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Dynamic Programming (IV)

All-Pair Shortest Path.

Given weighted digraph C = (V , E) , w/weight we

Single-Source Shortest Path (SSSP) (Sep .
14 Lecture

for some source vertex s
, find shortest path -u

.

Yu .

-n
=(V)m=1)

Dijkstra Olm+ nlogn) non-negative weights only
Bellman-Ford OCum) no neg , weight cycle.

All-Pair Shortest Path . (APSP)

for any n, veV , compute shortest path n-> V.

Repeat Dijkstra for any a +On im+ nlogu)/ 0 (u>m) : Repeat
(1960s)

Floyd-Warshall O(n3 negative weight allowed

Claude (lust week) 0 (n219995)



Input/Output Format

·

Dijkstra/B-F , adjacency list. -

Floyd-Warshall adjacency matrix.

APSP result din , V] , F nr. OCa2)
no point to save space using adj: List.

.

Weighted Adjacency matrix. W
W[n , v] = to => no edge-

= W, = I an edge U + V
,
w/ weight we

13
① -②

Output Format : d[u , v] ,
distance of shortest path n

-> V.

to recover the actual path:

h[U, V]
,

"hook" between n-V,
can be any

midpoint on s . path n-> V.

next [u , vJ , next step from u
,
on the Sp . U-V .



DP Formulation

How to reduce shortest paths into subproblems ?

problems, din , v]

- By Hedges in the path ?

die(n , v) = shortest path n + v w/ at most f edges.

&to a slower algorithm !

- Floyd & Warshall : restrict the set of vertices

the path can go through.

d) (u, v) = cost of shortest path -V.
Sit.

only vertices 1 , ..., k can be used

as intermediate stops .

d(n)(u, v) = d(u, v)

Example : k= 5
w(u, v)

->
I ↑ %↓

j



Base Case : d*(i ,j) = w(i ,j) IjE

shortest path , its St
.

K 1 : consider ijEV .
&lP(i ,j) = only &1, ...,k3 is allowed as into stops .

Case #1 : shortest path does not pass through k.

=> only 51 , ..., K-13 can be used

=> cost is dl" (2 , j)

Case #2 : shortest path pass through K .

since no negative cost cycle , K is visited once.

=> path is ij
↳ still only E1 , -- , k allowed.

each part is a path with (1 ,-.., k+ ] as intermediates.

=> cost is d(2"(2< () + d(k
-x (k

,j)

O

xoo-/O



k= 0

,
d()(z ,j)↑

(3
(,j)=Wis

is() + &
*
(

,j)(

Bottom-up :

Floyd-Warshall (w)

for i I to n

for j -1 to n & dd(0)
d[i , jj = wil,j)

before : d= d((()
for k < 1 to n.

for i < 1 to n. d = d(
for je 1 to n.

(k) (k-1)

d[i , j) = min (d[i , j], 3
(k+1

d[i , k] +d , jj)
return d[ , -]

Running time : OCn3)



space complexity : OCn2)

Why ? & ([i , j) only needs &
* )I

-1 -
3.

Therefore , only 2 copies of the d-array
is required. "P(i ,j) needs deli(ii)

d(k+ )(i , k)Actually onlyI is needed(d) (k
,j)

not updated in round k

&



Extract the shortest path :

Floyd-Warshall (w)

for i I to n

for j -1 to n

d[i , jj = wil,j)

neijj = &
for k < 1 to n.

for i < 1 to n.

for it 1 to n.

newCost = d[i , k] +d[k,j]
if newCost@dEij] -> if <",
di,j] = newCost

then you
will get infinite

n[ij] < k ,
recursion on

return di) , ht] . get-path

get-path (i,j)
if h(ij) =0 , return (i,j)
else mid=htij] I

List concatenation

return get-path (2 ,mid) @

get-path (mid , j)
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Question : Why get-path can always terminate ?

Another way :

Floyd-Warshall (w)

for i I to n

for j -1 to n

d[i , jj = wil,j)
nextti,j] < j

for < 1 to n.

for i < 1 to n.

for it 1 to n.

newCost = d[i , k] +d[k,j]
if newCost < dEij]
di,j] = newCost

next[i,j] < next[i , k]

return di) nextt]S

get-path(i ,j) :
V < I,
while VEj : v = next[Vj] , print (r).



- By Hedges in the path ?

die(n , v) = shortest path n + v w/ at most f edges.

-k
amer
-a

e edges .

mid-point can be any KEV, (KEUV)

Case #k
, mid-point is K

,

U--U

-y

e/2 edges ele edges

q(esz) (u, k) + d(42)(k , v)

w(i,j) l= 1

d(i, j) = E
min (dR(isk)

+ deckj)), e=

du) -> dk) + d( -xd(8) + ... ->q(h)wa)O(logn)
rounds.

each round : d(e) -> &1221 for<I toa
-

⑮ running time.
for j < 1 to 1

Overall. Time OCn3 logn) for


