CMsc 451 - Algorithm Desipn
Lectute 18 - Approx\matiov\t VC, TSP « Einrpec\dgf

(,aPn(\Sg uith NP- Complcteness:
What to do if Yovr P«oLlc,m is NP-hard ?
— EfUtC‘fW% seavoh : On% 'For Sma" inputr
= Heurutics : (ecg.greeé\a) Fast but no
gue(‘en'teu (uwless You pro\/ct\'\CM)

- General searda: Often the best c‘/\o\‘(,c
-Lrondh + bound
- MctFDPOIiJ-L\&J'CingJ

- S'\W\u\’e‘tcé anv ee\ \no

O
- GQenetic /Evo|utioner\a
- Loea| search
- Approximatiom=

- Guarantedd 'Pc\r‘(ormeme
= Specializcé for partiwlér pro]olevv\

How ose to op‘time\?
Approx'\ms‘t'\ov\ rotio: Pe‘ho D'f L\curiJ't{c
value to op‘tiw\a\ P (Greek vho)




Common approx. Yes ults: (Bt to worst )
- (an be c\pprox'\me'\:e,el a\rb\trari\xa wcl\
- Uscv*giua on auoueé exvoy \lf»\mé £7 O
awd Spprox. retio is S |+ g
- Ruwv\ivg time pol\&. in n but £Yous witl, ¢
(eg. (j((‘/z)t V\G) — o0 & 20
- Called ?ol\onomie\ Time Approyime‘l:\'m \S(,l\cmc
(PTAS - ?(ov\oumcé "P-tas”)
- Emw\p\es: Subsel sum, Buclidesn TSP
- (onstant 3pprox . ratio
~ Exawmples :
- k-cenber (Gonzaler ): p=1
- Verter cover: 0=
-N8P: p=7 (o odfer ()=|.5)
- Tin @ac\civgz €= A
- Lagarithmic
- Ewwpl£=
= (ATCCA\(/) et wver: = I
= Esscntiall\& best pwiiuc (wnless P =Nf)

'Iv\approxivne\olc,: No POLJ.'l:ivv\c agoritlr\m
achioves an pprox. unless P=NP.



Vertu Cover Approximshov\:
- Precent o Aiva|6 approx. ég w\t‘/\ ef 1

Vertey Cover  (optimization )
Given agra.o\\ (2’07; EB (.umpwJCC
the smellest gubset V'€V st wer
eécg'e, s incident 1o some vertey w V/

G: (q:

—V

fiat Attempt: Greedy Heuristic
— Re,pest&lha select verter w of hg'kut
Jgree + add 1o V'
— Rewove u + all its incidet o%ga
- UPJ ste vertex égrea

- E%ui\/alel/\t to greegta, Jct AN on (X)}S‘)
X = e%ge set = E
S =V ue‘v‘) Suzie\ e inadent 1o v«g
Approx. vastio=Ilnwm wm=1E|



Steond Sttempt - Based on maximal vwatc‘/\iyg
- Recall: A ma’c()nieg in Gis e subset
of eé(ges MEE st. eads vertex
inudent to ot most one cécgc of M

€M

- Maximum .metLJ/\ivc\g : bgat Size Pom\,lc
- /\’\axima\ matda'\v&gr cannot déé more Cz)fu

- Maximum metdhings ore nontrivisl to compute
(Eéw\o\r\éi b\OSJOW\ agof »t\sz
- Maximel metdnivcxén ave vcvg e2sy

\463 oloJcr\/etiOW _M= éw& vv\axivv\al vv\etJasvg
* :
Vo= opt\vne\ vertee cover

Claiwm:
(&) W17 )Ml
G |V s 2lml




cp\/‘oo'Fi
) For Y- (uy) €M f either u or v must
be in (81w, This holds for ehy metctﬁv(\sr
and 20y vertes cover.)

(i) Since M is maximel | For eveny (un)EE,
either w or v 15 incident to on Cec\ge of M
(ot\/\wuise, we wuld 23 y) %o M).
= Taking all endpts of M to'\C«l\ClJ e vertu

Lover, of size 2-1M]|. V7 cant be \egor.
]

App{‘oaéjz\l Compufe ev% maximel W\e«tblnivg M
+ for e2dh (un)eM | 8dd both uwev To V.

2 pprox-VC (G
Ve g
uhile (G has an d(gc , (unY) 7/ ke on %de
Ve Vo {uvd  /2dd it end pt
delete u+ v and indd. u\(gu




E xample:

Coim: approx-VC adhieves epprox. vatio of 2

Pfoo‘f‘- v/'\s c \/ortqa coveY,
[’\T’\: Z \-M-\, Uhere ML s meximel w\at(,l\.
Ga Lemme (1) M) ¢ |V7)
5 W=zl ¢ zIvd

Rcd\)cfions + Approximatiomf

- Since V€ has & Z-fector émoroximetion
dont all NP PrololemJ (via reduction)
hove & 2 fodtor epproxime'tiov\?



-~ No! Reductions dont nec&sxe\ril»d
preserve. epprox: ratios.

N Cé.se« \ﬁUégl ::5 $£ -V(/ (LJE. JL\QNQJ :)

G hes verter wver o][ nze K
it
G hes indep. set  of size w-k

- let k'= opt. VC size.

= 1 n mpute @ verl . wver OIL sige £ Zk*
=) (A meul((- N '\v\Jep- set 0{ nee 2 V\‘Z\&*

- Approx. ‘etio '€0~(‘ 1S

oet < V\‘k* «— C,oulcl be L\\Zgg'
approx T on-2kE

E.g n-= \)OOI, k*=5007 v\—k*= SOl
n-2% =




Trevclig Sslesman Problem (Metric case )

Reeall: A (diserete) metric space is o
fimte po‘mJC set P+ distence ]Cunct\'on
fuv) V uwvelP, uhere:

. dlup)ZzZ 0o + dun)=0 \‘ff W=V

o d(u,v) =d(v,n)

o dlu,) s Sluw) v Jlv,w)
(,Tﬂavg[e ivxugue.l;t\:p

- Most naturel dist. functions are metrics:

- Euclidean dict
- Shortest path dist. in graphs
- Edit Jist. (Levenshtein dist.)

- Repfcswte\o\c of
- wxn distance matiix (uommet»/fc)

~ complete wuglxteﬂ (g\repl/\

(Metric) vae,,i\g Salesmon Problem (TIP):
Given & set P DF n points in & metic
space , Lompute d Jiv»\p\c c,\\«,c\e that visits
all vevtices of minimum we'g%t.




Exevv\p\ef P: TSP(P):

o o

O o o

(svem @ set | of eJ(ges et wt(T) = sum

of Jistances.

O\oJ? Cﬂ\lem é?\\& TSP tOU‘f‘, yYemoveé v CA&(
A spanning tree vemeing =

Wt (MST(R)) ¢ it (TsP(P))

Tdea: I€ e n wmpu\tc e velid tour H
of weight < ¢ Wt (MSTC?)) then:

WE(H) ¢ ¢t (MST(E)) ¢ ¢ it (TSP(R))
D H is e fadtor-c épp\roximet\'ov\!

How b comvert MST into @ uoolc?



The Twice- Aromd Tour:

- Start ot anyg vertug o{’ MIAT .
- Rold Mour hand dg&iv\s‘t the MST "wall
welk eround the MST

MsT orT. TSP

= This C\Ode hits each dge tuice |, but

repeats points ) not slloned.
- Shortwt the péﬂ’\ \o~a_ mvnovin(g @eets.
- BV} tf‘ievgle, in%va\it\&—sl«ortcuftma

N DV\\\a red uce lengt\!\s. S

Exemple:
MST: Twice-around +Lhort Lty




Since (grap\/\ i cavnple‘tc,, wn (,umpvd?t MST
1% d(n‘\gnﬁ time. Tuice-afouhcl +

hort wts add O(“\ Tiwe.

Lomme: The Tuie-Around elg. \/\es SN Spprox.
retio of 2.

Proof : Let H-= tlAic&-afouné tour
let H*- opt TSP tour +
let 7 = MST e%gcx

Earlier:

Wwt(T) < ut(Hﬂ)

Since “purc." tuwice sroumd hits each cé‘gc
tuice ¢ short w‘\tiveg ov\l\a Jdecreases
u&igt\ts:

WtCH) € 2- Wt (T)
>
wt (R) j 2 wt (TB wt(H) < 5
< 2 ut(H) 2 St %)
O]




Cl'\fistD‘Fic]es Akorit‘nmi
- A 23-fector epprox to metric TSP

- B%} Nicos Cheistofides (1974)

Ols: Uestzgc. i tuice-avound  owes from
vis'\t‘\V\g each MST e,ége, tuice .
- (,e,v\ W< evo'\d t\r\'\s T‘Cpe,'titw\r\.?

Eulerien Grant: A c\aclc in & Cgrepl\ thet
visiTs ery eés'e, e),tacil\a once

-The -Fo\\ou‘ng is well kngun:

Lemma: A 5repk (:P(\/—,E) has an Eulerion
drant ff every vertex hag even égﬂce.
Con be um/\putté m O(\MW\) time,

Eulerian Grenk




How to exploit this 4

- MST definitely, has vertice of B
odd o)egrca (leaves heve éeodvoe, 1)

Oaristofides ee:
- Extrect oll vertices of MIT of odd Jegrec
n Féct’ Noum. of vertices of oéc\ écgrw
s oven (Hev\éﬁ\ekivg lemme )
- Cnvv\pute. Q metJniég on these vertices

- Add these edges to MST

= Nnov 9“ \lcxticu l’\é\lt eNon égg{q,(

-

- Uge Eu\iér\ drcwmt fe’tll\ex H/\evx tuice avround

Eac\ground-‘
Métd'\‘\eg: St of e,%c.(, each vertex maident to s 1
Perfect W\et\n‘n?g: Evcwa verter incident to 1 e%ge
Min-uegkt pw{uff metcl«\iveg (("\WI"\(?D
- porfedt ma’chivag of min we'g\r\t
- Computable in (W™ IEL)



Assume 121 even

o ° o © Yo o/o o—o° “o
o) o) o © o/O
© o © o . g O\O o\o i
o OO o o) 00 l//i I ff
o o © © 1 o—0
© o oo o—o o/o

Christofides Algorithm: Given P in wetric space
() Compute edges T of MST(Y)
@) Let B, ptoof B uith odd deg. in MST(E)
(¢) Compite edgec M of LIWA(E))
@) Form groph G=(B,Tu) LG hes eren deg.]

) ¢ < Eulerian arat in G
C = apphy short-ating to ¢ Lt (¢) £ 1t (¢)

3) veturn ¢




Eulerian cvant
+ <hort wuts

- UJWS on Euleﬂen Orcu\t IS More
ost eﬁ‘\ci LV\t, but how W\ULL\ wei\g‘r\t
does MTIM(F,) edd?

Lemme= Gi\len point set P ) le,t f, loe ema
subset of oven carémel‘»tla\. Then:

WE(TSP(RY)
wt (MM (P, ))¢ 5

Proot: Rcvvxo\/ivzg pts. onl\% decreases TSP
Wt CTSP(R))) < it (T5P(D))
—Sf’lit Ts?(e,) wto élte)(‘ne'tivg grou‘os

My, v M,
W




TSP(ED M—o M—|
%O\°°/01°\0 <°’° S
Lty S 2y

e S o
o/°1<$> AN 10\0 é‘ff

2 Wt (PP Y) = Wt (M) +ut (M)

- Roth Mo~ M, are ‘Pex"(e,dt W\etd/\'mgf

Coul wet nec. minimum wc\'(g't\tw
=2 u‘t(MWML?\)BS M (utLMO,wt(ﬁ’l,))

= M'W‘ O'F two V\\)w\lobﬂs < euwggc,

lﬂt(Mo)* Ut (M|)
2 min (WtMo) wt( M) S >

- CWv\\oiv\ivg :

ut(MWﬂ(PDB $ min (utU"lo?,wt(ﬂ,))
< ut(Mo)+ ut(M\)

Z
= wt (TsP(P))/2 < "“uf?m)‘j




Lewmme : CJ'\ris’cm[icles eég. hag approx ratio %4

Proo{i Let: l-\*= opt TSP tour om i
T = MST(D)
M= MmWM(P,)

As shoun earlier: Wt(T) € wt(R*)

E‘c’)‘ prev'\ouj lemma:
Wwt(M) ¢ 3wt ()

Lck C be Euler arcuit m T oM
v C = short it (C)

(ve have:

Wt (S < wt(¢) = Wt(M) + wt (M)
< Wt + Lot (n)

3 wtll) 2
wt (HY) ‘




Summargl e
- Approximc'tiov\ rotios
- VCftOy v ey ((J=Z)
- Metvic TSY
—~ Tuoree- aromd C p= 2)
- Owristotides ( p- Y2)



