CMSC 784 - Compu'tetior\al (—reomeir%

Lecture |3 - Line /\Nev\gcments + Appl\'(ﬂtﬁom

Arcongement :
Given e set Lf {Q,,.-.,Qwi of lines n "Qﬁb
t\\o& subdivide the plene nto & cell Lompl@(
(vertices, eéga,‘(:eccs), c2lled on arrevgcmcwt, A (L)

eége,

Combinstorics:

Lemma: Given n \iV\es L ing&m&fal pOSitioﬂ, A(L) has :
(R (v;.) =z 00D yertices

WY o edges

G (;‘_)-\- ny\ = '.‘Z(V\_L-\- n+ 2.) -Fa(,e,g

Pf‘oo‘lﬁt
n
@ Eac\f\ Pew o‘€ lines intcmecft =2 (Z—) vertices v



(L) Eadn line wWtersects wn-\ cthers %

= Sp\its each line into n J%fmewtg v/
‘.. imcluéiv\g Zwmbounded

To make ‘dﬂis e true wll (,owxple,x)

odd vertex v, and tie off unbounded edges

........
.....

V= (2)1_\ * y .....

e= w P \
., '3312:::::.::::-.;.*3: ........
E‘g— Elers Ffomula: 7
V-e+ _6 —

> (D -wef=2
= £=12- %V\(V\'ﬂ -l +pn*
=2 nt2) 7 O
Total cow\p\exitta_: O(nr)
Cxu\e«‘elizc: n "\%pcrp\enu 1% ‘R
@) complex w{tl'\ '(eca o\c dim O,\,'L,...)é)
Totel complexity, = O(nw?)

Tneremental Construction:
(yandomization wot V\eedeé3
Twtuition: Add lines one \0\0 one (6“\7“ oWJeY‘)
Update sftec eadn ngection
Notation: L= u,,..‘,,Q;,-g oL $WN



How to éAé ﬂ\e LtL |m€,?
© Fw\c\ the (un\oouv\éeé) cell st x=-00 (ihere
4 {; starts. (Based on slope ovc)cr)

slo

than {,

@ For &‘—Cl/\ 'Fé(ﬁ OICA( Li-\) that intersects oo
L, welk alovg its lower \oowe\arv(), ontil

‘fmé'\vag the exit point

Exavv\p\e:

sterl

- Onee e \(now t\ne cntf‘q}-l—w.lt ’Poiwt-( on
each face , We an upc‘ate, the DCEL in O(l)
Time Per ‘Fau, > OCL) 'tote\-

- How \ovag to crewl the faced?



Nauve A\na\to_m (on aAAi?g f,‘,)

- L. crosses i-\ |ines 2 L'Faccs

- Badh face Moy, have vp to i-| ecéges

- O0) time per CASe, = OGE-D)) = (7(6;) for 4,
Totol .(:Ov. oll w |M“‘. e,

Z: 'LL = O(nz)

Can it loe "{;h(s bad 7

Zone: Given on orrev&geme»f\t A’A(L)* e 'l'lne,
L¢L, the zone of Lin A, ZA(Q\ , is the
set of foces of A that { crosces.

Craw| time when imertiy(\g g into ACLi))
f no. eegge,s on lzc;’wef‘cﬁéc)es of ?7‘0—6-(;%0
S Wo. 86& oV A(Li-))t

Well chow this is O(L), wot OG%)



T\'\eor‘em? (ZOV\& T\l\e,or‘em\ GNCV\ Q IiV\C, dﬂ‘eV\(glemcvft

AW of n lines, the number & e%es m
Zy fO € bn

How ‘bo P(o\/e.. (‘)Ais 9
C(L“ \Oa c,ell g RBut W\enva, (JL”S l’\é\le Q(VQ Lovnp\c,i\ta

Line L“O‘ hve? Rut some |ies ontn bute Qn) &gu 1o zone

A smerter c,ouv\tiv\és rbret@ta‘

—Partition e,%u wlo 2 tudpu (lef:t/ v‘iglnt Jiée,)
- &\/\ow Ooxo_méuctio\/\3 ‘t\he't £ 2n o'( e,ac,l,\

A zone eAge \§
\(’ft \oouv\é'm(g - on ‘Fé(ﬁll \Q‘('\t Side -
Y"\\g\'\t loound,ing— on‘eece«,x f‘g\h‘t side




Note : E%ges crossing L are counted tuice,

O
once on left + once om rtg\«t //
£

Lemme: Twn 2y, Zone of v lines, there /(\
ere € Bn left \ooméivg eeége:.

Proof s Chy induction on n)

Base: n=1 — Just one left L)ow\éiv(\sj ccég’e.
! //
xStCP: nwz 2

- Let L, be rghtmost e%bae (rossing 4
~ Remove £, . Ela induction £ 2n-1)
left loounéwaj ec(‘gex n Zone I A(L,...)Qn-\)

- Aééivg (, increases edge oont by ¢ 2 """" ;

s
1 new e,%gcxr 2splits

{

= Z(V\‘\)‘\’E = 3y

‘to‘td\ e%ge:
[]




Theorem: Given & et L of w lines in \Ri, the
increvnentel agorifll\vn builds AQ) imn On*) time

?rod(:: for 1<1gn , nsert Q{,
- Ex'»stivg arre@ew\em’( hes -\ lines
- Zone of L; hes Comp](’,x'\’t'e_ < 6()
- Q“&/Jl'\vgﬂ- uof)da\:\tﬁ tokeg O(é(i-))}’ @)
-otel time: Z‘i:,'t = OlnY) ]

App\iw‘ti ong :
- Line orfcvgem(vfts l/\auc mav\a ebop\ice’tiom.
- Most wvolve n Pomts + éde\\tg — n livies

‘Tuaptce\ \run\n‘mg time = O(nY)

HOU Tto Process en avrevgemevxt 7
~Puld it +treverce it ke 2 \grep\/\
= Ot time O+ O(V\"hooece ®
~ (Traditiona)) Plene Suee,p
= O'(V\I\cg’vx)tiwxe &) + O(V\)Jb’)c‘,c& &)
“_\opo\cggi(,e\ Plane Sweep
— A re,\eoceS Version 01[ p\ane fweep

- OV\\\&(W line arrcgcmevxti
= G time ©) ~ O(V\)JP&OC @



Topo\zgice\ Plane Sweep:
- A cddaxed version of plene sweep for eccengements
- No '\mcx‘t,éc\e,tc )'ﬂné = wo éid\'ower\e—»erraa
= SwtﬁP béSCA on partie\ OV‘Q\M‘ = no pri or.\tg CBUC\IC

— FIFO queve

..+O Olodi(ﬂ\“
/ fwe?.p line TSV es logh factor
X . =2 0(n) time,

1 possible mext

. NQV\FJ /

~ e will not cover
this é\&gw\'t\'\\m , bt
50\:\ W\e\a essume '|t
eon be used for any

affengcmmt Sweep.

Dual Teensformetion: (Recall)
P’(a,‘o) — P*= t&=a‘x-L
Loy=cx-d == G, d)

*

4 -4 P ¢
Tnaidence / -~ ><
pres erv‘wg 4
(Vertical ) order : P i — zg* #
revevsi 7 / d/

P



Narcowest k- Corridor:
Qliven & set j‘_) {P" >‘Pr\§ n R-L«— an Mtcggr k,
Zsken, 'Fné tl\e, slab (r%gum Lei‘wwn Zpere“e
mes) of minimum Verticel Width (,on'temmo k Pts

[ ] ‘ r
5 ) . @1
[ 4 @ -
. e - P
®
..... : 1
K=¢ =0 Minimize
Primol :

Let ,Qu—Q be uppes + lower lines of tlxe, s\e
lé X - |0 ere|\e\=)

1 = - Sélme, Slop& ,,,,,,
L_ ¥ osréer veversa|
........ due to V\ecat\on

~ Vertical w\ét\,\ b_-b,
— k points of B in slob.
- Lol or;timelitxag
Claim: Assumin Cg:emex‘a\ POS.ltIOV\
5 Ppoinly of P lic on opt. sleb looumC]«Mia.
Proot: TF 01,0 2, com redue width' —F .57
q ol ocwr lo‘a \gcnl POJltl0h




Dual: S Y
- ﬁ+ v {_ oce points (o\,\b*) ) (l,\a_)
- verticel width = Jegw'ent |e|gt‘/\= L - l;.+

- Kk lines of P* stab the seigwe,nt [l

Locs) op’ci mal ita (D ual)

- 2 lines t\;\rogl\ one cn&p‘t
and 1 ‘c\hroc.glq the other

M Narrowest Corridor (P, k):
w T — dua) Vline o]c Y

2> Perform (’ropo\czgicen P\anc sweep
2) On orriving at each vertes v,

compute vertical distonce to & :
\iV\e.( k-2 ohove + k-2 below S A=

< .
«) Return smallest sudh distance .\V‘t‘;\:\b-é‘f(eee\g line




(,o\(‘\(‘&(,tV\eSS-‘ Fo“ows 'Frcm oluali'tg_\- \oca\ opt. coV\J\tioYu

me OCV\")}
Yopol. plane (wee
Space: O(n) ep P

Acide: Ees\& to W\OJHCVC} to cov“pu'tc
Pexpemchcu\ar distance
- If sueep line s x=xo then
porp_dit = vert_dist /1 x>
(Exercise in ‘trigonometvn)

@ Halfplane Discrepancyy
G\\len a set P 0{ n omts m Jc\«e_ 2
unit Square U= Lo, \]*LO 1, how .
c\ose \S 2 'to c uh\ﬁr\m Savv\p\e

Tdea: For 2y, ‘I\e\‘Fp\av\P e\ et
PACA ER IS W) -tre aces
ppt) = 18021/12) -discrete erea
Both c{)uevxt\es ravegsc ‘(:rorn Otol

Cel w()=73 = o.use..

/ Mﬁ(ﬁ3fé/l0’0-‘

7 ° [




If 2 s \r\eerl\& uniform | we &Lpe(,t
|/b\(6\3 ’/Atcfa\l to be smell, v

For O<A< | , We Je\a_ % l’\EJ L\a\ﬂ)bnc &isorepanc\a JA
it |,(A(&3-/AE(M| S A,V

Quu‘t\om
- Czwfm 3? C U\ Lo\mpufte Lts max c‘,\sofepevmo A(f)
- Given 0, ulxe,‘t is the lowest poss\\o ....... min D(E)
Atscrepenoﬁ o]D éh\a_ n- pow\'t Jc‘t \g\il\t\

= Con we @mpute such 2 et given n ' X

_ (_,\)\ua_ \f\&\(:p\ane,s D\scrcpeana_ wrt other Jl\epe,s
"Tﬁavlgles Cswv\pl\cu n 4 )
- Girdes (Eudidean balls m IR )
~ Ruta\/glw

Computiv(\g A(R) for Yc l/\"':
Outline :
- Tdentify 00 endidates for halfplencs
(tl/\ait includes the may CJUofepeV\u(f)\ |/\@l€plah(’.)
= Compule 5iscrepanc~&'ﬁor e2dn - 00 eadn
- Return the mex



Candidates”

Lemma: Given T € UC-, let & be \/\aH:P\elne of
Max d'\screpenoa\-» let £ be its loou\/\éivg line.
Either:

...... W4 pass €S thro«»bo'l\ 2 poinits O\C I's

o L passes t\/\ro%ﬁ'ﬂ 1 point at -
midpomnt of Lo

R\' . . /

[} \
?mo‘(:i Take, 8\’\6~ \\V\& JQ ﬂ'\e't 'Fa'lls lootl'\ (L)*(LL)

- | posses t\\mog\,\ no pont of P B

\

—Trens\etincg ,Q Up/cloun cb\evgu
area @\“ U\.‘L) Loithout d/\avgincg
VIR

- MO\/C ,QtD merease &i&cfepahc\g

-4 passes ﬂ\m\g‘/\ 11>0Mt PGP) not miclpoin't
- ’Rote’civg L sbout P mergases
decreases area (A0 W) without L .
d/\evbo’ing A

— Rotate £ to mcrease c!isorepehcv()




Compu‘tivcxg A(D):

Txape;('t't)i 'ﬁ)f‘ eadn P QE, conmpule N
the line £ 't\/\roxtg"/\ P st. -
P s m\époint of L0 W _:

v

= Comt wo. of Poir\ts + |

areas on elther side of } Oln)
= Seve the side witl\ lavg er dixcxe}oevxc\a
- Time: w-On) = O(V\i)

Ttapc (o)
'E*‘_ n dusl lines o P
= Sweep e(fevgemc,y\'t A(f*)
- For eedf\ vertex wu, meivtain cow\'t
01£ no. |imes éloo\/e/ b elow

N . .
R N « .ot
u t S sesssses P P |
. = .
P ) f.'_, P :

=2 Wo. po'm'ts \odou/aloovc U\*
(can updete cunts in O time per evemt)
- CJNQV\ U\*V wUV\tS, wLen Low\pvd"e
c!\'ch‘cpeva\ GF U\* in OQ0) time
Totel time: O(w) for topol. plone sweep.



® Compv\tmcg k- Sets:
Given X = zpw-.,pni m \_R‘ba/ ivxtgef k
(1 <k n-l) S \(—Set 1S & |<- e,lcw\evft JU'oset
O'F the form Pai) ,'Fur Some l’\c\\CP\evxe @\

?fo\a\m= G.’\/eV\ 2+ \(, (e,pwt/wuvﬁ el\ k‘Sets 01[ .\?

HOLJ VV\e\ma, k'JCtJ?
Y\D - d(l’\k) 7 - Naive
O(V\t)/ - Bc’tter
O(v\.k"}) - Bt vpper bouncl Eﬂg ae)o!
O
2" Ret lover bound

We will show thet sll kesets con be computed
m Oln®) time.

Duel E%u{\lelemce: Let 5 \')\u‘t consider |ower L\e\{p\enu.



88_ ochr (e\/cma\:
K Po'm‘ts o]cf off k lines of Px
lie below € lie sbove ¥

lowser k-sets

W

C%g’ﬂ Of ACE*) \,n‘t\l«

of £ primol k lines on or gbove

A uscﬁ\l concep‘b IS |€,\/cl‘

Def: Given on errevgcmewf A o][ n lines and
\skén, level-k o IK(A), is the set o‘€
€égcs o‘F A witlf\ k lines on or 6[00\/£.

< )



Claim: The set of k-sets of P are associated
(uith Foss'\la\e o]uplncafes) with the ecigw
Of ik ¥ iy\ K+ N A(E )

lover * = upper

Exaw\plo: k:l) ns {

¥ (i it

b b
\PY:-:LE];—S St 4 {J {‘:‘3 {}

) ] & T
el " \K

CV\UYY\QY‘é-tNEg oll k-sets:
-?, — doal of %
- Slieep A(E ) keep\vg treck
e,clge,s al |6x/e|.r K + V\-k’f\
- At each verter of either |e\/el,

Swap one ponint in ¥+ one po'mt out

of corcent k-set,

To)oo\. Plene SWweep = 0n") time O(V\)Jooece.



@ So\ft\'vg Av(\guler \Segouencu:
Giiven e st E = { p,)...,png (1% R ) ]Cow
eadn PL )SOV‘t otl'\c\(‘ n-\ poiv\ts elgou(t‘

P 1% avxgu\e\r O\f‘c\/e\/‘ (Ou’tput‘ N JOV‘tLA Je%uemcc&)
2 0(n) size

T4

Nai\IO= ’Peffof‘vn n Jeperé‘te Jor Cs o]t n-)\ amglu

= d(w((v‘—\)\?g(v\—m = O(n"lczg h)

(/Jb’u Sb\ow l\ow to clo tlnis O(V\I) time

usivg erl‘eng.zments .

Smarter ()
- Dyelize — p? s e line in AR
- Sort intersecLions w.\tl\ other lines
P§ (g#1) — Ts this the awswer 7



Pi
P

e Lo the anser
[2,4,1,5,4,2) 2

No
But t‘nis not ‘Fer o‘€€. ‘

-The intersection PoiV\ts ave Sovted [o\a X
= Ovdered ]mg J|0Pe O'F line md

- Rut ¢|0Pe is not geme es ansle

O
‘P*
7
i [P"] (éo( \.\
Py e ° % P:
\OQ Pe
[P:] g / \l.’;\ ’
Ps \ P\ /\?::\ \ ﬁ,ﬂ
[p. § ‘
: Pa - f Fix: Splnt based on
: Slope, : .
order whether Pomt \s
. ¢
Softlveg AV\gu\er Sf«%UCV\cQJT «Qﬂ{"t/fg\/\t D{ Pi
X concstenate |
-P*+—Jduls of P

- sweep A(P*)
= ‘fov‘ eéol/\ lmc P’i , maintein e Iift
of intersections — sorted 13\9 ncreasing X



~ After Sweep ﬁn‘\sLu){ov eadh Pi
= SP“t iLs S[OPQ-Sortec\ Ju{)uenc,e
into points to s left « Poiv\t_( to ﬂgl{l‘

— concstenate these tuwo lists.

P* Fina\

7 B =] Z —Z—

S =t @“X ;
. o ' —

S S 5| g :
SR L I |
/g 72 --‘-t -~ L& L 6 -

P2

\SUW\W\éfa,: -

- Af{‘a\gememtc o‘€ liV\eJ m R

_ C,_,W.P\Q»th\a = O(y{")

— Constructable in OGnY) Time
(ivxcx‘emewté\ ) clet&fminij l:\‘c)

- 'ZOV\Q, —n'\ewcm'- To‘tel Zone

wmple/i\ta is On). [Ocﬂd-‘)\“ “f]

-'Topo\%gicb\ Plane suLeep

OO ) tivme ) Olwn Space )




= Appliw‘tiom-‘
~Narrowest k- covridor

- Helf plc\ne, &iscrepemcxa\
— k-sets + levels

= Sov't\'v(\g angu \ar JC%U&V'OU




