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Annoucements

• All extra credit assignments have been posted

• Due on Dec 13 11:59 pm (no extensions for any reason)

• Dec 11 lecture will be a review session

• Final exam scheduled for Dec 15, 10:30 am, in this room
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The evolution of HPC systems and rise of a 
new revolution in AI

• In the last two decades, an enormous 
amount of compute power has become 
available

• Large datasets and open source software 
such as PyTorch have also emerged

• Led to a frenzy in the world of AI and the 
effects are being felt in almost every other 
domain

3
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Deep neural networks (DNNs)

• An area of machine learning that uses artificial neural 
networks to learn complex functions

• Often from high-dimensional data: text, images, audio, …

• Widespread use in computer vision, natural language 
processing, etc.

• Neural networks can be used to model complex functions

• Several layers that process “batches” of the input data

4



Abhinav Bhatele (CMSC416 / CMSC616)

Deep neural networks (DNNs)

• An area of machine learning that uses artificial neural 
networks to learn complex functions

• Often from high-dimensional data: text, images, audio, …

• Widespread use in computer vision, natural language 
processing, etc.

• Neural networks can be used to model complex functions

• Several layers that process “batches” of the input data

4

3.1 Deep Learning

Deep learning is a family of machine learning algorithms characterized by the usage of artificial neural
networks (ANNs) as function approximators. As the name suggests, ANNs are inspired by the functioning
of the human brain. The last decade has seen ANNs applied very widely in a variety of fields like computer
vision, natural language processing, bioinformatics, drug design, speech and audio recognition with results
often surpassing the state of the art and in some cases even human expert performance. While, neural
network architectures and training algorithms have existed for decades, it was only in the last few years that
deep learning has rose to prominence, primarily due to the following reasons: (1) increased computational
power via GPGPU hardware accelerators, and (2) availability of large amounts of data.

Artificial Neural Networks ANNs are parameterized function approximation algorithms, and are inspired
by biological neural networks. An ANN is a collection of artificial or simulated neurons (Figure 1 (left)),
each of which is a node in a directed, weighted graph. Each link has a weight which represents the strength
of one node’s influence over another. All of these weights taken together are the parameters of the neural
network. Thus, the words weights and parameters can be used interchangeably. Neural networks learn by
processing known inputs and outputs, and adjusting weight associations between the two to reduce error.
The activation of each neuron is the weighted sum of its inputs from neighboring neurons weighted by the
link weights followed by a non-linear function like sigmoid. The initial input is external data and output
accomplishes the designated task such as prediction.
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Figure 1: A single neuron (left) and an example artificial neural network (right).

Layer In deep learning, neurons are typically organized into layers. A layer computes a parameterized
non-linear transform of it’s input. Often, the layers are connected in a straight-chain with the ith layer op-
erating on the output of the (i � 1)th layer and the first layer operating on the input dataset. The “deep”
in deep learning stems from the usage of multiple layers essentially increasing the depth of the neural net-
work. Figure 1 (right) shows how neurons organized into different layers are connected to each other. It is
through the use of multiple layers that neural networks are able to learn very useful feature representations
of the input automatically [45].

Learning/Training and Loss Learning or Training is defined as the task of selecting the weight values
which can accurately compute the function that the neural network has to approximate. This is done by
posing the problem as a parameterized optimization of a scalar proxy called the loss. The loss is designed
in a way such that minimizing it leads to accurate function approximation.

Backpropagation Backpropagation is the algorithm by which the gradients/derivatives of the loss w.r.t. the
weights are calculated. Gradients are calculated in the reverse topological order starting from the final layer,
i.e. if layer i consumed the output of layer j, then layer i’s weight gradients are calculated first and used in
the calculation of layer j’s weight gradients. This backward flow of gradients in the layers lends the name
backpropagation to this process.
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Other definitions

• Learning/training: task of selecting weights that lead to an accurate function

• Loss: a scalar proxy that when minimized leads to higher accuracy

• Gradient descent: process of updating the weights using gradients (derivates) of the 
loss weighted by a learning rate

• Mini-batch: Small subsets of the dataset processed iteratively

• Epoch: One pass over all the mini-batches
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HPC / parallel clusters are critical for AI
• Largest language model you can train on an H100 96 GB GPU: ~3.5-4 billion 

parameters

• On a single node (with four H100 GPUs): around ~16 billion parameters model
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• Training a 16B parameter would take 33 years!

• OpenAI’s GPT 4.0 is estimated to have 1.8 
trillion parameters

• Meta’s Llama-3.1-405B has more than 400 
billion parameters
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Scaling distributed AI is challenging

• Single GPU performance: ensure efficient compute kernels

• Multi-node performance: scalable communication, especially collectives

• File I/O: for certain categories of AI models such as image, video, etc.

• We need scalable algorithms AND good practical implementations of them
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Sequential LLM training

9

while (remaining_batches) {
    Read a single batch

    Forward pass: perform matrix multiplies to compute
        output activations, and a loss on the batch

    Backward pass: matrix multiplies to compute gradients of
        the loss w.r.t. parameters via backpropagation

    Optimizer step: use gradients to update the weights or
        parameters such that loss is gradually reduced
}

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of

2 3

0 1

6 7

4 5

W00 W01

W10 W11

W00 W01

W10 W11

I00

I10

I01

I11

I00

I10

I01

I11

Gx

I00 * W01

I01 * W11

O01All-reduce

O00 O01

O10 O11

O00 O01

O10 O11

W I O

GPUs

Gy

Gz

X

Y

Z

Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing



Abhinav Bhatele (CMSC416 / CMSC616)

Why is LLM training well-suited for HPC?

10

DecoderEmbedding Decoder Decoder Classifier

La
ye

rs



Abhinav Bhatele (CMSC416 / CMSC616)

Why is LLM training well-suited for HPC?

10

DecoderEmbedding Decoder Decoder Classifier

La
ye

rs

Self 
attention

ReLU

Attention block Multi-layer perceptronD
ec

od
er Linear Linear LinearLinear



Abhinav Bhatele (CMSC416 / CMSC616)

Why is LLM training well-suited for HPC?

10

DecoderEmbedding Decoder Decoder Classifier

Li
ne

ar

Forward 
Pass

La
ye

rs

Self 
attention

ReLU

Attention block Multi-layer perceptronD
ec

od
er Linear Linear LinearLinear

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.

OI

W

Input 
Activations

Weights

Output
Activations

k

n

m

k

Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of

2 3

0 1

6 7

4 5

W00 W01

W10 W11

W00 W01

W10 W11

I00

I10

I01

I11

I00

I10

I01

I11

Gx

I00 * W01

I01 * W11

O01All-reduce

O00 O01

O10 O11

O00 O01

O10 O11

W I O

GPUs

Gy

Gz

X

Y

Z

Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
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cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)
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The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L
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and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing
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and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)
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6: return Ok,i

7: end function
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)

13: return @L
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14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L
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and I
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, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.

OI

W

Input 
Activations

Weights

Output
Activations

k

n

m

k

Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
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In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L
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j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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Parallel/distributed training
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• Iterative process of training (epochs)

• Many iterations per epoch (mini-batches)

• Many layers in DNNs
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3.1 Deep Learning

Deep learning is a family of machine learning algorithms characterized by the usage of artificial neural
networks (ANNs) as function approximators. As the name suggests, ANNs are inspired by the functioning
of the human brain. The last decade has seen ANNs applied very widely in a variety of fields like computer
vision, natural language processing, bioinformatics, drug design, speech and audio recognition with results
often surpassing the state of the art and in some cases even human expert performance. While, neural
network architectures and training algorithms have existed for decades, it was only in the last few years that
deep learning has rose to prominence, primarily due to the following reasons: (1) increased computational
power via GPGPU hardware accelerators, and (2) availability of large amounts of data.

Artificial Neural Networks ANNs are parameterized function approximation algorithms, and are inspired
by biological neural networks. An ANN is a collection of artificial or simulated neurons (Figure 1 (left)),
each of which is a node in a directed, weighted graph. Each link has a weight which represents the strength
of one node’s influence over another. All of these weights taken together are the parameters of the neural
network. Thus, the words weights and parameters can be used interchangeably. Neural networks learn by
processing known inputs and outputs, and adjusting weight associations between the two to reduce error.
The activation of each neuron is the weighted sum of its inputs from neighboring neurons weighted by the
link weights followed by a non-linear function like sigmoid. The initial input is external data and output
accomplishes the designated task such as prediction.
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Figure 1: A single neuron (left) and an example artificial neural network (right).

Layer In deep learning, neurons are typically organized into layers. A layer computes a parameterized
non-linear transform of it’s input. Often, the layers are connected in a straight-chain with the ith layer op-
erating on the output of the (i � 1)th layer and the first layer operating on the input dataset. The “deep”
in deep learning stems from the usage of multiple layers essentially increasing the depth of the neural net-
work. Figure 1 (right) shows how neurons organized into different layers are connected to each other. It is
through the use of multiple layers that neural networks are able to learn very useful feature representations
of the input automatically [45].

Learning/Training and Loss Learning or Training is defined as the task of selecting the weight values
which can accurately compute the function that the neural network has to approximate. This is done by
posing the problem as a parameterized optimization of a scalar proxy called the loss. The loss is designed
in a way such that minimizing it leads to accurate function approximation.

Backpropagation Backpropagation is the algorithm by which the gradients/derivatives of the loss w.r.t. the
weights are calculated. Gradients are calculated in the reverse topological order starting from the final layer,
i.e. if layer i consumed the output of layer j, then layer i’s weight gradients are calculated first and used in
the calculation of layer j’s weight gradients. This backward flow of gradients in the layers lends the name
backpropagation to this process.
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Inter-layer parallelism

• Assign entire layers to different processes/GPUs

• Ideally map contiguous subsets of layers 

• Point-to-point communication (activations and gradients) between processes/GPUs 
managing different layers

• Use a pipeline of mini-batches to enable concurrent execution
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Intra-layer parallelism: divides the computation of each
layer of the neural network on multiple GPUs. Each GPU
is responsible for partially computing the output activation
of a layer. These partial outputs are pieced together using a
collective communication primitive like all-gather or all-reduce
to be used for the computation of the next layer. For example,
Megatron-LM [2], [5] shards the various matrix multiplications
of a transformer [11] layer across GPUs. While saving
memory, it is prohibited by expensive collective communication
after computing the output activations. Typically, intra-layer
parallelism cannot scale efficiently beyond the confines of
GPUs inside a node connected via a high-speed inter-connect
like NVLink [5].

Inter-layer parallelism: divides the layers of a neural network
among worker GPUs. To achieve parallelism, an input batch
is divided into smaller microbatches. Forward and backward
passes for different microbatches can thus proceed on different
GPUs concurrently. Inter-layer parallelism is often called as
pipelining and the set of GPUs implementing it are called the
pipeline. Prior work has shown that inter-layer parallelism is
inefficient for a large number of GPUs in the pipeline due
to an increase in the idle time in the pipeline [5]. Figure 1
illustrates the working of inter-layer parallelism.
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Fig. 1. Inter-layer parallelism on four GPUs. The green and yellow boxes
represent the forward and backward passes of a microbatch respectively. The
numbers inside each box represent the microbatch number. We assume that
the backward pass takes twice as much time as the forward pass.

Hybrid parallelism: Data parallelism is often combined
with either or both of intra-layer or inter-layer parallelism
to realize hybrid parallelism. For example, Megatron-LM [5]
and DeepSpeed [12], [6] combine all three forms of parallelism
to train large transformer neural networks [11] at extreme scale.
This form of parallelism has been called 3D parallelism in
literature. Prior work [15], [5] has shown 3D parallelism as
the fastest method for training large scale neural networks.

III. DESIGNING A PARALLEL DEEP LEARNING FRAMEWORK

We now present the design of our new framework. AxoNN
combines inter-layer parallelism and data parallelism to scale
parallel training to a large number of GPUs.

A. A hybrid approach to parallel training
The central idea behind AxoNN’s hybrid parallelization of

neural networks is to create a hierarchy of compute resources
(GPUs) by dividing them into equally sized groups. Each group
of GPUs can be treated as a unit that has a full copy of the
network similar to a single GPU in the case of pure data

parallelism. Each group works on different shards of a batch
concurrently to provide data parallelism. GPUs within each
group are used to parallelize the computation associated with
processing a batch shard using inter-layer parallelism. In the
case of AxoNN, we arrange GPUs in a virtual 2D grid topology
as shown in Figure 2. GPUs in each row form a group and are
used to implement inter-layer parallelism within each group.
The groups together are used to provide data parallelism by
processing different shards of a batch in parallel. We use Gdata

and Ginter to denote the number of data-parallel groups and the
number of GPUs inside each data-parallel group respectively.
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Fig. 2. AxoNN uses hybrid parallelism that combines inter-layer and data
parallelism. In this example, we train a neural network on 12 GPUs in a 4⇥ 3
configuration (4-way inter-layer parallelism and 3-way data parallelism). The
blue and red arrows represent communication of activations and gradients
respectively. In inter-layer parallelism, these gradients are w.r.t. the output
activations, whereas in data parallelism, these gradients are w.r.t. the network
parameters.

Algorithm 1 AxoNN’s hybrid training algorithm for GPU gi,j

in a Ginter ⇥Gdata configuration
1: function TRAIN(neural network, dataset ...)
2: nn shard  instantiate neural network shard for gi,j
3: while training has not finished do
4: next batch  get next batch from dataset
5: batch shard  get batch shard for gi,j
6: DATA PARALLEL STEP(nn shard, batch shard ...)
7: run the optimizer
8: end while
9: end function

10:
11: function DATA PARALLEL STEP(nn shard, batch shard ...)
12: INTER LAYER PARALLEL STEP(nn shard, batch shard ...)
13: All-reduce on nn shard.r~✓
14: end function

Algorithm 1 explains the working of AxoNN’s parallel
algorithm from the point of view of one of the GPUs gi,j in
the 2D virtual grid. Training begins in the TRAIN function (line
1) which takes a neural network specification and a training
dataset as its arguments. For each GPU, we first instantiate a
neural network shard (contiguous subset of layers) that GPU
gi,j will be responsible for in the inter-layer phase (line 12).
In the main training loop (lines 3-7), we divide the input batch
into Gdata shards (line 5) and run the data parallel step on the
corresponding shard of gi,j . The data parallel step first calls
the inter-layer parallel step followed by an all-reduce on the
gradients of the network shard. In the optimizer phase, we run
a standard optimizer used in deep learning such as Adam [16]
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Intra-layer parallelism: divides the computation of each
layer of the neural network on multiple GPUs. Each GPU
is responsible for partially computing the output activation
of a layer. These partial outputs are pieced together using a
collective communication primitive like all-gather or all-reduce
to be used for the computation of the next layer. For example,
Megatron-LM [2], [5] shards the various matrix multiplications
of a transformer [11] layer across GPUs. While saving
memory, it is prohibited by expensive collective communication
after computing the output activations. Typically, intra-layer
parallelism cannot scale efficiently beyond the confines of
GPUs inside a node connected via a high-speed inter-connect
like NVLink [5].

Inter-layer parallelism: divides the layers of a neural network
among worker GPUs. To achieve parallelism, an input batch
is divided into smaller microbatches. Forward and backward
passes for different microbatches can thus proceed on different
GPUs concurrently. Inter-layer parallelism is often called as
pipelining and the set of GPUs implementing it are called the
pipeline. Prior work has shown that inter-layer parallelism is
inefficient for a large number of GPUs in the pipeline due
to an increase in the idle time in the pipeline [5]. Figure 1
illustrates the working of inter-layer parallelism.
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Fig. 1. Inter-layer parallelism on four GPUs. The green and yellow boxes
represent the forward and backward passes of a microbatch respectively. The
numbers inside each box represent the microbatch number. We assume that
the backward pass takes twice as much time as the forward pass.

Hybrid parallelism: Data parallelism is often combined
with either or both of intra-layer or inter-layer parallelism
to realize hybrid parallelism. For example, Megatron-LM [5]
and DeepSpeed [12], [6] combine all three forms of parallelism
to train large transformer neural networks [11] at extreme scale.
This form of parallelism has been called 3D parallelism in
literature. Prior work [15], [5] has shown 3D parallelism as
the fastest method for training large scale neural networks.

III. DESIGNING A PARALLEL DEEP LEARNING FRAMEWORK

We now present the design of our new framework. AxoNN
combines inter-layer parallelism and data parallelism to scale
parallel training to a large number of GPUs.

A. A hybrid approach to parallel training
The central idea behind AxoNN’s hybrid parallelization of

neural networks is to create a hierarchy of compute resources
(GPUs) by dividing them into equally sized groups. Each group
of GPUs can be treated as a unit that has a full copy of the
network similar to a single GPU in the case of pure data

parallelism. Each group works on different shards of a batch
concurrently to provide data parallelism. GPUs within each
group are used to parallelize the computation associated with
processing a batch shard using inter-layer parallelism. In the
case of AxoNN, we arrange GPUs in a virtual 2D grid topology
as shown in Figure 2. GPUs in each row form a group and are
used to implement inter-layer parallelism within each group.
The groups together are used to provide data parallelism by
processing different shards of a batch in parallel. We use Gdata

and Ginter to denote the number of data-parallel groups and the
number of GPUs inside each data-parallel group respectively.
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Fig. 2. AxoNN uses hybrid parallelism that combines inter-layer and data
parallelism. In this example, we train a neural network on 12 GPUs in a 4⇥ 3
configuration (4-way inter-layer parallelism and 3-way data parallelism). The
blue and red arrows represent communication of activations and gradients
respectively. In inter-layer parallelism, these gradients are w.r.t. the output
activations, whereas in data parallelism, these gradients are w.r.t. the network
parameters.

Algorithm 1 AxoNN’s hybrid training algorithm for GPU gi,j

in a Ginter ⇥Gdata configuration
1: function TRAIN(neural network, dataset ...)
2: nn shard  instantiate neural network shard for gi,j
3: while training has not finished do
4: next batch  get next batch from dataset
5: batch shard  get batch shard for gi,j
6: DATA PARALLEL STEP(nn shard, batch shard ...)
7: run the optimizer
8: end while
9: end function

10:
11: function DATA PARALLEL STEP(nn shard, batch shard ...)
12: INTER LAYER PARALLEL STEP(nn shard, batch shard ...)
13: All-reduce on nn shard.r~✓
14: end function

Algorithm 1 explains the working of AxoNN’s parallel
algorithm from the point of view of one of the GPUs gi,j in
the 2D virtual grid. Training begins in the TRAIN function (line
1) which takes a neural network specification and a training
dataset as its arguments. For each GPU, we first instantiate a
neural network shard (contiguous subset of layers) that GPU
gi,j will be responsible for in the inter-layer phase (line 12).
In the main training loop (lines 3-7), we divide the input batch
into Gdata shards (line 5) and run the data parallel step on the
corresponding shard of gi,j . The data parallel step first calls
the inter-layer parallel step followed by an all-reduce on the
gradients of the network shard. In the optimizer phase, we run
a standard optimizer used in deep learning such as Adam [16]
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Hybrid parallelism
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3.1 Deep Learning

Deep learning is a family of machine learning algorithms characterized by the usage of artificial neural
networks (ANNs) as function approximators. As the name suggests, ANNs are inspired by the functioning
of the human brain. The last decade has seen ANNs applied very widely in a variety of fields like computer
vision, natural language processing, bioinformatics, drug design, speech and audio recognition with results
often surpassing the state of the art and in some cases even human expert performance. While, neural
network architectures and training algorithms have existed for decades, it was only in the last few years that
deep learning has rose to prominence, primarily due to the following reasons: (1) increased computational
power via GPGPU hardware accelerators, and (2) availability of large amounts of data.

Artificial Neural Networks ANNs are parameterized function approximation algorithms, and are inspired
by biological neural networks. An ANN is a collection of artificial or simulated neurons (Figure 1 (left)),
each of which is a node in a directed, weighted graph. Each link has a weight which represents the strength
of one node’s influence over another. All of these weights taken together are the parameters of the neural
network. Thus, the words weights and parameters can be used interchangeably. Neural networks learn by
processing known inputs and outputs, and adjusting weight associations between the two to reduce error.
The activation of each neuron is the weighted sum of its inputs from neighboring neurons weighted by the
link weights followed by a non-linear function like sigmoid. The initial input is external data and output
accomplishes the designated task such as prediction.
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Figure 1: A single neuron (left) and an example artificial neural network (right).

Layer In deep learning, neurons are typically organized into layers. A layer computes a parameterized
non-linear transform of it’s input. Often, the layers are connected in a straight-chain with the ith layer op-
erating on the output of the (i � 1)th layer and the first layer operating on the input dataset. The “deep”
in deep learning stems from the usage of multiple layers essentially increasing the depth of the neural net-
work. Figure 1 (right) shows how neurons organized into different layers are connected to each other. It is
through the use of multiple layers that neural networks are able to learn very useful feature representations
of the input automatically [45].

Learning/Training and Loss Learning or Training is defined as the task of selecting the weight values
which can accurately compute the function that the neural network has to approximate. This is done by
posing the problem as a parameterized optimization of a scalar proxy called the loss. The loss is designed
in a way such that minimizing it leads to accurate function approximation.

Backpropagation Backpropagation is the algorithm by which the gradients/derivatives of the loss w.r.t. the
weights are calculated. Gradients are calculated in the reverse topological order starting from the final layer,
i.e. if layer i consumed the output of layer j, then layer i’s weight gradients are calculated first and used in
the calculation of layer j’s weight gradients. This backward flow of gradients in the layers lends the name
backpropagation to this process.
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.

OI

W

Input 
Activations

Weights

Output
Activations

k

n

m

k

Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.
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Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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Easy parallelization using AxoNN

• Requires minimal code changes to model architecture (code):

• AxoNN intercepts all declarations of torch.nn.Linear, and parallelizes them

• Our ML collaborators used this mode for the memorization experiments

• We also have backends for lightning and accelerate
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from axonn.intra_layer import auto_parallelize

with auto_parallelize():
    net = # declare your sequential model here
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• Input: a user prompt

• Output: a generation of output tokens
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.

OI

W

Input 
Activations

Weights

Output
Activations

k

n

m

k

Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of

2 3

0 1

6 7

4 5

W00 W01

W10 W11

W00 W01

W10 W11

I00

I10

I01

I11

I00

I10
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I11

Gx

I00 * W01

I01 * W11

O01All-reduce

O00 O01

O10 O11

O00 O01

O10 O11

W I O

GPUs

Gy

Gz

X

Y

Z

Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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Graph Neural Networks

• Type of neural network to learn from graph datasets

• Graph Convolutional Networks (GCNs) have become widely popular in recent years 
for studying properties of graphs
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Graph Neural Networks

• Type of neural network to learn from graph datasets

• Graph Convolutional Networks (GCNs) have become widely popular in recent years 
for studying properties of graphs

• Systems challenges with GNNs:

• Graphs are irregular as opposed to images or text

• Input datasets representing extremely large graphs do not fit within memory

22
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Real-world graphs
• Graphs are everywhere: financial transaction networks, protein-protein interactions, 

social networks

• Learn complex properties of and relationships within graphs

• Use cases: fraud detection, bioinformatics, recommendation systems
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The 30-day analyses constructed a new graph for each 30-day
window. We then deleted isolated nodes, those that had no
incident edges in each given 30-day graph. The resulting graph
most accurately represents what transpired in a 30-day span, as it
has only nodes for active agents and edges for transactions that
occurred, but plots over time must be interpreted keeping in
mind that the number and identity of nodes each 30-day span is
changing.

Visualizations of the transactions simple-graph for typical
spans in the pre-incentives period (span −5) and in the incentives
period (span 15) are shown in Fig. 2. Node size represents degree,
and color represents agent type: blue for users, green for
companies, red for macro-agents, and black for the central bank.
In the figure, many users are directly related to macro-agents or
companies. In addition, it is clear that the degree of macro-agents
and companies is much greater than users. We can also see that
there are peripheral users that only made transactions with one
other user (isolates were removed).

Results of temporal analysis
Figures 3–14 show the temporal progression of various metrics.
The plot for each metric shows the metric value on the y-axis,
organized by 30-day spans on the x-axis. The x-axis is labeled
numerically, where 0 is the time span that include the tax-incentive
laws, “before” includes the time spans −1, −2, −3, etc. and “after”
includes the time spans 1, 2, 3, etc. Major economic events are

marked with vertical lines in time span 0: the OLEPF and the
OLSRRAZE, also the OLSRRAZE expiration line is presented.

Transaction network. Figure 3 shows that every 30 days more
actors (circles, Fig. 3) were part of the real economics transaction
network once the OLEPF and OLSRRAZE were effective at time
0. This graph has a peak of 22,106 agents in time 16 (August
2017). After a new government came into power and the dis-
continuation of the MM project was made public, more agents
appear in our graph and started to make economic transactions.
Possibly these are agents who had other means of payment such
as debit or credit cards and activated MM accounts due to the
incentives. They were accumulating e-money in their MM
accounts and at the end of the project, they have to use what they
had left in their accounts (e.g., spending in stores). That is why we
see more agents appear at the end of the time line. The number of
actors in the MM project who made real transactions is modest
given that the economically active population in Ecuador is ~8
million (Instituto Nacional de Estadísticas y Censos, 2016a) and
the ratio of people with mobile phones is ~60% in 2016 (Instituto
Nacional de Estadísticas y Censos, 2016b).

Before the incentive laws, few transactions were made
(diamonds, Fig. 3), and there was an increase in the number of
real transactions after the laws. The network goes from almost no
transactions to over 40,000 transactions per 30-day span in the
last 10 time spans, peaking at 60,572 transactions in time 16.
When the balance of users’ MM accounts falls below the
minimum that can be withdrawn from an ATM, users may be
finding other ways to use the e-money such as small purchases in
stores. Agents that were removed as inactive from networks in
prior 30-day spans become active as they conduct these small
transactions, leading to the peak seen in Fig. 3. This shows that
incentives motivated agents and transactions; however, it will be
important to compare this result with the mean number and
value of transactions per agent.

The mean number of transactions per agent (diamonds, Fig. 4)
was increasing before the tax-incentive laws, reaching about 5.2
transactions per agent. This coincided with an expansion on the
number of companies entering the network, so there were more
places where people can use their MM. After the first year of life
of the project, the mean number of transactions per agent starts
to decrease, and then, with the incentives, there is a new
increasing trend that stabilized at around five transactions per
agent per 30-day.

Fig. 2 Example transaction network. a The visualization of the transactions simple-graph pre-incentives period (span -5). The network includes 873 agents
and 1117 transactions. b The visualization of the transaction simple-graph in the incentives period (span 15). The network includes 20,387 agents and
23,886 transactions. Node size represents degree, and color represents agent type: blue for users, green for companies, red for macro-agents, and black for
the central bank. The degree of macro-agents and companies is much greater than users. Many users are directly related to macro-agents or companies.
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Fig. 3 Actors and total number of transaction counts. Temporal
representation of the number of actors (circles) and transactions
(diamonds) for 30-day spans. After the tax-incentives laws (span 0), more
actors and transactions appeared. At the termination of the MM project,
more agents and transactions appear, users are taking advantage of the
incentives for the last time and using what they had left in their MM
accounts.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on November 18,2025 at 06:04:46 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on November 18,2025 at 06:04:46 UTC from IEEE Xplore.  Restrictions apply. 

https://ieeexplore.ieee.org/document/10246394



Abhinav Bhatele (CMSC416 / CMSC616)

Three steps in a GCN

24

Aggregation Combination

H = SPMM(A, F) Q = SGEMM(H, W)

116 IEEE TRANSACTIONS ON SUSTAINABLE COMPUTING, VOL. 9, NO. 2, MARCH/APRIL 2024

Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous
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GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on November 18,2025 at 06:04:46 UTC from IEEE Xplore.  Restrictions apply. 

116 IEEE TRANSACTIONS ON SUSTAINABLE COMPUTING, VOL. 9, NO. 2, MARCH/APRIL 2024

Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous

TABLE I
GCN NOTATIONS

GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous
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GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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Fig. 1. GCN basics. The computation in a GCN layer consists of two phases,
namely Aggregation and Combination. The figure shows an example graph with
six nodes. The figure shows A: adjacency matrix,X(l): feature vectors of layer
l, W (l): weight matrix of layer l, and X(l+1): feature vectors of layer l+ 1.
Basic computation can be generalized as X(l+1) = A(l)(X(l)W (l)). AX is
aggregation, XW is combination.

! Morphable Accelerator Design: We propose a universal
accelerator architecture to support high-performance and
energy-efficient GCN execution. The proposed accelera-
tor can be partitioned into multiple sub-accelerators with
different sized PE-array, global buffers, and interconnects.
These components can be configured to support any desired
inter-/intra-dataflows needed by the GCN tasks.! Dynamic Optimization Algorithm Design: We propose a
hardware-application co-exploration algorithm for opti-
mized GCN execution. The proposed algorithm models the
performance and energy metrics for concurrent GCN tasks.
According to the modeled metrics, the proposed algorithm
searches the design space and dynamically selects the most
suitable partitioning strategy, dataflow parameters (e.g., tile
sizes, inter-phase dataflows, and intra-phase dataflows),
and interconnection configurations.

We implement the Morph-GCNX microarchitecture in RTL.
We also evaluate the proposed Morph-GCNX with a cycle-
accurate simulator that can accurately capture the behavior of
each hardware component of the GCN accelerator. Simulation
shows that the proposed Morph-GCNX architecture achieves
18.8×, 2.9×, 1.9×, 1.8×, and 2.5× better performance, reduces
DRAM accesses by a factor of 10.8×, 3.7×, 2.2×, 2.5×, and
1.3×, and improves energy consumption by 13.2×, 5.6×, 2.1×,
2.5×, and 1.3×, as compared to prior designs including HyGCN,
AWB-GCN, LW-GCN, GCoD, and GCNAX, respectively.

II. BACKGROUND AND MOTIVATION

A. GCN Basics

A Graph Convolutional Network (GCN) takes graph-
structured data as input and learns a representation vector for
each vertex in the graph. As shown in Fig. 1, each GCN layer
gathers the activations of the neighbor vertices from the previous
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GCN layer, and then updates the activation of the vertex, using
convolution and matrix multiplication. The computation in a
GCN layer can be formulated as:

a(k)v = Aggregate(k)(h(k)
u |u ∈ N (v)),

h(k)
v = Combine(k)(a(k)v , h(k−1)

v ) (1)

where h(k)
v is the representation feature vector of vertex v at the

k-th layer. The Aggregate function aggregates multiple feature
vectors from source neighbors to one single feature vector, and
the Combine function transforms the feature vector of each
vertex to another feature vector using a multi-layer perceptron
neural network. For the entire GCN, the prevalent computation
pattern is modeled as a chain matrix-multiplication (ChainMM)
operation:

X(k+1) = σ
(
ÂX(k)W (k)

)
(2)

Where X(k) and W (k) are the input feature and weight matrices
of layer k.σ(·) is the non-linear activation function, and a typical
activation function is ReLU. A is a normalized transformed
matrix from the graph adjacency matrix. Table I summarizes
all the notations to describe a GCN in this paper. The tile size
(T<Dimension>) is the number of elements that are mapped
across PEs in parallel in a given dimension.

For GCN accelerators, the performance of GCN execution
is correlated to the compute ordering of the ChainMM. For
instance, the execution order of the ChainMM can be altered:
(A×X)×W or A× (X ×W ). And these two execution or-
ders are different in the following aspects. First, in GCN, the
computation with A is closely related to the Aggregation phase,
which can be generalized as sparse-sparse matrix multiplication
(SpGEMM) or sparse-dense matrix multiplication (SpMM) op-
erations, while computations with W are parts of the Combina-
tion phase, which are general matrix multiplication (GEMM)
or dense matrix multiplication (DenseMM) operations. The
difference in the sparsity of SpMM and GEMM operations can
significantly affect the efficiency of the accelerator, in terms
of memory accesses and PE utilization. Second, the order in
which the product is parenthesized is closely correlated with the
number of simple arithmetic operations needed to compute the
final product, which leads to different computational latencies.
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.

OI

W
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Activations
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Output
Activations

k

n

m

k

Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

H = SPMM(A, F) Q = SGEMM(H, W) F′￼ = σ(Q)
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

H = SPMM(A, F) Q = SGEMM(H, W) F′￼ = σ(Q)

SpMM
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

H = SPMM(A, F) Q = SGEMM(H, W) F′￼ = σ(Q)

SpMM

Backward pass: 2 SGEMMs 
and 1 SpMM
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Challenges with Parallel GNN Training

• Very large graphs require effective parallelization over multiple GPUs

• Irregularity in graph structure leads to highly imbalanced and highly sparse adjacency 
matrices

• Leads to load imbalance when distributing work

• Significant communication for synchronizing activations and gradients: N X D 
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Figure 2: An overview of the 3D tensor parallel algorithm for GNN training. Eight GPUs are arranged in a 3D grid (X=Y=Z=2)
and matrices in layer 0 of the network are distributed across di!erent planes (shown in di!erent colors).

MG-GCN [6] optimizes CAGNETwith communication-computation
overlap. RDM [20] builds on CAGNET with near communication-
free training by replicating one of the matrices.

Other full-graph frameworks introduce approximations for scala-
bility. BNS-GCN [41] partitions with METIS and samples boundary
nodes, but its convergence on diverse datasets needs further vali-
dation. PipeGCN [42] pipelines communication and computation,
potentially causing stale features/gradients, with sensitivity vary-
ing across graphs. DGCL [7] minimizes communication using graph
characteristics and cluster topology. NeutronTP [4] uses tensor par-
allelism by only distributing the features to avoid load imbalance.

Table 1: Summary of state of the art in distributed full-graph
GNN training. The number of nodes and edges of the graph
datasets, and number of GPUs are the largest values reported
in each paper.

Name Year # Nodes # Edges # GPUs

AdaQP [40] 2023 2.5M 114M 8
RDM [20] 2023 3M 117M 8
MG-GCN [6] 2022 111M 1.6B 8
Sancus [30] 2022 111M 1.6B 8
MGG [45] 2023 111M 1.6B 8
DGCL [7] 2021 3M 117M 16
ROC [17] 2020 9.5M 232M 16
NeutronStar [44] 2022 42M 1.5B 16
GraNNDis [36] 2024 111M 1.6B 16
NeutronTP [4] 2024 244M 1.7B 16
CDFGNN [50] 2024 111M 1.8B 16
PipeGCN [42] 2022 111M 1.6B 32
CAGNET [38] 2020 14.2M 231M 125
BNS-GCN [41] 2022 111M 1.6B 192
SA+GVB [26] 2024 111M 1.6B 256

Plexus (this work) 2025 111M 1.6B 2048

Table 1 shows limited scaling across many GPUs in existing full-
graph works, with a handful using more than 16 GPUs. Many focus
on 1D SpMM variants, lacking a practical scalable 3D algorithm
despite its theoretical communication advantages. This motivates
Plexus, our framework aiming for approximation-free, scalable 3D
full-graph training for large graphs and high GPU counts.

3 A Three-dimensional Tensor Parallel
Approach to Full-graph GNN Training

We now describe our approach to parallelizing a GCN layer and
the entire network, and our adaptation of Agarwal’s 3D parallel
matrix multiply algorithm for GNN training in Plexus.

3.1 Parallelizing a Single GCN Layer
Tensor parallelism is a popular strategy for parallelizing GNN train-
ing. While previous works have experimented with 1D to 3D tensor
parallel approaches, in this work, we focus on 3D tensor parallelism.
We take inspiration from Agarwal et al.’s three-dimensional (3D)
parallel matrix multiplication algorithm [3] for distributing matri-
ces and parallelizing matrix multiplication kernels across multiple
GPUs. Below, we describe how we adapt this 3D matrix multiplica-
tion approach to parallelize GNN training and Sparse Matrix-Matrix
Multiplication (SpMM) computations.

Given a number of GPUs, 𝐿 , in a job allocation, we !rst arrange
the GPUs into a 3D virtual grid. We refer to the number of GPUs
along each dimension as 𝐿𝐿 , 𝐿𝑀 , and 𝐿𝑁 respectively, such that
𝐿 =𝐿𝐿 →𝐿𝑀 →𝐿𝑁 . Each GPU creates process groups that allow it
to communicate with its neighbors in each of the three dimensions
of the grid. The matrices in a layer are then distributed across this
grid. Here, we describe how this is done for the !rst layer of the
GCN, and this can be applied similarly to the other layers.

First, we shard (divide and map to di"erent GPUs) the sparse
adjacency matrix,𝑀, across the 𝑁𝑂 -plane and replicate it across the
𝑃 -parallel process group (see Figure 2). Then we shard the input
features matrix, 𝑄𝑂0, across the𝑂𝑃 -plane and further shard it across
the𝑁 -parallel process group. The reason that 𝑄𝑂0 is sharded and not
replicated across the third process group is to save memory. Since
the input features are made trainable to learn node embeddings,
they have gradients and optimizer states associated with them
which are additional memory requirements. Finally, we shard the
weights across the 𝑃𝑂 -plane and also further across the 𝑁 -parallel
process group due to the additional memory requirements of the
gradients and optimizer states. Figure 3 shows the shapes of the
matrix shards (sub-blocks or sub-matrices) for layer 0.

Pseudo code for the forward and backward pass of layer 0 is
shown in Algorithm 1 and 2 respectively. Before describing the
algorithm, note that when we refer to any matrix, it is a shard
of that matrix on a given GPU. Lines 3-5 show the aggregation
step, in which the input features matrix shard 𝑄 is all-gathered

Aggregation
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Figure 2: An overview of the 3D tensor parallel algorithm for GNN training. Eight GPUs are arranged in a 3D grid (X=Y=Z=2)
and matrices in layer 0 of the network are distributed across di!erent planes (shown in di!erent colors).

MG-GCN [6] optimizes CAGNETwith communication-computation
overlap. RDM [20] builds on CAGNET with near communication-
free training by replicating one of the matrices.

Other full-graph frameworks introduce approximations for scala-
bility. BNS-GCN [41] partitions with METIS and samples boundary
nodes, but its convergence on diverse datasets needs further vali-
dation. PipeGCN [42] pipelines communication and computation,
potentially causing stale features/gradients, with sensitivity vary-
ing across graphs. DGCL [7] minimizes communication using graph
characteristics and cluster topology. NeutronTP [4] uses tensor par-
allelism by only distributing the features to avoid load imbalance.

Table 1: Summary of state of the art in distributed full-graph
GNN training. The number of nodes and edges of the graph
datasets, and number of GPUs are the largest values reported
in each paper.

Name Year # Nodes # Edges # GPUs

AdaQP [40] 2023 2.5M 114M 8
RDM [20] 2023 3M 117M 8
MG-GCN [6] 2022 111M 1.6B 8
Sancus [30] 2022 111M 1.6B 8
MGG [45] 2023 111M 1.6B 8
DGCL [7] 2021 3M 117M 16
ROC [17] 2020 9.5M 232M 16
NeutronStar [44] 2022 42M 1.5B 16
GraNNDis [36] 2024 111M 1.6B 16
NeutronTP [4] 2024 244M 1.7B 16
CDFGNN [50] 2024 111M 1.8B 16
PipeGCN [42] 2022 111M 1.6B 32
CAGNET [38] 2020 14.2M 231M 125
BNS-GCN [41] 2022 111M 1.6B 192
SA+GVB [26] 2024 111M 1.6B 256

Plexus (this work) 2025 111M 1.6B 2048

Table 1 shows limited scaling across many GPUs in existing full-
graph works, with a handful using more than 16 GPUs. Many focus
on 1D SpMM variants, lacking a practical scalable 3D algorithm
despite its theoretical communication advantages. This motivates
Plexus, our framework aiming for approximation-free, scalable 3D
full-graph training for large graphs and high GPU counts.

3 A Three-dimensional Tensor Parallel
Approach to Full-graph GNN Training

We now describe our approach to parallelizing a GCN layer and
the entire network, and our adaptation of Agarwal’s 3D parallel
matrix multiply algorithm for GNN training in Plexus.

3.1 Parallelizing a Single GCN Layer
Tensor parallelism is a popular strategy for parallelizing GNN train-
ing. While previous works have experimented with 1D to 3D tensor
parallel approaches, in this work, we focus on 3D tensor parallelism.
We take inspiration from Agarwal et al.’s three-dimensional (3D)
parallel matrix multiplication algorithm [3] for distributing matri-
ces and parallelizing matrix multiplication kernels across multiple
GPUs. Below, we describe how we adapt this 3D matrix multiplica-
tion approach to parallelize GNN training and Sparse Matrix-Matrix
Multiplication (SpMM) computations.

Given a number of GPUs, 𝐿 , in a job allocation, we !rst arrange
the GPUs into a 3D virtual grid. We refer to the number of GPUs
along each dimension as 𝐿𝐿 , 𝐿𝑀 , and 𝐿𝑁 respectively, such that
𝐿 =𝐿𝐿 →𝐿𝑀 →𝐿𝑁 . Each GPU creates process groups that allow it
to communicate with its neighbors in each of the three dimensions
of the grid. The matrices in a layer are then distributed across this
grid. Here, we describe how this is done for the !rst layer of the
GCN, and this can be applied similarly to the other layers.

First, we shard (divide and map to di"erent GPUs) the sparse
adjacency matrix,𝑀, across the 𝑁𝑂 -plane and replicate it across the
𝑃 -parallel process group (see Figure 2). Then we shard the input
features matrix, 𝑄𝑂0, across the𝑂𝑃 -plane and further shard it across
the𝑁 -parallel process group. The reason that 𝑄𝑂0 is sharded and not
replicated across the third process group is to save memory. Since
the input features are made trainable to learn node embeddings,
they have gradients and optimizer states associated with them
which are additional memory requirements. Finally, we shard the
weights across the 𝑃𝑂 -plane and also further across the 𝑁 -parallel
process group due to the additional memory requirements of the
gradients and optimizer states. Figure 3 shows the shapes of the
matrix shards (sub-blocks or sub-matrices) for layer 0.

Pseudo code for the forward and backward pass of layer 0 is
shown in Algorithm 1 and 2 respectively. Before describing the
algorithm, note that when we refer to any matrix, it is a shard
of that matrix on a given GPU. Lines 3-5 show the aggregation
step, in which the input features matrix shard 𝑄 is all-gathered

Aggregation Combination
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