CMSC 784 - Compu'tationa, (-yeomet%
Lecture 7: Lineer 'Prg‘r‘amm)ejd

Linear Prcegrammi ng (LP): ,
- A fondements| oP’timiaa‘t\'oh 'tcc\rmicbue, in T
-“Given o set o‘f n linear comtral'nt& (ﬂel‘fqaaces)

H= U\,,... ,6\,,3 , uhere &;: Qi) Kot B Xat T %, < L’i

2 Feasible (ggion

| (polato)ac)

- 6\30(§i\jcn a Iiy\czwf ob\)ccti\/c func'tion
J
c(x) = [ I IR A AW Jx ¢, % 6TR
(xoa\" Find the Po'mt of the fté,s'cLlc rgﬂov\ tLaT

wmXimizes f\\c oL\')u;l'\'\/c f'\mcﬁov\

(%UN, maximizes t\f\(, Q/\g """" .optimum
Wt\'\SQ“a\ pmje,ct\'ow

o ;
on the o\oJch\Vc \lcd‘or) dh %



Matrix Form: , ,
Qiven an v\xd malrix A) Lél?xhem; c€ R, :ﬁml )(.GTK to:

maximize : C'X N it} th o of A

sulo\,‘u,t to: Ax<b zrgr\e»?onds

Thwvee polec outomes:

@ Feasible: A (finite) optnme\ point w\st,s

@ vafcanla\e No Jolu‘t\on \)eceuse, :FeanLlc, ﬁ/\ﬁ s o vertex
of ‘Feasilolc.
(ggion  emply pgtere

@ Unbounded = No optumum finite Jblu‘tnov\
eists becouse feasible fegion is
Unbounc\cé 1% c)ircction o]e olo\')ec'twe, functivn

queesiuc Unbounded




Exomple:
= Given two Point sets, Bo'R in | ?\7— f{ml two Pem“cl lin es
'+ & thst axe maximelly thncall-a separated, with
£ \oWol st. E ||u on of'é\oov(,,e R I\eJ own oY Lc\ou ﬁ

Formulstad as an LP: ?omté lo (lo‘, LL‘Q) B G (r\)x,(m)cﬁ

Livnes : ﬂ; Y= exff ﬂ. Y= exyf

Constraints: For 171, IR \)“6 > e Lm‘fff (l; sbove )
Jor §-1,..,\R Gy € et £ & below £ )
'f+3 £ (L*a\oo\m )

OL\jutch > maximize :ft £

LP Formulation: Meteix form:
- 3
Find (e,ft{ )eR \:e [o]
t - €7
. flf Xz -1 ,
W\e')tlmuzwega = £ \
subsax to: L, | O [;} S| by ]
‘y/ e bb)(-‘-f \;MX: l @) -€- Lm}’
y € eVx 'f -Nix O-l ",‘"’&
= Yax O-\ =Yy _




LY i spaces o‘f constant  dimension:
= Asome n s leme (asymptitic %vent'l‘t'o)
v d s ontent Cucl) jgnore euen exponentiol depedence)
- el P(e;en‘t s (rendonmzed ) e‘gw{tlmm tith
(qcpectcA) runnigg time O! Y\) = G(V‘)

Tncremental Approecl/\:
Twitielization: Fmé é-ka\ﬁpeux t‘/\a't Aa[im
; a loounded wolution vy Cor report that
‘ lc. LP s onbounded) — O(dn) time

Tworementel :

J(Of (;?‘c‘ﬂ' to n
-éAé &e\FJpacc ﬂ\

set vieve,  (no Jamge?
o= else
: Vi, new optime\ \IUW
(Hou? Later )

Lemma: TF vt-_‘é'e e\; ,t\/\e new Optimom Vi lies on 6\{5
| \oounéwc\g 't\\ape,{‘p\ev\t (or P is iifeasible)




Proof: Let ; dencte i ‘oounéfg Lnaporp‘em,
= Assume (For illustration) ¢ is divected dovmperds.
- VL_.Q 6\;_ =2 Vg, v LJClow Q;
- Suppase to Contrary vi & £;
S v; lies above £
= Sgrmemt Vi Vi intevsects £
e L R ——
- B‘a (,om/qc]ta, P 1S :fces'\\o\\c
- Ty linwritg,o\o\')ectwc Fn. decresses From Vi, ™V,
> p is 2 betber solution then v;
>¢ contradiction! 0

How to upJa'tc opt'\ma\ \lbrt&')(?
= Given Fr’\ow l\e\&peux ({, 4\;.\ , oL\)aZt\'vc, vector ¢,
and wrrent Arapw‘p\em £ l‘

O Tntewseck 4, ..., b, ith Q.

@ c“—P\ro'\)ut ¢ onto &;




. é-\
® Prooect al thie to R N

(Geuss elimination)

@ Rwunsivdvc} wolve this (@-1)-dim
LP on 1= constreints e .

® Prod'cct this back onto Qi

Runv\ind Time,:
O 5
- Wownst wse -~ Be&l OCV\&)
- Expected wse (Rendom

imsortion ovder) .
- élooé '. O(V\) ﬁ’

(Dorst-Case Anel\ésis :

- let Wd(n\ = worst-ase time for

. Q
n constreints in IR

= \/iew B\ng\rittwh Y‘(.LUNNC'Q , ret]/\cr tlf\av\ iv»crcmentel



- Recurrence:

IOERTODE df[an 113, O n]

SO\VC LP on Pro\)bc.t SONQ' \
first n-\ onto L; Y eLIVSIVE Y
condtrainte

- T“t fae.n'o [\ta_

Of VL\

B\& mdyction (fjxc,\rc\sc) @en &\aow L\) (V\) Se nd

Hint: Note the s\m\\arfty
ultL\ the Binomiel ‘\'\\m

22 (- ()6

CTooJ ‘\)Cws - T‘M WO\FJt Cole enalans X1

unncww'\lxa 'Pwimist(c — Peméom'\ze‘.

—IY\SC\I‘t f‘\& l\e\{ZSPe(«CS M vewn éOVV\ OWJCV\
- (A)k\g should this he\p"

Wyln) = T"Td (n-1)+ dft [dn ‘r_\/Jd_\CV"D

This part solves This ov\\‘g} aPPl\u then
to O(JV\) :O(“) P‘ \& 6\

W'\ show this verely occurs v
precte‘hov\ when nsnéamiteé-




Fandow\}aed Incrcmenfe\ A(\Qori’t\r\vn '(0\1‘ LY

Tf (d=1) solve LP Ea brute 'Fowcc // Oln)
Find initiel subset 6\\..‘0\3 that

Prov'uées & (fn n'utc) fcafpble o)ot\mum

vy (or vetum "nbounded” i doesnt exist)
| Ceee teyt for clc’ce'\h) // O(dn)

Permule femaining n-d lf\alﬂpeces randomly

éyf te—d+l to w

if (v € 7)) v v

Q&_ﬁﬁ— l'\capofplene boundine g\;

Pfo\)'«,'t M\\).‘.)‘Q\(.\z* ¢ onto Li //0(-°“>
v£<—solve rcsultiv(\f (&-\)-Jim LP
_[rewm\/e\g

Cxpected Runniﬂéf Time:
":Dercmls on vendom Choices - 6\(
- Let Td(i) c!enotc eyped:cé f‘wmig Time
For ihé\{sr)écu % \Ké
= Let Pi denote 'P«‘o\oe)a'\l;tg that Vt-\ét e\( (violation )
- For Simp\iaﬁ&, assume ol| ?umutatiom of
holfspaces are e%ua”\& likclg (&”,,, )e\o\ are wib,
hot d<«<n



Rewrrence :
1 .lf n=d 4 basis case for n

T =< n f d=1 /7 hesis cose for d
Tn-1)+ d+ pn<d n+ —E_‘ (1) ow.
p \ . \r \-

'Re.wr,;ive\ca_ Tod; |f }(O\.] ect .;olve, d-|

c,om‘outc Vi V€ \hn violation onto hm dim LP

To solve this— (We need to know py |
~ Seems diﬁicult! Depené.( on (‘e,\e‘tiomlyip
betueen 4/\“— sll Prior lsal'ﬁpecu
- Cool trick ¥ Backwards %na'as iJ:
X A
Ides:
-TIf ‘Pwmcd;et\'an is rendom- All &, ecbue“na 'i](ela
to be lat @ (ith Prolo Vi
— let v be Cﬁme\' o,otl'wwm vertex
- V,, i< intersection f d loounAig L\‘aperplencs

- Keld_: last l\éH:dea.« Ques ViolatiOV\
| €and only if b is one of these

= P"=é/n

Ul'n&? If ﬁh bounds Va ) tl/\GV\ Priov to ]ts
'\V\Jertiov\, Vi did ol e,)a'.st = Vir-1 Viole’t&& e/\y.



Pictorzl Explanation: A
b does not

Finel

‘/V\ * Vn-\

—ré\«’rauéa\ Message:  Recell A=O(I))- Pn’ QJ/Vl
~ As V\Cgrows, -Pro‘oaloi‘itg of violation
decreases as Yn
- T\r\e, e;xpcmi\/c case (Pr‘o\]ectmn + V‘ecu\rdf_g.n to o\‘\)

becomes Pm@\ressive«l\a |ess m“l‘@ ;
¥y

T, = Ty (w1t d‘r (dn+ T _ (D)
- d/n

(,\)L% is 1t wlled "Backwerds 6V\a\\\\/js'u,?

- Rether than |oo\<\'mc>d Cforuc\rés 'Grom n-1 to y

we 100\< \he,c,\gwenj_s ffovn 12 to n-\

- No {unéamcnte\ A\f(:bf‘ev\(,c, Lt iV\tu.\ti\lella Ji\MpICX"



EXP ected Ruvw\ig,g’ Time:

T\'\eorcmt Te)(n\ = O(A‘ n) = OCV\)

Follows from...

Lemma: T\Awe b;aists ) (Aimcmion c‘e,pendent>
constant X, Sodn thet Td (n) < B’J Al 1%

Proof: Bta. iV\AUbt\OV\ on h +Cl
Recall:
TLV\) T(n D’re!’fpn@n‘f NES \))

I“Avdt\on ‘f\lgpo‘b‘ne&s + Ad{ o‘( ?“ )
A'(n D+d+ —(me (d- \)‘(v\ n)

Jl(V\ I)+JT (c)fx d(d ! V\\)

¥ Z)J' L7<\

Sy dln- J' +(A+<\+Xd d)

= véé\.w(A*«Awd_-\d!- ¥, d!)

Sy i dediydl = v



To &at(J-Flé' this , lets c!c‘(incf
Y =\

\
_ Jd+d"
XJ = d_!+ xe"l

Since d is 3 wnstent, so s Xy

We heve: .
- CAL
e dry, N =L *4, )= g d)
Thus,
T, ¢ ¥ dln 0
SU\MW\b’ :

- Tntroduced Linear ?rcggr Smming (L
- Rehéom'\%tjé '\V\Uemew‘te\ “1‘8"’””‘“"
— 00d'w) = Godd aLuming d i wnstant
= Solution hes OO &grcej of freedom
- Note,: E»L‘)ectet'\on S over agorithm3 TéY\AOW\V!CS.S
-Does not dq)e,né on '\V\put!




Shovt l'\'\sto\r\é o{ LP (optiona\j

\ 4405 - Used in op(;rat’\ovu rese,ercl/\ C\cv\sines.ﬂ)
- Kantorovich ,Dah%g » Vow (\)eumen

‘DaV\%ié'f- S‘\mp\qc ogjorit\/\vn (\‘H-D
- Lelk elovcxg e%ges o]ﬂ T

feaiible polxatopt -

- S\wx\o\e, ,?rectica\
- Exponentia\ in Worst @se X__/
- Mo\g, have V\l‘d/23 vorti ces

K\Aec\f\’\yah- E\\ipw'\é A\(gorit\/\m (a74)
= Compute sucu,ssivds@ smeller

- opt

start

C“ip&oi&s Lontéivc\g opt&wwm CT

- (,Jeeklv& poltev\om\a‘ time
_:Polanom'\e\ n it wvnp\qi\tg
- T\f\cofe,tica“\@ djooé, Lt ivnpf‘a,c‘tica\
Karmar ker - Tnterior-Point Algonithm (1434)
- Move topevd optivnum t\/\roxc)gl\ CT
Po'att)pe.)s mterior
= Also weakly pv|~oy\omie\
W » e‘lc(’icier\t in préd? \Ce
("\a\'\o\r open pro\o\em:
~T¢ there & x‘l:mvg Polsanowuia\ e}g IDOV\ LP?
-Thet ic , purelxa (,ow\lo'matof'\e\ ,vmt numenic






