifé‘\& GJJlavnct{‘\'(,‘.

- if xeL - ned to \/chfg

-t x& L - dont care
That wat how € s &a[incé.

Are their (V\etwe\\ \BY(\g'U%S"CJ that

ore not Pollg;timt verifiable?
URC = %6\ ‘ (Ji ()/\és ) Uhi%u(, l'\em. C‘QCICE

1f xeUWHC » Yo cn show one Hem. c:f)cle,
but hou do YU prove 't\r\evc, o oi‘lf)cf?

How To 6\\0\,3 Y-'/—'NP ? 5t\ra‘tca*9:
— Find the ‘/\eféest ?(OLSW\ in NP
— Show ‘t\/\c\.J( H’n’s Prololem K] not In P
- Sudne problem wll be elled N2-complete



@eﬁm é(«][mivg NP- COW\pletcv\w, we need to diJwJJ

vedouctions.

?0‘\6nom\a"-ﬁmc (RcAuCti ONS '
Mativation: How do we Jl/\ow that Prololcv\,\
is hard to solve?

Consider :
H - o wdl-knoun (\Iwa l\\(d\g\ »\éfé
Pro\o\em ~ Man eyports tﬁtc]«—'FailCd
- léour pro\o\cm ) w‘iid\ You suspcci
may be hard Clut who trugs (]ow?)
Want to show :

HE? > U&P

| NA—
What everone What You
believes wavit o prove

LL‘tg p{‘oVC wn‘tre‘)ositi\lc‘-

AEP > He?
—— O
I I wold Thew T could Jolve — No wAY!

Jolve wy prob\e,m a €amows hard pro\a\ew\

HOU? USQ ) Jquouttime, 'For W\\e Pro\)lem u
(as 2 black box ) 4o slve W



"P\(;tof"leu\g_t Is ~e H 7

subroutine for H

7 A - VCS
translate subroutine for U
\/ » 110
4 A
" cowert x el subroutine
to x’ 'Fo‘r W on x’

Exew\p\c: Lets t\r% this on two aduel Pra\olems.

HM‘A‘ 3‘60|D\riv<\§ (3(—01/> - Given égraplr\ (q
can its vertices be |abeled with ove of
thvee colocs, $othst wo o &{)accv\(:

vertices have same wlar.




No know POIIG-tIW\Q, é(\goriﬂaw\— even Fow
P\aner éﬁ‘ép\'\s

Your Problem (whidh you want to show is Maré)

Def: A C«\'\%u(: is 2 complctella onnected Aulocgra\o‘n

...................
.....

Cli%uc, Cover CCCO\A‘ Given agre‘;\/\
Cx’(—\/,—t_?) and intger kK, can we paffifioh
vertices into k sets '\/_, V, ,..‘,‘\7K such thet
each Vi s e dir{)ub n G

No
L~ (Need &€
st 4
G: ¥ k=2




(A)a\r\'t To J}\ou

coveP =7 oLel

k./;’_/ \—’—V——/
Tf we wuld solve our Lhen We could solve 3G\

Pro\olcm Cﬂ‘mtwt\\g e‘fﬁucy\ﬂt& (No wav 3

How? S\Ippcue, we L\ed an e’(('\cimt Ju)af‘outinc, fow Cov
Show we wuld ue it to solve 3G\

subroutine for 3-Col

G N (G, k)| subroutine for > Ves
——*{translate

A <~ K |_Clique Cover > 110

o shonld
my it o Topet for »ﬁn&ﬂﬂiél to

3""‘ CLov (o)

How to trons la‘te?
- Bot\’\ ivwol\/e Pa\r‘hov\iv(\g ver T

3ol — 3 wlor classes :l_ et k=32
Clov - k dl UGJ lemert
wm‘omm

= Aé Jacmua (,omlrb on Gl

3ol - If usv have pome wlor (u)V)QEj__\
Clov = T u+v in sawe dl%uc, (uv)EE



ReAucivg o) to ov:

- Given G for 36\:
- Set kel

- Compute a Cu:vv\p\emcn't cégc sd:)
- Rom Lov on (G,K) +

veturn uhatever @& retumy

T this o 'féitl\{:u\ tram\a’t'\ov\?

Clam: G=(V€) is 3-clorsble iff G=(V, €)
has o c\iclue, CoVev o‘f ate 3.

Not 3

3 wlovable
‘ G , Does not
Has 2 d\cbuzc, have clique

Y = )
LoVt J'e(, [43)V, I%8 Hege=3

\i

QN

7

A Picturc is wot a pfodF.



Proof‘
=) If G is 3-toloyable let V,V;,V&
be partition of vertices into colov classes.
TE€ u+ Vv ingome ooy (Jéss, then Cu\,\/)& E.
This imp]ics tl/\a't (u)\/)ééiw"ﬂp]‘m"t
2 Al vertices of Vi (for (= ,2,3)
ave aé\') acont in Z:\
2V, isa di que in Cz (‘fwu—\ 2,3)
2 Ca has o cl\%uc, wver of size ./
complement
(E) TF G has a digue cover AVARVARVA P »
then i€ wy in same set Vi, then (u,v)€E
2 (uv)&E
2 Al vertices of Vi (for 0=1,2,3)
e V\DV\-aAJew\n‘t w G
2 VI, VL,V define & S-cdloring in G
3 Gs 3-wloveble vd

FiV\c“\a_ , note ’d\et our reduction Yuns  wn pol‘omwniel
time (wvv.plcwuont G)
- 1t did nst tV‘\a_ to wlor G
- Tt does wot even know whether G ean
be 2-olored




'Polnanomiel ?eduaL‘.litg.-

Def: Lévgu%je' L, i po|bnomia‘—'timc reAuciLle
1o \encgucz,ge, L, (Jdensted L, <e L. ) it
there is 2 pola-timc (FUV\cIl'on f) st

Ux xel, ff Jooel,

Le showed 3\ Sf Clov (wl\dc f(él)"’ (G ,3))

I‘(: L\ Sf Lz + L-,_ [t Jo'\/élale n polb-tw\ae,n X} Ll
Jdso, it Ly is net solvable in pola-time,
nether is Lo

Summaﬁe :

Le,W\W\e: éﬁv(m \evguagu L, )L,,)LJ
) L, Spla v LEF 2 LEP
GYL spla + LER D1, &0
WD Ly¢pla ¥ LoSply 2L 8, Ly

(D¢ now an cle‘(ine NP'Cump|etener.
Iv\tui‘ti\lel\a_— The ) \\aréest " pralo\am in NP



Recall:
N93 Set O'lc lév‘fugges VCY‘\G&L‘C 12 pola-timc

Def: A |av(\§u%§e, L s NP-herd if
V0Uene, LS, L

Def: A bgu%x L is NP-wmplete, i
A L e NP Qooeeeeeenes Vﬁf‘i{\e\o\(
C'—)vL s NP- L\arc\« e but wot 6313_.'

This condition feevns impomuc ,
since it involves sl \avguegcj
in NP - an infimte st |

Next lecturve: el prove there is an
N?—cow\p\c’cc Prololem

Summery :

w—%f - PD\%V\U\M\&\ time

- Nf - polva— time \/wi{iab\e - wrti@\‘cajte

- Polxa-timc, rcéud'oi“t\& N

- NP-hardness

- NP - completeness




