cMSC 784 - Computational (—;eometr%
Lecture |2 Dc,launelg__rriemcguh‘tiom I (6on5twuc‘ti0m)

Recall from last lecbuve: Given & set of sites ]?={,>.,.‘.,P,.39fRf
the Delaune\a Trievag’e'tiovx ,DT(R), is the duel of
the Vorovo, c]i%g'rem-

Emply. Civeumcivele ?ToPcrt9=
A?e PiPx < DT(E) l‘fF t\r\is trieveglc; cirwmarolc
Cowtains no other site of T

Local vs. Globsl Da/aune3=
G“oloa“{a_])dawatgi Circuw\circlc -Proper'tv()_
aPpliu to all sites of P
Locally Delavnayy: Circomdirde propertyy applies
o\n\\a to vertices o‘{' negl\\oorigo’ trie\g\a



dpplies
onl\a to
- V\eigl\\oors

(,\)hg,r b e care %
- The local 'Deleune‘a test is more cﬁcitn't.(\_rw‘t
test 3 sites, vather ﬁ\ev\ n-3.)
- Suppose every twr\‘evglt Passes the local test,
Could ‘(‘J/\e&gloloel condition il 7 — No!

De\euvxa%li T\/\wre,m: Atfievagulétion \S &glo\oall.a\
‘ ’De\enea_ \@ fi» < ‘063“‘3_ Ddeu“e\a_.

| Locel-test
doesnt detect

es violetion

?r oo]zz (See \ecturc V\otCJ ) :
Iv\'tuit\'ow Supposc tfiangu\eflvm

\S \ot,e“\a h&\éuneg hut wat

17: ut enother

glo\oe\\g ' e triavgle Aald

does.

Then seme other 'triev\g\e
will witness the D¢|eunes9 violetion.



Tneircle Test :© Given points ab, ,d € R does
d lie in cir(,umcircle, o{ t(iavasdle AaLo
%ivcn in counterdockuise order )

3 Linside
a:‘-
in Cirele (a,\o,c)AB ‘ — — -
Ax Gy At Gy |
disinnde it [det [bx by bx* IDS 1 | >0
Cx Cy c.:"f ('S |
_d)c AV() é:+ d; ‘ _

Observations:

- This is ovientstion TesT 010 'Points
ifted to paraholoid in R’

- Genevelizes to d+2 poinits

N RJ

- (/DV\'\PU.taL\C (,%Ctl\a) in JQ) time

N an ‘FI"x,eA dimension
¢




RéV\dow\'\zeé IV\({‘&VV\(«V\tél Com'tvudil'ov\ (RIC)‘
"IV\SC\I't Sites in ven c‘,ovn o\(‘écf‘ + Updé’tc

@ Find ﬁ«e t{‘iev(\glc Lontein'\vzf t[-\e new Site -P _>AC\L(,
@ AAA QASCS COV\V\CCtié\g P to a, L,).,y C

@ C\'\u,\c v\e@'\n\oorivc\g tfien(g’les '(0(‘ Vio\a"aon of
loca| Pelaunay propecty

® APP|'8~ ngﬁ'ﬂiPS to correct these

@ Re,[aee't uvutil all V\e,(ig\h\oors e \oca“a /Dejeunexgk

Sentinel Sites: To Se,'t the Process Jtar'tc@\. we need &
sivglc tﬁanng wnteinivg all the sites of P

How Lg7 No circumdirde from P
should include ao)'oo o C,

(see text)




E_w'\éDe\eunau& (P- {Ph"' >P“73)

Creaste sentine) ‘triavg\e Aabocs

Rawﬂowﬂﬁ 'Pervv\ute P

_‘(:or L= | to n Ivucwt(P;)

vasc»rl} (p} 13
Find ‘tfievxgle. con'Einiv(\g P Aabc

Add E%cs P_C\, pL, P_c a
SwapTest (ab)

SwepTest (be )

_SwapTes't (ca))

SwepTest (ab)
L€ Calo is st o sentinel 'tnav&f'c e«:\gCJ\

d « vertex on oppusite side of ab

it CinGiccle (pya,b, ), .
'Fltp ec‘, e ab —> pd
SuapTest(aJ)
SwepTest(d L)







Covrrectness:
- Ba_ inductiov\ - ASSume tr'uargu'&'fw\f\ \S Deleune'&
prioc To psinsertion
— The only tr evxg|es that migl/\t violste local Delaune\a
Cov\éitioh ave inc,icien’t to P - (Je c'ncck a“

~ By Delaunay’s Thm, local =>65lo bal

Ruv\n'\vc\g-rimci Time (euvmivg renéom)
- For each of wn siter, p:
- Locete tfiavgle con‘teining P OClcég n)
- Ap,ola tests + upelete, g

Total eypected: O(V\lzg n)

Lemma : Exped:ed time for inCGircle tests « updates = 00)

Proof: ( by backuards anallaxis)
- Eachy update takes JA) time + 3dds on e%ge, inadent to P
= Upc!é’te time ~ Ag{‘e,e O'f' P eTEter insertion
- Since ipsert order is rendom , each vertex is atue“a ,ikel\a |ast
- Total dsree = P;fc\seég (p) = ZCVlo.eAgcs) < 2(3n) = bn
- Avcnzge c!%grce =(Yn): to‘te\dgree €M) bn = ¢
= ExPeotec.J, Upolatﬁ, time = GQ) ]



Boint Locstion:
- Could build lv\is'to\r\o..DA(J\ ('é\a.'h‘ap. meps)
= I\Mtﬂéd, wb’ll do t'm‘& Ima_ loucko't\'v(\g

- Tvtuition:
_ Ea(,"l trieng,e stores 'fu'tuf‘o <ibes 4
thet lie in this trievgyle

- To locste o new site, Just look
up the triavg\e (bucket) c.ovuteiveg it
- When vpdstes ocwr, rebucket sites

.............. :

7

I
Lemme: Let P be ama. ate. The P(o'oelg'\lt‘t\& that P
| rebudketed c]Usring the i™ insertion is < 3/i.

Proof- (,Llé backards anelxesis)
- A site is veLucketed on'\O 'I'F it lies in
S New trievgle afber the insection.
= AUl vew ‘trievgk.s ore incident to the lost site imseted.
- Every wi&tivg site s e(()ue“\e Hceh& to be lest.
- Lt Aabe be the triengle (,onteiyag P
= P s rebucketed onlxa it a, \o,or C lost



> Pro\o(p is rebucketed aftec (th insextion )
£ Pfo]o(a, lg’ o C (acS |a_s't thong '\)
< 3} -

I
Lemma: To’te\ V\Um‘oe,r cf V‘cloucketitg opé\(‘a'tiom

over sll sites s Olnlogn) in expectation,

proo'ﬁ EXPecth number o‘P fclouckttivagx
= Z Z L-Proba (p wes vebucketed after itk insert)

peR =\
<> > %
peR® L=\
= 3'2 Z \/i S 3‘2 ln n CHarmonic series)
Pe_‘E =\ ]’62

= 3‘V\an\=O(v\lg§V\) ]
% Fo(ma“\a , thic does nat imP‘B that vun time is O‘(V\]eg‘n)
Need to show qpec,te& cebucket time per insert is OC1)

Sumw\arca_t
~ Local us.\gslo\oa\ Del avna,
De,\e\megi Twm:  loal = g‘oloe‘ °3
- Tucirde test % "
- Orientation test m ﬂf




- Ranéomiue\ Iv\crevncw(:el Comtvudtiov\ ('RIC>
for T
- UpAé’t& 'va\e ~ O(\) Pu pt @)occt&l
- Yok location - O(\%ﬁ w) pec )ojc. "







