CMSC 784 - Compu'tationa, (—yeome,tr%
Lecture 14: Well-Separsted Poir Decompositions (1)

Geomebric Apyroximetiomz
— Useful when exact (,ompu'tetion s oo wsthét
~ Geometric inputs are measwements
— Meevxincgku to wmputc s result
more. accorste then npul unccrtainfla

Examples:
Euclidesn M'm.Spennincg Tree (EMST)
- &‘L- Exact Jolu’timn 1% O(Y)l%g n) time

- [Re - Rest eyack solution O( V\z_q/d) Not mudh
(.E Y‘Uftﬁ 'Fo\f‘(,ei O( V\L lfg V\)) b&tter as

d mncre2sdd

Approxima'tion + Qiven P+ &> 0, compute
3ny Spenning tree of weicgkt $(lre) EMST(T)

Exact: Aﬂ)row



Convex Hull - Given P-= {P,)...,pnz W ‘Ré
- R Olnlogn) exact
- [Ré‘ Oln¥?) exact

Approxima‘tiom Compute subset f/_c.f s.t.
dist ((,ovw wa , (onv (P/\\ S & Jiem (f)

E)(ect APP(‘Dx

— J
CM‘\A&W (JP&P\‘/\‘ GNQV\ :E’ %P\)”')P"E In ‘R
Lhis is a ue,ioc;‘\’ce,é (pmp\e,'te, Sreof)k () edgqg)
Where w(Pi>P3)= I P“P\)“

Appf‘ox'\m&tiont Given L¢ €> o,
n we enwde sl ecégcs with

O(V\\ ‘PéW‘S ) SO di&té\f\(ﬁé P‘(&SCX"\/ﬁé
L.flt\f\i\n 'Factof (l 1¢) 7

— (el - separeteé Par e)ccovnpos'ntiovx (\’,\TSPDB



Twtuwtion: If two sets A+R ave well Sepere‘f:cé

trom eadn other, the distances f Ax B con
be el epproxime'lno) la«& any Paiv aéA) LeR.

A B
oy
® o b

Tdes: Represent all (2)‘6("\1) paics
witIA Just O(n) well-sepere‘teé 'Paim

Def: Given P- {Pw" ,Pv\z " Ré + >0
Sets ABESP are s-poell s&yera‘tec\ if
A+B can be enclo&eé n balls D'F Jome
rodivs v, st these bells are Jeboereit,é
bta. distane 2 sov

Olos :
- A;B ore J- weu JCP. = tl/\ea are Jiwel\ JQ)O. for s'es

- IV\A'\\IiAue\ poiV\'tS Qre J—weu Jeoo. '6)\(‘ en\& $?0 @/©'°



Deﬂci GNCV\ sets A* B, Jet of uv\o»f),ech Pairs:
A®B ={abl: aeA LeB atl S
POP = set of (2) Z-clement subsets of P

Def: Given I < ‘Rd v+ S>0, an S-well seboere‘tcé
poir decompo,{|'tioy\ (5-W~SPD) 18 collectioyy
o'( ‘Pe\rJ:
LA B3, .. , {AW\,BMS} where A, B <Y
sudh thet -
G A+ B ere s-paellsepareted | 1€0<m
- [7-’} Ai+T are diJJoint]
@ VU A®R, =Pe?

=\

Lﬁ all peir& Qre (.o\/ere,é ] y
OQuy Lomtrudt\'ov\ ul“ \/\eve. t\'\e, Pfope(t%
t]/\&'t ever\a Peir \S (,o\/ereé \’)ust once

N well-
Jeooare‘teé
peirs

b

ZXPDir& og




Does sudh o &wmpos'ltion ouist {
Triviel i For oy $70, there exists on S-WSPD
wmistivgg of (2) Jivgletov\ Peivs.

Rut cen we do thic with J'UJJC Oln) peim?
Yes | O(SQ-Y\) pe‘wx n “Zé
Comr)u'telo\e, in O(V\itiéo N+ SJV\) time
Tuo steps :
©) (.ow\pufe S (meressecD c{)ueétrec
for B in O(Mggh) time
@ Generste \WSPs 139 CeLuySING
vefinement in GG n) time

Quadtrees: A L\iol‘arc[/\i(,al spatie\ Par'tition o\c
avn n-element ‘m'm't set 2 i Ré
= Subdivides spece ntp culaical cells
Sivv\p‘e Construction:
—let (o be o cwbhe COV\tciV\iY\(g' Y
= While & cell contains Z or more Pomt,() sp‘ft
into 2 cwhes of half side \Cl’bo’tl/\ — chuldren

Co LIPS o0 o (X

® ®
[]] [ ] []]




NW| NE
EXBW\PICC sw |SE
Co Level SW NW SE NE

,‘)TOb\Cm Wl-tk\ cSiVV‘P\e COY\JTTU(:tiOY'\J
If Pomb Ve damdv&

clustered there mavy,
be many Frotlecs Jbol‘nt\s

ﬁxi Pat\/\ coW\pressiDn
— Remove Sequences

o\c Fruitlese Jplits
=~ Compress tree pat)/\

1o sivg\c eé(ge

= Com pressecl Quadtree

“Theorem: Given & set P- {P‘ r")PV'-s n Ré,

an onstruct a comprcﬁec) cbuaétr&

with space O(V‘) % O(V\l%gn) time.




Notstion: For each node:
level (u) = distance of u from voot
Pw) = points in us subtree
Yep W) = rcprumt&t»\/e pel nt from Pu)
Cchosen afb’ltrar;{\Q)

Lemme : levels « reprucnte'tivex @n
be cowpvuteé wm O(\n) time..

WEPs - Each uell-seperatec\ pair i
\(‘c,presmteé \oa =) Peir of node s

\")
ui"' u‘f\’ " .‘,'/.f(v)
‘ : 1’.(\0
Py D) WP : PP B

Recvrsive Construction :
‘Stertivag St ool we t% all Poirs o\c nodes
- Tf corrent poir is not well separsted,
spht |av<~gu‘ node Cic., lover level wum. )
+ vrecurse on daldren




Assume aﬁueJtree consTructed
- Let Uo be voot
- Twioke (ecurdive Pmce,clur{,
wJ-Pa'\TJ (uo y, Wo ,s\

w5~pairs ( Node u, Node V, Jcala»/ S)

if (s vore both leaves + u=v ) retum %)
if Ceither u o~ v is cvnp"'g. leaf ) retuen 7
ié well-seporeted Cu,v,s)) / (see below )

| vetum {u,\/3 [/ found 2 peif‘

‘igle\/el (W) 7 level (V)

| Swap UV // Swap S0 U 1S la\gﬁw

Lsp— &

Lwep + wsp U ws-pairy (u/,v,s)
return wsp  // vetorn onion of vresulte

for cacdh hild W of u / recwrse on children

W 2y

©

weu'seloef‘eth (u,v,s)

boll_u < if Cuis internal ) cwdming ball for u cell

else ball o\c adivs O centered ot rcp(u)
bal\_ v « (same)

velurn loa“-u + loe“-\/ re .s-ue" Jcpare'tecj,

\J



Exam pl ¢ w V:
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VR PO Yewr on us dhildren
s‘a\lt w -+~ ...............
Y a
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(epeet unti !
well Jepereteé

Anal ysis’

Le,mme (]NCV\ n PDW\tJ %) [R ﬂnc cov\&tru(}(',lov\
Proc)uws O(S Y\) péw‘s {o\p s21, d= OCD

(\Siw\pliﬁe&: Astume wo Pétlx compression needed )

Termms\/ Non- Terminal ¢
- A all ws- penr(q Vv, 8) s termina| nf it
makes wno vewvdsive calls



il < 1WSchncret¢é ]ma each termingl
- Since eacly, non-terminal ca|l makes

J
<2 veeonsive clls:

=  num. o]c WEPs € num. Terminel calls

< Z‘J‘ num. non-term s
= Olnum. non-term c2|ls)
o gince 4= 00 2°=00)

=Tt J\)'ﬁoe,s to show ¢ Jé’-h non-term calls

C—«\/\e\gmo A(gumwt
- We'll c.\nergc each non-term coll v pair(u,v,s)
to the wode with smeller el Ce. \agmr leve| )
— LN shou each node veceives J(s*) d/\emm
- Quadtree has O(n) nodes
= 0(s°n) clr\a\@u = O(J ‘n) totel WSPs.

Consider any. mon-term call ws-pair(u,v, $)
Non-term = wot s- well separetcel
let: B, B, - enclosing balls of cells

Cunylv ~ centers 0'(Il CV\C‘,OJiV\g balls

. _ Cell sizeg
('\A)Y‘v - TC&H:J\{ en dOJIY)g loé“_( re J|yy” ley“
x - side len Vs cell Alwavy s
sl ength o 4 e

= gde Iev;gt]m of wi cell € [x,2x]




: =0 :
( ¥<-v) . K“ Bu
.-'4 P: Cu
X
CJ/\&\((';’C \'A - \'_)&)Zx]:{

Beccuse u+ v not s- el &epefetc;c) )
dict (BM)B\/) < s W\aX(P“)P\/)
= Sy Yu

25 x\[d -

Obs: dist (E“)B\/)= "(—q- L\/"‘\I'u‘v“\, | X |

= Ney-erllS v+ ey + s2(d

= x{[d + Z0d + sx|d = (l+%*5)x\f§

< 25 xd (since $2 1)

Suw\mema: A node (v) of <ide lengtl\ X is clner@eo]
onlta_ lma V\odu (U\) OF Jidc |Cn(gtl'\s M [_x) Z,x] w\ho,(e,
centers lie within o ball of rodive Ry = 3s% \/o\-




How YV\éY\\a'JU(,l,\

wodes can there

be ?

Packivg Lemme: The nomber of du\ioim't
Cbuaatfee, CC'L( of Jiclc, 'C«V\gﬂ'\ Zx UL\OJC,

centers ore contained n bell of redivs v i

¢ (1) € O(mex (2, 7Y)

P(’OO‘F Oota~ picture,) ///_\>\\ :x
Uk (\ L >
per side N //

ar

So, totel num. O‘F chérga per node 1S
d
S max ( ’2_) (Rv/x) ) 9
< max (.Zj@éxkfg/ﬂ) )
g (33\[3)& - () [dw 00)]

Nom. WEPs € (vwm.noc\u)‘(jéid) = O n ) O



Theorem: Given an n-element pomtset T in R’
(cl=- O(\D and $2 |, we can conttvuct an
s- LWSPD for P o]c d1ze ()'(Jén) in tme

@(nlgng n).
SUMMQM\aj
— Geometric epproxivnatiom
- Wcll—mrare'tccl peirs @ 2se
- Encoéivg W\ema_]:eim (,ovuiceha_ @

~— LOSPD - Encodes all (vﬂ peirs umc.g
O(n) uc\\-separe’ceﬂ\ Peirs
— Can constroct an s-TINSPD for n Points
m “lé of size O(sé‘n) in Lime O(M%Jn * Jc-)n)
= Covnp(eue,é, %ueétru, = (j(nlogvo
— Rewvsive onstruction - O(_S\- n)
Coming up?

- APP\ioe'tiOV\J




