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Set Cover

Set System : I = (X , 5) where

X = (X, -..,X) domain of things to be covered.

S = YS1 , ...,Su collection of sets Sie X

that can be used to build the cover

Set Cover Problem : Given a set system (X ,
S),

find smallest number of sets that cover all of X

&...my of min size sit.

Wiec Si = X

13,
4

, 53 is a cover
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n = 12

m= G
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Application : Wireless Coverage.%↓
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Greedy Algorithm : pick the set that covers

the most uncovered items.

greedy-set-cover (X ,
S)

u = X U : all element yet to cover

x q 2 : current selection ↑

while (n +0)= 0(n) O (n2 .m)
O(m) - O(n)Ji < set si covers most elements of U.-

EUsis
select i w/ min in -O(m)

n = n)Si ->late Mi 0(m) per each element

- newly covered
return C. O(n) such elements

Running time : O(nm) why?

maintain U2 : elements in U . Sit, covered by Si



0 = 3
.

alwayof unselected elements
X2
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Greedy : 91 , 6 , 2

, 33 Optimal : 13 ,4, 53
-

Optimality ? No.

O -

O -

Optimal : 27, 83.

Preedy : # , Sy , Sg all cover 16 points

=> pick S1 .

S2 by 58. . --- 8 points
=> pick Sz

i 2 lines of 2" points

[ 1 ,
2, 3

,
4

,
5
, 69 Opt : 2 , Greedy : n+ 2

Gap between Greedy and Optimal ~ Oclogn)



Approximation :

Theorem : Given any set system (X , S)
,
let

O = optimal set cover, C = greedy set cover,

141 = 101 · In n + 7
removable

, longer proof!
Proof. g = /4)

,
0 = 101

Let Xi = Litems that are still uncovered after it iterations.

m = Xi ) , (no= n) Xo=X
, X1 , X2 ,

. .

., X g=0

At the start of ith round :

need to cover n:-1 v items in current & later rounds

=> a cover of Xil ,
that has size o

=> I a set covers Ui+ /0 items of Xi+
① sets -> cover litt items

pigeon hole principle :> one set - cover bit items

=> the set si picked by greedy must cover

at least hi+ /0 items.

=> U = Mit - M/0 = Mit (1-to)

=> Mi < M+
(l-t) = 12-2.(l-*)2 . . . No ·(l-ty)

=

T



At iteration g-1 ,
still some uncovered items.

Ug+ 2
.

1

=> 1 Ug- = n .(+8
+

Lemma : (l-Yo) = -to

1 n (1 - to(8
-

=n - e

-10 - (g - 1)

= meg
-1/0

=> n2 elg-1/0

=> In n2(g- 1)/0

=> g
= 0 . mn + 1

later lecture.

-timalSolution ? NP-hard
D +2)- approx

2 - approx NP-hard .

-> Greedy is
c -

:
approx & the best !

(l-9)· In n-approx



Stone Merging

Problem : You have n piles of stones.

each has a az ,
---

, an stones.

you can choose 2 piles , merge them together.
cost is total number of stones of the two piles.

Goal : minial cost to merge all of them.

Example :

Start . I ② 345
& S T cost = 2+ 4= 6merge.

I 3 56 -

2 cost : 3+5=8
merge

16 S -

-Emerge - cost : It6 = 7
-

28
⑳ merge cost : T8= 15

-

35 15

Y
2x3 +4x3 + (x2+3x2+5x2

total cost 6+8+7+15

X
= 36

= 36



Background : Optimal encoding (Hamming code problem)
a

, b, c..., z alphabet , character -> 010---string
a -> 00 b+ olo c+ 111 ,

---

what is the most efficient encoding ?

Greedy :

lidea : always merge the smallest first.

Algorithm : easy,

Time complexity : O(nlogu) Using binary heap as

priority queue.

Optimality ?

Proof : O optimal solution. G greedy.
O : and G , agrees on first k steps .

At (k+1) step ,
both O & & face the same piles:

(n-k) piles : b , , .
- - , back

Plan : adjust O
, S.t . smallest 2 piles in Sb, ...,but

Merged the first ,
without losing optimality.



b 1 bz - - back

Mergingplan : binary tree , with bi's as

leaf node.

total cost: bi . depth (i)

First merge deswith highest depth , they
are siblings.

LetbytobesWith smalsee

If by & by already in tsomewhere
, good !

If not, bz , bu ,
are in that place .

Adjustment : swapbz.by > bur

bx < bz , by bu
depth(x) [depth (bz1 , depth (by) < depth (bw)

Before : cost :

bxdeptdepthAfter :


