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Lecture |l : Ddeuno‘a, Triavagulatiom 1 (Propertiq>
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De\eu“a\a_ TﬁaV\gu\at\ on'
Given o set P {P.,---,Pnz of sites in ‘Ri,
its Deley ney triancgu\a‘t;on,DTCY),u s cell complex
whose vertices are the sites | and thece is en
eAge ﬁ:\; it tl\o \oronot Lc“.( \/‘Cpc)'*v(pj)
shave o comman eécge. (i.e., DT )¢ Vor (B ove cluels)

Fropcft'\c&i
Tria»gu|atiom= T the sites ore méyenera| position
(vo 4 wcircular) then internal faces are 2ll
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Hell: The Lounéawg_ of tL\c eternel ‘E\,ce,
i the Bouv\éa\r%" o]c conv (1)

C\'rc,uwwcivl‘c\c: —n\c c,irwmcircle, o]c emo tﬁaglc S ew\)otv_
(ho sites in ks in't&/(w}

Ewtp't\& Girdle: Sites Pid Py ove eAJ'ec,w‘t i there
\$ an emptta, Li(cle ’Pamg ﬂwmglq Py p3

Closest Paiy: The dlogect peiv of ites in T ave
Delanay ncgl«\oam
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Covnbina'to{‘ia\ Covnple‘x'ufgi
There are ot wmost Zn 'tr(avaglu aV\c\ n eéére;
(?foo€= Exevause in Eul@f—" 'FO‘(‘thla)

In T\Zé Lovst-case me\cint\& VS O(V\wlﬂ\

Ew\\écan (V\in'\muw\ &pev\mv\g Tree (_EMST)
Def: Euclidean (srap\\— Given point set P= {p\,...,Phg
this is the ww\plctc gre?l\ on Y (C{\‘ Oln) C%géj)

ith e,%ge. ud(g\/\ts w(Pi,?\')): \ ?"Pj“

DC(: EMJT(f) = Wi mum Jyé}'\nig tree 0(3 Eucliégf&pl«\

Thw: EMST(P) is & Jo\zgrey\a £ D)

EMST (D) DT(?)
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Peoct: Eg_ ontradiction. Suppose Some eége, Jo of
EMST(®) is wet in DT).

Gua. t\nc evvspttg_ Li(‘de ?ropor‘tta) emg circ\e ﬂ/\ro\tg’lq
av b is not emply o
2 Consider circde Lith diemeter 6_10«-
let ¢ be dny site inade thic arele
Obs: Nacll € Nabl + Nbell < Nabll

- Remove ab from EMST 3 2 subtrees e
- C\ in one of these — LLOG assuyn\e .
n ag's S ul:tfe& ............
- Adding b restores spanning tree. . .7
cost (new MST) = (ost GRMST)- L I+ I e\
< ostColAMST) [since WM< Nabll ]
Rut this wontradicts '/\«apotl/\ui;

t\/\ait A MST s op‘time\.

Det: Minimum (,oc((gl/\t trimgulet\'om (MWTE)): The
tr\ango\'a‘tio\f\ thet minimizes totel edpe lengtL.
I DI®) = MuT (D ?
No! (Iv\‘eavv\ouslta_ deimed o, but theve is
> Y-point wunter&lawPIC,S



Shortest -Path Properties:
Def': (iven &grepl,\ (J’(V,E) , and W,V eV, |et
I luyw) = lengjrl’\ of shovtest Pat\/\ n Gfom utov

D?f‘ Given set f = ]R1 avul/ t” \) 2 EU\LI\A&V\ t—SP&V\V\Cr
s 2 &tre'g\/\t—hvxe Sfep\\ G on :E,J.t\ Ciﬁle\i%:::auk
S € £ llu-vll viye®
Twtuwition: Path \eV\St\AS ore dose to EmliJ. dists

Thaw (Xie zo12)
Given 2 st P D‘f sites n FI\Z‘L) 'DT(]_’)
is & 1998 Euclidean Jpanner:

CSDT(E)(M,V) < 139%- lu-vll Vuvel




H\g\'\ G%é"\tca_ Mesh Genecstion
=In V\UVY\erical epphcétiom (e.(g. ‘Fin(tc, €lemcvvt owalbsis
*\quid c\g)v\avv\'\c_s\ want to avoid vev‘g_ Jkivw\ta tv*)evglﬂ
- The Delouney_ triav(\gu\etion avoids small mcg‘u

'Def'- ()iVW\ tf\éhglAlétiDV\ T(®) ) let avg (T('\’)) be
the incﬂ;asivc\g sorted Sequente of é\glu in T(P)

Theorem: For any. po'm't et ®in Rxa— any triavg\etiov\'l‘(?)
ang(DT(E) 7, ang(TG)

Where 2, means la\wgfepkice\ order

Thes,, aW\ogy all triazgulatwm of P , DI(R) mayximizes
the swollest ‘”lee then second sme“e{[‘)

(Su— lecture notes for Pf‘oo€ )



Relationship to poliytopes

T{iagu\e‘tiov\s \DD\< W\Uc‘/\ “\te Polua'tolou = Coinciclcwce?
2 3
R R

L-'\ftirg to the Pam\oolo\c\f

Given pe ‘Rt, define PT = (px >P9)1’:* p;) ¢ \Kz

Given P € W:, define "_:j;.- S

fh{‘;l?efs cW

For PE€ “147 cle'\,"'\V\e,
T T e*‘ x
3 e B <R

Thm: Given & Tinite set P € \Ré, the foces of
ﬂ\t \owu‘ \'\ull of PT PWO\')e,d? \}C/‘ticé“t& onto
‘t\r'\avxg\es of DT(D).
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Ul/“a‘ is this ama%‘m(g?

x

- L\)‘Aa_ should (ueved ) dirdes in R
cofrcspov\é to (f lat ) facets in “21 7
-DY@®) s iv\\lerian't uncl,cr translation
bt B s definitelyy wit
el prove only. the main link:
cocicaulariby in R € cplavecity i R
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Lemme: p,c{),s,t are. oavrwler i R .IfF
FT,%T,ST,"'j are coplanar in R’

P(‘oofl e\ make  use O‘( t|ne. &l‘owi\rg 'Fec,t
£ rom ffine Cgeometné-‘

"Ipo'm'ts P,%,S,t in ]Rzam wplewer W
[ Px Py P-z_
det | 4x 4 42| - o
| sx Sy Sz
| tx by e

We|| show this holds for PT,%T,ST, £
P,%,s,t are weireular

Pr1»S,t are wiianlafE 3 center "(C*\“O)
+ vadivs v« <.t



||P—c“ = "%—L“= “J—CN
= Jlt-c\l

@ (zs

lp-c\"= I %_cu‘ = Rl = -V
Let’s \iu:‘t do p:
€= P ) + (pyrey)

- L “ ~ 1
Y =(Px "’LC’*P*'\' Cy )* (Pg—zL\OP\g+ (b)
= -chp*—‘2c4p4+(P:+?j)
RO MES
& Q)‘PX)P\a’P::-\-P;).)'(L;"-L;‘r)‘2(,,()"2-(,:)>\)‘-‘O

C!Ot Pv'ocl,uot
App'l&ivg to all 4 + using matrix notation:

| Px Py P:*P'O C,;:'\-(:\.{)"(""_1
+ 8 _2' :‘O
|42 44 4279y =
| Sx Sy Sx* Sy ~ 2y
| tx t\g_ t:* t; \
u y 4 L _

That s, there “is-a lineac combination sf

PT) %1‘» Sf)

& Pﬂ c{?) JT%’ t‘r ave c,op\ev\er (\9'9 pfio«‘“ 'Fad?)



Q' If DT cov-mponés to lower hull o'(‘ ‘_F\\
what triavgub'tion cov‘(eJooonc)-‘ to vpper hull 2

H'\V\'t‘\ DTCP) S duel to 't\\c L\u.(cst-])oint \/OY. Ai%frem

What tﬁehgu\a'tion \s cl,Ue\ tofért\«u'l‘« Poin’t
\or. éiaé:rem.z

\Summewa;
’De,lauwe\a. _\_riev&gulatiovx + proper ties:
- Duel 01[ t‘l\c Vorownol dia(gr*ew\
~ Empby dramcirde P“’P“t'@
- EMST £ DY
= But it i not the min. ue:‘gl\f tfiévguletioh
— DT is 2 & 1993 -Euclidean Spanner
~ DY maximzes the min ang'e, Gin IR-‘)
- But i€ does wot MiInimIZE ﬁ»c max evg‘e
- DT is verticel ‘Pfo\.)&:ti()h of lower ku“
of lifted points




