CMSc Y45\ - Agont\nm ’Desé)n
Lectufe |F- NP-Completeness : Cligue, Vert. Cov. + Dom. et

This |ecture - & casy reductions

Rue,p: To show L js NP- wmplete,=
(i) LE NP - it is vepfishle
i) Lis NP-herd - suffices to show L/SP L
‘For Jome \(v\own NP-herd Pro\o\cm L/

Three Probkms
Clueue, Ccuque): Given é(grepl« G=(V,E) + integor K,
is thert o sobret VeV of size k st.
al\ pee *5(: verlices mv are eJJawwt,

]

Cligue of size S Vexrter cover size § Domineting et size Y

TR @

Vertex Cover (vc) Given graph G=(V,) « intggor k, :
is there o subset V <V cf size k st. ;
every eégc of Q is incident to some vert. o{ v




Dom\hét\vgjet (_DS)I éivengrepk 615(,\7)6) e—’m‘tg’bf \i)
is thert o subret VeV of size k st.
6\16\/‘\6 \/c»rto; ‘m)(z s W v’ o aédewnt to
a vertey mV

A(Pp\'\cet'\ows
C\'\cguc- Ane‘adJis o{ tgl’\tlla wuplﬁé groupx

in sodal et works

Vertey Cover « Dominetivg Set - Used in
60)P\ioatiov\1 \h ‘Feci |l't\a_ ‘o@t\'OV\
(Plac‘\ vxg service Taalities c|ose to cli&hfx)

Cl'\%uc /IS /VC: (’\O‘"\& veleted.

Reall: a - LomPlcych\t g\rcplz\ Cu,\/)ea i wwé G

LQ«W\W\a‘ (TNCV\ egrepln Gs(V)E) uitl\ n-= ‘V\. Let VISV
+ =1Vl Thew t\r\c '(ououivg dre ec()ui\/e’\_c—v\t:
(L) '\7'} \s & d'\cbuc o'F fize kK in G
@) V is an '\v\c\,q).sct of size kin G
) V\\T'ss 1) \/C\ft&L ovey U(/:Si?:c V\-\l "N G\




Proof: Leketdh) B
We G+ Al sJ\')eth m G
& vnone eé\)ew/\t wmG
WS WD No CA@“ Svmong v
& all edgies tovda VWV

7

Theorem: CLLiQUE s NP-wvnplc’cc

Proof: @y cuque € NP
Given input (C:F('\T,E),K)
wrtificte = list of k vertices —>'\l—'
vorification:
[ for eadn u,v € v’
check ﬂr\e‘t (u,V)e E
if yes for oll - accept

dse - veject




wy LS Sf CLQUE

- Givon instance (61,\0 for IS
our tranglation function ou‘ty)u't.t
(G )k) for cuque.
- Gon amplement grapL in Oln ) Hime
- Cm'\{‘u.tV\ess:
G hes indep. set of size k
i
Z\ has CLaue of size k
oy, prior lemme (1€2G)) 0

T\f\wrevw VC s Np-wvnplctc,

Proof: >y vee NP
Given input (G=(V,8),K)
wrtificste = list of k vertices —>'\/—’
\lom‘lcat\ov‘
[ Hfor e2dn edge (u, V) 6 E
check that we Vo veV’

lf yes for sl - accept
dee - veject




Wy IS Sf VC

- Given instence ((:),\0 for IS
owy trémlatimr\ ‘Futhiov\ outputf
CG,m-K) for VC (w=1V1)
- Con (,OW\puCtC in On) Hime
- Corvectness:
G hes iV\cl&p set o{ fnze k
W
G has \Ib\/‘tqc oV of T w- K
Coy prior lomme ()€ Wi)) o

—\_\f\w(ew\: DS s NP-w\mplctC

- This u tridder .l
- Looks similer to VC (if Vs o verte
cover” tJ’\eY\ LtS o c]om.Jet,f'\OcsL\'t?)

- But, t(eV\;S\et\tm must be ‘peitt\pu\
(}f Vise Aow\.Stt it W\ag not Le _\[C)




- Gosl: Pol time {mc}tioh ‘F (C\ K) - (C\ k) st.

G has VC of size X

i
Gl\\as DS o‘f Jize \’\’

~ What are corresloonémcg dements?

VC: Eveﬂa_ e%ge, s muiwtwto V o
DS Every. vortw S aé\)ewnt (ov )

= Nee,é to weke eé(gu Le,Lth likt vertices

Tdea 11 Add & vertey within eadh eAgae

G- d:
‘o—0' JC—> *o0—o—0"
‘A’us/

?u'ttivg wor Vv in VC Puttivg worV in DS

covers (u,V) dominatey W,y

o

—> Byt iIC u inDS who dominetes v



Tdea 20 AMd & vertey uitLin each eclgc +
keﬁp the old e%go
él: :F é":
“O OV > U\m\l
Wuv

?uttwg wor v in VC Putti“cg UL/V n DS

covers (u,v) dominates L, + viw

‘_n\'LS X &lW\DJt por(ect Juwo issves:
(D Dont want DS to use the
W\A— eégc \Iorti(.u ) Hou ‘tb o/\fova ‘c‘r\is?

(@ Who dominstes isoleted vertices ¢
(wo wadent £§§€A\
Fixes:
® Not a (Pm\olew\. No aJvevxte(gc
W UJincg Wuvy ; SIML U or V
dowminates ot kast as many verCices .

v. .\ 7 R\ -

(h’u v ‘Nu v
V|



@ TLsolated vertices ere triviel to hand l¢ :
VC - Tlr\m& never \nclp
DS ‘T‘/\eg_ wmuwst be included
Lel wg denste wo. of isolated Vertices
m G, Set Ke ken

Fivol reduction fonction §

- Given (G,K) for VL, G=(,E)
- for eadn eé(gc (uv)€EE

- oreate vertew vy
- add neu eéﬁgu (,u,ww) + (V, U\N)
G, A
o—0 I oo
‘Nu\/
- Gl vesulting gsroph 6
- let Ny = Vo solated vertices m G

-set K« Kt ng
- retorn (G, k)




Lemma: (G has @ verte wver of size k iff
(:t/ has @ dow. set o‘( size K

Prodf :
(D) Lt Vbe s VO in G of size k

~ let: )
V =V v {e\\ isolated vcr‘t‘\wsg

- C/learlxa., V"1 = ktng= X’

- Since Vis VC, Y tu) € €, cither
u\é-vdur veT’

- In cit\nor se We c\,ow\‘ma'tt W,V, Wyv

> Vs dom.set of size K in G v




) Llet V,’ be & DS, in G of size K’

- If V” containg ema mié-dgc vertices
Wuv fﬁp\acc with either w o v.
= Sl o dom.set (as cbserved eaclier )

- let V & \T" with isolated vertices removed
(Isole‘tcé ver tices musTt be in dow,. Jct)

-\v\= K- ny =K

- Sinu,'\l'"éomw\efcé all vertices

2V domingtes ell w\ié-e%ge vertices
D2V wvers 2all cAgcs

2 Vis e vertey wver in G o'F size k. V
O




T\'\wrem: DS s NP-cuw\plc’cc

Proof: > DS € NP
Given input (6=(V,E),K)
rtificte = list of k vertices —>'\T’
vorification:
__'For eadh v €V
check that v ov some V\elg\,..w\ v
fid yes for oll - accept

dse - veject

W) VC =, DS
Follows Trom previous lemma.

0O

Summeng: Three new MP- Complette proLlcmr
- QL\QueE
- Vertey cover (VC)
‘Domiwet\mg Set (DS)




