CMSC Y45\ - A!gorit\rwh Des(ign
Lectute l6- NP- Cuwp\exmus : BSAT « Tndependent Set

Recop:
P Set of |c>1gue(ge: (decision Pro'ai.)
Soluable w pol\a-'tivvvc
NP« Set of \avgu%o'a verdiable in pola-timc
Sp' Ly $p Lo meens there is o Pol\a-time
Fonction T st
Ux wel, it §ooe L.
NP-hord: L is NP-hord if Y Le NP, L/Sf L
NP- complete: L i NP- complete i
(m LeNP
) Lis NP-hard

If any NP-complete problem is Jolyable
m {)Ola-tiwm, t\'\ug al are (R=NP)

If ohvy Pro\o\cm M NP is wot sblue\o\c, M
Pol\a—‘time, ; then wo MP—LUW\pICte,
pro\o\e,w\ is solvable n poll(/)—tivv\t (Y 7 Nf)



Eoo\eev\ \Satis‘(iaku'it«a + Gooks Theorem:
~ Prove Q’)\!‘D\o\cmi N?-am\p\ctc tlr\roug\'\ reéud'imn.r
- Need one nitial N9-Lmv\p\ct¢ problem Yo start

Roolean Sé‘tis'ﬁalai\'\)&a (SAT)

’Boo\eek 'forw\u\a:
vavisbles : XHYhT o %, X,
—> Badn @wn be auigm,é tove o Tolse
operations:
A=and xaw -true i both b
Vo mw 9 - true W ejt\nor/lnt\/\ true
B W “V\Dt" =% - Youorses true © {a\se
o{"b&v\ widlen: X 3
Examples:
(xu2)° (xa (tav%\) "((73 ABIVK) T
M

F,_Lx,g)\ = CiVX)A(év‘g)’\ @’\S)V

e’

Def: A formula is Jb‘tl&ﬁe\a\a '\( it u
Poss'a\o\e to ausign veluu to \ler'lé\o\u ,eN,Ota .
so X evalute, 1Log Brue b




Cooks Theorem: SAT s NP-Cumplctc

“The (Proo\c i$ |ovg<\-tuknice] bt heve is o
kgh—\evc\ intw tive ovewiew

SAT € NP Given & formule F(‘X\)...)‘X{y\>
wtl'fi oajf{ \$ és;égnman‘t To ver ieL\u
% T ) X b, 2aeT
To vexifv&, p‘%g’ these into formula
evaluate « dreck that vesult = drve

SAY \S MP'LMJ“
— Given any- \avzguge L€ NP,
wont o show L <, 4T (xe L ff §6)e<AT)

— For ong instance % for L we know
— Can vm‘ﬁ«o\ﬂ\e’c xe L

Twolves o crtificate + verificetion progrem
- Enwde wrtificte as o L,htJtriv\Cg

¢d C = 01oNhol...
- Expren lo'\ts QJ \/ewrie\o\u
X, * \Jt it o\c C (O’f) 1=T>
).61,‘ ‘L“é \5\'\' of C



- \/cﬁ‘F\‘(,e’c'.m 15 Po\l\(«)-t\mc prcgrem-

- ngfaw\ 1% be %‘PVCSJtJ s Q C\f‘w(\t """
‘f Pc\\c/)v\mn'\c\ size e .

:
%

v

;
0

- C\Y‘(,U(\t e l){, O)épreucé QJ \om‘eev\

&u«’w\u\c JC (7‘) o{: pv\\anow\\a\ Jite.

- This Formula 'Féit\n{:u“\a simulates the

vevificstion pragrom:

vel iff feoe sar

L LeNP LS, AT 2 AT i NP-havd !
A



Cook 'PfoVCe\ 8 stronger vesult -
Satssaa\ot|¢3 s NP-complete , even i ue
retrict the formst 01[ the formules
to JINF.

Notation:
|\tere\’ A veﬂa\olc o its cump\cvnmt,m o :X_c
3- wnJuwcﬁve normal form (3CNF):
A formula that is the conjunction (A)
of devses , Céc\n o‘€ u\m(,l\ Xi t\z\c
é'\s\‘)unction C\’“) o\c 3 \iteva\s\

Example:
(X, V %V Xo ) A (x V X,V xﬂf\(x X3V x\\)’\...

Def: AT - Satifp\a‘oi\i'tta 0{_’ -Fov‘vvm\ag
wprasd in SCNF form.

Theorem (Cook). LSAT s NP—comPlctc

K
s Reductions ave J‘w\np\e,{




Given that IJSAT i NP -Complete | lets tw?’x

on ot\/\ eYy.

1\/\ALP€M&6V\t SCt CLS): CTNCV\ égv“ép\/\
(I=(V)E) + inleger \(, Jdoes G

S
conlain 2 JULJC‘: olc \/Q\f)ti(,es

V eV f size k so that wo
tuo ave éé\‘)eca\t?

Exevvuplcr

Claim: IS is NP-Complete

Necd to show: () IS € NP (verifigble)
@ IS is NP-herd



() 1S € NP:
Given instance (G,k), the certifiate
consists D]L e ¢t of k vertices o‘( G.
We wnsider eadn peiv U,V from this set «
dheck thaet they ave wnet od \')acemJC.
If o0, we awept the cortifiate v

sthervise we veject it

@) LS s NP—\\afé:
We'll show thet: 3SAT ¢, TS

There exists Pol\a-‘hw\e 'Fuv\cit'on ‘E t‘r\at
maps 3 LCNF \Oafmu\a Fto 2 peir (_Cﬁ,\Q
s.t.

FeSAT ff (G,k)€ IS

3SAT:
F VAN (G, k) [Independent— yes
translate ot - 10
N ]
|<1‘1V@\/x5)/\--'l ;QB

\‘\Uw? These Pv‘o\o\cms seem uwrelete,é!



Letd see uhat ﬂ/\cta shave in common:

SC\QCtiovﬁ
AT = Lohidh veriables ave true
= w\nic\/\ \iterals ave true =

TS Whdh vertices are in '\v\étp.uf( "

litevels map by
vevtices 7
R%uircmcwty

3SAT : Log ica\ "and” of dauses | eady
is or of & literals
= at leact one true liteval pev davse

P

TS ¢ V wust contain k vertices -

set k= number -
of davses
Restrictions:

AT X+ % oot bosth be trve
TS T MV)EE, usv enet o
botly be in indep.set

Creste ?—%gc between ... A




Plan:

- For each clavse , create o vertey
for eadn liters). CCluste of 3 vertices)

Cx,V %X,V xl) —> @ @ @

- Covmcct vertices witl/\ CecL\ c\ustex
(Eorces us to select ov\l\a one as the

"satm‘\a\ Y\g“ litera))

CRERET B @D/@\{@

- Connect e2dn vertex Q with
ity c,ovv\pkmcnts @ ((,owﬂict |\‘V\|&&)

(FWC&S (OK{ "Zo Clnoou. one or Ot‘l\e\f‘

to be true)

C'X."?‘-LV xg) A (-;("V XV X3\




RCAUCC’\OW C\\'VCV\ Oforw\u\e F in SCNF:
kK <— nuwber o]c Jdavses
for each clavse (‘Xq\/ x| V ‘XL
- ereste vertices @ ’ @
- create césu (X)), (%X, 7&,%&)
For eadn varidble x ;¢
- oreate ed es\oetue,ch al\

wpies of @ and @

return (G ,K)

Example: -
(_x‘\/ ilv 73)/\ (’)—(‘v XV XZL) A (3’(‘\/ X,V 5_(3>A (7(,\\/ ;_Lv xz)

G: $1 K=4

/!

1 7 G
@§ // @)




T\/\\.S (1% compu’tul in Polla-‘b'mc in Jize O]C 'Forwmle-
CExerc\'Sc)
L\)\n\a does it work?  Some intuition...
= I€ Fig JaJciJ'Fiau( , t\'\crc wmust
be ot least one true litersl per
dave —> 3dd £ o indep. Jeb
& If G has iV\éep. set of size \()
W\us't be ont \lOftOy, 'F\rom eadh
uster. Set this litevs) true.
T‘/\\S éssgv\ment Jéti\r‘f\'u F

T T T T

- T o

(X‘V le 73)/\ (’Y‘v X_L\/ 7(1) N (7_('\\/ X,V 5(_3>t\ (7(,‘\/ .)_(_LV Xw&)

X\= There may be
X =T H-O—0) s o)
- " which vertex 1o
x,= T o
X1




FO\F W‘a\ ?(‘oof-'

Claim: T s sstisfialle ff @ has ind.sct size k

() IF F i sstisfisble then (becovse F
in CNF Form ) eack clavse 010 F must
have at least one true literel.

_ Select one trve litevol frvn exch
davie and &dd Yo V'

- There ore k cleuses S l\/—'|= k

- Roth @ and @ cannot be

tiue, so no eé(gc between vertices
ot v’
> Vs ind set of size kK 7

(€) T G has indost V' of size k
- Beause dusters are wnneded |
an teke at wost one fromm each

Juster. 0 ‘)

- Becavte k = no. of clewes = no. of dusters
most take wecﬂxa one from each o\ustw\




- Tecause are a&\iaceht,

both et Ve in V7
fx eV o gt T
X € V' — st qieF
€ nether — set e either Toe F
- This éssgv\meﬂ't satidfies cuera
dause of F
2 F hac o safifaivg éJJgJ‘V\W\e,Y\_t D‘/

Done\ Lhowed 1S s MP‘wmpletc,

Notes:

- Rordest part s the reduction

- RGAULC Known N\O‘l\eré to our p»ro\olev\,\

= RcAootiov\ meveltatrémletCJ mmon
elements.

- It i« ngstic (doesnt @ve) Lhidh
varidbles ave true, Whidh vertices
are in M. set o eyen '\( an ind,

set exists !




Summev‘é:

- 3SAT s NP- wmp‘&tc
- IS is NP - omplete ((3SAT < )

N"l?—complote /{IS_\ /IS_\
3SAT BSA%
\ NP

N NP NP

P m




