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Chain Matrix Multiplication

Problem : Given a sequence of matrices

A ,,
Az, ..., An.

find the fastest way to compute the product
C = A , A2 - - An

Matrix Multiplication
A : pxg matrix ,

B : gor matrix

C = A . B : pxr matrix ,
sit. .

Clij]= AlK] · B[k
,j]



Algorithm : for it i to p

for jx1 to r

Clij] = o

for K* 1 to g

CEj] < ([ij] + Alick] : BIk, j]

Time complexity O(pqr)
Chain Multiplication Case :

Al : 5x4 , A2 : 4x6
·
Az : 6x2

(A , A2) As -> cost = 5 x4x6 + 5x6x2 = 180

A , (AzAy) ->
cost = 4 x 6 + 2 + 5x4x2 = 88



Problem : Find the best order of multiplications,

w/ smallest number of operations.

An has dimensions Pi+ * P:

An order can be represented by a binary tree,

n =5:

Let P(n) be # of binary trees with n leaves,

E
1 if n=

P(n) =

EPCpCn-1) 122
k= (

Pcn) = ((n-1) Catalan Number

cu=()O

Brute-force is exponential time !



DD Formulation
.

Subproblem · M(i .j) = the minimum cost of

multiplying Ai
, Ait, ..., Aj

into Alisj)
Goal : M(1 , n)

Base cases : M(i , i) = 0

Decomposing into subproblems,

Suppose now want to do M(i
,j),

Last step must be multiplying A(c, K) with ACkH ,j)
for IEK <j

.

->

An. --- Aj Ai---Ak At Aj



->

An. --- Aj Ai---Ak At Aj

Cost : M(i , k) + M(k,j) + Pi- px - Pj

Optimal strategy : choose the Kw/ smallest cost

i=j

ME , j) =GMusSj



Memorized Implementation.

memo-cmm(i ,j)
if (M[z, jj = - 1)

ans +@

for k< i to j-1

cost+ memo-cmm(i , k) + memo-cmm(k+)
,j)

↑ pEi-1) * p[k] # p[j]
if cost < ans

ans - cost

M[i , jj < ans

return MET ,j]



Bottom-up implementation.

Not trivial to find order !

for i < 1 to 1

for ja i to n

Solution : compute by interval length.

bottom-up-smm()
for it I to n Minij< O

for =2 to n

for < 1 to n- e+ 1

j + i + 1 - 1

ans to

for < i to j-
ME ,j] = min (MEz,j],(M[i

,K] +M[+i .j] + PixPit)
return MII , n]

Running time O(n3)




