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Depth-First Search (DFS)

A systematic process for visiting the vertices

and edges of a graph.

Intuition : vertex to vertex
, backtracking

only when all neighbors have been visited.

Algorithm : < = (V , E) digraph
mark[n] : undiscovered/visited/finished
d[u] : discovery time

#[U] finish time

plu] predecessor



DFS Visit (u)
- ↑

mark [u]< visited for VEV , if Aln, v]= 1.

↑
d[u] < +o time ↑
-

-
for each(UVEVUEV

, out de,To
such edges.

pred[v] < U

DFS Visit (v) total :I out-degln)
mark[u) < finished = IEI

f[U] < +o time

DFS[G)
↑ time = O

mark [u] < undiscovered . VueV

for each nEV

if mark [u]
= undiscovered

DFSVisit [n]

Running time : O(n+m) n = (v) m = (E)
OCu2) adjacency matrix
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Parenthesis Lemma :
fu , v =V in DFS Tree :

U is descendant of VE) [d[n] , flu]] [ [dIv] , fIv]]
ancestor I

otherwise [d[u] , flu]] is disjoint from [div] , fIr]]
V

1) no overlap .



Edge Classification :

Tree edge :

n discovers

Back edge : v is an ancestor of i

Forward edge : v is a non-child descendant ofa
Cross edge : anything else

a
d forward

backward
L

b
W

v cross

f &

~

S s

↑ v 49

- undirect graph : only tree & backward

-
Back edges <> flu) <fir]

· how to classify ?
back (u

, v) .dir][dEn] ,<flu]]
-

forward S-
din] < dIV] = fIr] < flU]

-

tree- predtvs = v

cross : [dcus , fiu]] &[div] , fir]] disjoint
.

div] < ftv] < dru] =]
-



Directed Acyclic Graph . (DAP)

source : V . S .t. in -deg(v)=

· sink : U
.

Sitout-deg(u) =0

Acyclicity Test :
Given a digraph G , is Da DAG ?

Idea : Try DFS tree :

↳edge =
e.e back

e - Back edge !
-

why ? Lemma : (u , v) is back edge
#= flu] < fLU]

Assume cycle a + b + 1 ... -> a
,

no edges are back

&a] >fib]> fICT) ... . >fla] -

> contradiction -



Topological Sorting :

Given a DAGG = (V, E) , find a linear orderings
of the vertices , that respects edge directions,i

.

.e.

EE=> Scul < Scr)

%1 - multiple ordering.f 4
7i--

Idea : DAG => no back edges
↓

↓ (u, v)EE , f[n] > fir]

W
s < reverse order of f

Time:+m) noteralgorithm : On+m)
, im is&peat : pick a source wertex

remove it.



stronglyConnected Components . (SCC)

strongly connected : # n,
vEV

, Epath nerd
-> u -

-0
O
T t
↓o

0-0

strongly connected component (SCC) :
A partition of vertices , sit.

Two vertices & v E same SCC)

& path n -> rdv - U .

·

t



Component Digraph : "collapse" the SCC's

A
↓ X # ⑭it
B -> C
- -

Claim : the component digraph ot
is a DAG

=> UA,

Epathur EUTAx B VEB
-

Q : How to compute the SCCs ?

Idea : DFS : starting at uE component X,
visit all "downstream" SCCS

,

Itopological)
DFS according to the reverse order

of the component graph !

How to get the order
(without knowing the SC2s) ?



Recall : (u, v) back edge ES flu) < fIr]

(u , v) across components => flu] > fIv]

Define max finish time maxf[X] for
SCC X:

maxf[X] :
= max fl,

Lemma : Let X , Y components,
X can reach Y . (Y cannot reach X),

maxf[X] > maxf[Y]

⑭it
Start U A

. visit everything in V.

ufB
,

-
- .. B &C

⑭#B

nE A A



Algorithm (Kosarajn)finishedv ned
DFS(4) · compute fiu] , tueV.
-

DFS(qP) in reverse order of fins .

↓
Reverse Praph : reverse all edges .

(n , v) -> (v , u)

A⑭it ↓ X

-
A

Reverse **
BF C


