cMSC 784 - Computational (-ye,omeir%
Lecture 10: Voronoi Diaegrem

Metric: A ’FUV\CtiOn thst retums the distence betuleen points
&vaw\et ry-: clist(P, 40‘-' dist (%)?) |
Positivity.: d\{t(p,%)b O « éis‘t(p,cbyo & P-4
_\_ricngle Inelﬁuelittai
cl'\st(P,qO ¢ dist (p,r)’f c)isf(r,éb)
Exawm P]a: J — I3
E—ucliéeev\‘ \ P-%ll = ( LZ}(P&;%E) \ . Vi
Minkowski Ly Ip-gll, =(ZL=.\P;‘%L\ )
€dit (Levenshtein) Distonce : JtﬁV\QgS (comp. loiolgfg)
Frec\ne/,t/ Housdorf Distonce: for cwrves / JL\ePCJ

Vo(onoi 'D'uagremi élNeY\ ¢ Point St EZ{P,,M )Png < \Ré
colled sites, subdivide space into regions based
own u\mib\m.ﬁtﬂ is dosesT Creg\'ons o]c iv»ﬂuemD
Forme\\\a' Fow ‘Pté E, Aeﬁnc t\r\c \)orono'b w|\=

Vo (p = {q€ B | Npig € Wpygl, Vi S



Observe:

~ Vorowot Lc\\s heve A'U\'\oiv\t intervovs
- (over T
~ Voronpi cells are ‘d\c— ‘Fecd O]C ‘tl'\e Voronoi o]ieéfre\m

- Eéd/\ (,6\\ s e (POJJ iu\? um\()ouv\o\cé\ (owéx Polgto])c
Ve (pi)

W 2
W g CONVEK !

Dt iy - He[pjl Ip-g s Nps-gh S

Iw Eudideev\ SpPece, G\N IS Q L\e\{rr)ace
C bounded \ag ’Perpcﬂehwlar Li:eotor P Py )

C\&e\r\\&:
Vé(p&): (\ Q\L,\‘) = intersection o]L n-\
i bolfspoces = onvey
’Poln#tope,



e PS

Lemme: Given & n- element peint «t Pc IRT
\Jor (,E) \;\eii
@y w faces
iy 2n-8 = Oln) vertice
(W) On-6* On) e‘%ga

Prodf (Optional )
- et [\ - number of unbounded &éga
- iwmgim J'oimv&; them to & Vertex ot in{}n'ut\a
-422
— et v V\uvv\\ow o]c re(gulaf \Ief'ti(,es. €= wno. eé(ges
- Assuming (gcnerel pasition , each reguler
vertey has dcg«‘a 3 7 3v+? 12\ = 2Ze

> v = (2e-h)/3 Degree of
> e= (Bvih) [z vertex at @




- No. of Faces F = no. of sites v 2 (1)
- E\a_ Euleri ’fo‘(‘vv\u\é‘ (Mdué‘wg vertoy at oo)

(+v) - e+t =2
=2 V-etn=|
=2 e-Vv= n-\ )

- Since hz8, v=(2e-h)B @) e-l @
e = (avth)/z 2 2(ve1)/2 @
- Ot@ D e-(()e-)) £n-
= €%3n-6 edgee P (WD)
- MHD D u+D)T -V € pn-\
2 V<€ 2n-§ vertices 7 (D
O

Cﬂmp|dlt9£fows »Felo\Q '?}‘ il dimengion:

Lempo: Tn IR, worst-case combinstorial comploity
o’f \Joronal Jiag\r‘aw\ o][ n Points K| O(V\Dh’_’)

Apphwtions :
Neerest-ne&crl\bor search in ﬂll- Given n Point
sites P, build date stroctuve so that for-
any. g€ [\Zl, @n find closest site in P to 4
Solution: @ Build Vor () OCMJFew
® Buld ponl location stvucture Ollogn) time



Cluster ng Given point st P+ ntegor k, partion
P wto k dusters.

9 ° s 5 0 o .
o:: ° °‘+
° - ens © ; o C-«j, 2 -
Y ."+( ) L ? ) o , 9
R B . it
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So\bd‘ian:

—I&evfci(“? k sites as c,(usTcw cwtcw
(e(g‘ UJiV\&D' k‘W\CéV\J or k-Vv\eA\ems)
- A\SSi W Poin'ts to duftcm [oéSCé on

JcL\e \/oronoi ce“J.

&»\éf)t, $iMm) 'eri{:?:

- Use \/OFOV\oL cl'\%g{‘evv\ to veduee & S]/\epe
to its skeleton

- Matda sl'\apes hated on Jimi|ar1’(?sa o‘lL
skeletons.




vafibtions :
- Other metrics (edg. L., Lm)
- (,oc,{gh‘c@\ Point&’ P: has weigl\'t L
(‘/\ulti‘)‘i@ti\/c: dist (qb,pﬂ = -l PV‘{)“
Additive : o\th (%, p;) = |\ Pi"{)"* g
- K‘k Neavest (Jpaie\ caset Farthest-Poivt Jovonoi -
subdivide baed on w‘a\'cL\ nte i fe\f'tl’\tﬁ>

?/‘o‘:(ftie,\s o\c \Joronoti D‘\%greww
- Empt%— circle ’Prope\rtta.s
A Point c{) IS on an 6&8& O€ tL\c
é'\acgrem iff 'd/\C(ﬁ is @ circlc, cevitered
st % ,t%at passes '(',laroug'r\ 2 sites +
is otherwise @hp‘tvc} (of wites)

- EW'PU{,V (,ifcumcircle, Propcrt\aj
A 'PoiV\t V is o Voronor vertex ‘\ﬁ Pe
there are 3 sites P, Py Px st.

Vv is the davrewmeenter of APi Pi Px
and the arcomaivide is othewise

empty.



= Convex- Hull Propcrtlai
A site Pi 18 on looumdana_ of conv (B) lﬁ
_\]']2 (pi) is unbounded.

Comstruc,th%f Vofov\oi Di%gr‘em\s in R‘L
- Dinde + Covx%uew
‘?drtitiOH POiV\tS é\oout e \lewl‘ti(bl ‘\'V\e
- Rewmivel%t construck Ieft/ rig\n’r Jsg'rewu
= Mﬁfige them - O time
= OCvx'ggtfﬂ total
= @e,vu\,o mzed) YTnerem eV\té\
- Thsect site, locste its (Lll) upéete
- Move e’(ﬁcievx't In c}ua\ (Delauwe} br\ew(g.)

4
- Oln |€§ V\) fatpec,tc;o\ - Discocsed
B ? \lane Swee P future \ecture

- This lectore = Fortunes A\@with
- O(n‘g w)



Plane Sweep - Why it wowt wock

How can you
§ process “Hhese
when yoin
howt V\"\'
diJcovcrf,J p{
yet !

Clever Trick—

- Suecp two wntovns

"b&é(}\ hV\e, .

" Beach line \%§3 behind far cvxo‘gl\
to eveid unanticipated events

Notstion:
- Given Poivft %i—J&t AR
dist (Cb,\s\) = PW\elg |\ P-cb“
= Given sites Py line ¢
f-‘(l) - subogel D\C T on or sbove £



- (:n'veV\ sites f + \'\o\r‘izomte\ liV\c ,Q t\,\e,
\oosd/\ line is t\,\e, set o‘f ?oints. ec{)uic\'utey\‘t
to P+ L

\ocac\/\f(ﬂ = {, C()Q “21 l dist (c())f(’ﬂ): c],iit (cb>£)}

P
:Ecec\a (2)

Recsl\ (.'(:\r‘ovn loesic ge_omctrtgv
-The set o‘e poiV\tS C({)u'\c\utémt to

Q poivft + livie is a paraLo\e‘

Pavabola
wider s P

| 8 \/\'\g\'\&f‘

= L)Cec\nr(!l) \S U/\e lowtv‘ CVNC\OPC
of m Par&\oo\&s , Where = " ()




Claims:
- Bﬁao\n lme. s X- vmomotone. (eeiho)
— Peadn line consists of < 2m- | aves Y

where wm= [P
(Nontf\\llel SR A Jw\(g[e Jltc =%}

wn contribute Up to wm ewu) ......

Obs:
Amg_ PoiV\t 4 above the beach |ine
s doser To some Site above \oeecL \ivxe ‘ Q
then anyy ste Lelow L P
\ pi-qll < llﬁ-qoll

= _n\e, ?of'tiov\ OF \/or (?) b\OO\IC 'l:l«c
beach line is Ume‘(ﬁec‘tec\ L? Shey site \oelow {



EX@W\ p\e.'-

""" ':EV\J,POiv\tS o‘(: \O%LH'\V\C eves
end called break ponts
— I\nciéevft to \/D\FOY\O( e,ége:

Fortunes /-\ggoriél\m - A plone-sueep approach
Suecp-,me, S'téita)s:
- lg-coorJ of wrcent sueep line
- ochCNA dictionar& stw(g ndices of Jites 'd/\é't
cobribute B cwrrent beach line (sorted left 1o \rgm)

NOU’,'- “%\/‘ebolio eVCS ofe wever c,ovnpu‘tcé
= Brcakpoiv\ts ere comPuch onl\& X V\e&&é



We olso store the Fartial Voronoi c)ie(grem thet
lies sbove the heach line (Ja‘e,as > DCEL)
Updated os new vertices / e%)o'cs ace Jiscovered

EVCV\tS:
Site event: \/\_/\/
'Wl\CV‘tVOV Lhe Sweep 'inc ® L ﬂ
encounters » new gite. ?‘

(Known w advence )

Vertex event: ( book calls this & civcle g )

- (»)\r\u\ e New VOTOV\Oi \ .
Vertey is Qiscovered e\ / .

= eve D'F loceot\ line

venis Lu

?{‘iori‘(:\a_ Nueue: <§or*t«) \o\;} 9-coorés)
- Site events — y- word of site

— Vertey evevits — Trickier
(The vertex |%§J behind Q) 5’



Sc\weéw\ivg vertey events: Pj ,
/

= For e,ac\r\ Comecu'tive, tf,'PlQ N -
(s Koy on beach
IiV‘ﬁz»Jcl«eJule event &t ‘ ‘ 0

lé-(,ooﬂj, D'F \'\oriaoﬂ'te,\ ‘tég)cm‘t
Of C\rcuvncirclc PPy Px (aﬁumivg all 3 éistmc't)

Event Processi ng:
Site event (pi):
- See,m\/\ loeeoln |iV\e 'Fa»/‘ arc éire,ctl\& a]oove, Pi
(How? Eyercise — Olog n))

. O

- SP\\t 'H/\'\S ovc ot tl/\is PoiV\t
Cajord == g,y gy

- Creaste & new \oronot c%ge ._‘For pip; bisector

@¢Q ! {

P
- Schedule vertey events for new tv‘iplut
b, 3,1, kD = verter (y),2)
E— verte x (i«,j)k)




Vertey event (t,\') k)
Py

- Delete middle arc (P\)) from loeach line
Co bk Yy — Lk '_
- (reste new Voronow vertey v &t dvcumcente
5t pipy p
- Create wew Vovonou Cé(gt st v for PipPk bisector
- .Sdr\ec\u\e, vertey events for new ‘tripla
(o, ko me) = vertee Chi k)
E— Verter (L K w)

Correctness: (Exercise)
— Check thst ofl inveriants are satisfied

— Uneck thet all events ove schedoled
- C‘/\cc\L ‘c\n&t Leeo'n ‘i\nc \S P\ro)oer)\a upc],a‘teé

Analgéiy Odn) events (1pcr site | 1 per Vor. vertey )
- Eadn nvolves 00 ops to c)(ct\'onérg + Prior- quevt

= O(\gn) Per event



= OCV\\?g w) 'toté‘ Time \

Summary:
- \oronov &igrem - Dseful structure based
on neavest v\cgl‘\aofJ

- Mav\\a_ vaviantg:
- Differet o ) ects
- Differeit wetrics
- (A)eagl'\tCJ distances

- Covauteblc in O(wn lou v\) time wm ]R laa

p\ane Sweep — Fo»rtwuw a (fo”tl"w‘

- H\gl\c\r e)nmemsnom17
I'd/z'l

- (A)bll ée,(\wec\ lout lf\Lglo LOW\)OIC)Cltg O(V\




