cMSC 784 - Computational (—reome,tr%
Lecture |5: b\)e”-&,]aare:tec! Pair Decompos]tionj (I)

Review:

= Giiven Poin’t set P- {P,,---,Png N “Zé (d=00)) and
&b]()af‘éft'mh factor >0, two sets A+ B ave

s- well Se.para‘teé it tl\u& cen be enclosed in
balls o‘(‘ Some edivs v Hrst e Jepare’th 10\3_

distance 7 Sx

Def: Given I < Rd v+ S>0, an S-well Sepere‘tcé
poir dc(,ompos'ftiov\ (J‘WJPD) 15 collectioyy
D'( ‘Pe\rJ:
{ A RS ...){AW\,EW.E} Where A, B <P
sudh thet:
G A;+ B ere s-eell separeted | 1€ m
- L= A+ B are Q],iJ\jDiY\t]
(@ VU A®B, =FPeP
- [= all Ppairs are covered 1



b I well-
2EPOITL  ag [ Separeted
pe\rJ
a3 fefgl]
he

- Giiven an n-element st P in Ré and 21 an
s-WSPD of size O(s™n) can boe constructed
in time OCn lo(gh + %)
— CownsTruction uses & %uaétree.. Given node
P = \boin'tJ in W subtree
repI€ P arbitrery vepresentative
— €adn WSP Liven as node paic {uyl. WP= EWISEG)
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TCP(Q) rep() ™ A=

Utility. Lemma: Given an $-WSP {X, YT and
€ X yyeY:

WYy Nx-x%"\l 2(7'/5\‘\\76-\9\\

G K=y L€ (edls) - Il x-y




Thntwtion: (L) Points in same clum]oloe“ head mud
doser then in opposite, heads.

(W) Pistonces on omoosi'te sides similar

Froof: () hx-xIl ¢ Z;‘ .
s v
= 2¢ 5y S 5v¢ WUl Gine I\x-&ll wa)

=@ ) g v
(W) Since llx-3ll z2sr, Yr <(%) %-yl

¢ \ { 3

R

B\& tfie\r&gle, ine%uelj‘t.&:
I\ ')6/‘3/ Il < “X/—x\\-|- “X_Uu_‘_“%_‘ezl\
£ 2 tlx \3‘\* 2r

= N x-yl+4r o
€ | x- taj\ Al (q/S)‘ll'Xﬂall
= (46 lx-yll v O

Applica’tiom :
O r&) 2pprox. to diameter
@ Eexad dosest pair
@ Euclideen t-spanner (for £ >1)

® (+ed approx. to Euclidean MST



®© Approxime‘tivg the diameter
d
- Given e {)Oint set E- {p,).-',?ng n K ) define

diam (P) = meax \\’X"a"
&362

- fRz— Can s lve in O(v\lgf h) (Jcem Lonvex L\ull)

- R - Brite force: Oln®) - Too slou!

~ Given £20, an £ approx. diameter is x)’n’e]? st.
-y 1l > diam () /(\+ )

Approx. Diameter (Given P+ £70)

-S@t S= q/i‘
- Compute - WSPD for P o -~ O(V\lgw ) \sév\)
- for eadh ISP {u)\ls ......................... — J(En)

dmtuﬂ'= "f@P(u)—{@P(V)"
- Return max. disty v
(+ replun), vep(v) as Point.s)

Time: (j(m\cegwrsém)
(Bt < -(HeY = OVe?)  since d=00))
= C(n\ong n/ef)



Correctness:
Claim: J (P u,v st. olistu)\, z diam(]?)/(lfé)
’\)(‘oo'e .
— Let X,% be true digmeter poir: diam (B)= |\ 76-9"
- JLsP tuvSat. x€P) 86 P(v)

~ Let x'= repln) w'=vep (V)

= ci'\stu)\/ =\ »'- ‘3/ I\
- E'& utility lemma:

PR GR R
- Since <= €&/ 4/& =g
- T\(\ere{oru
diam(2) = |l X‘g" < (l’rq/S)\lx'-a'll
= (re) W=y = O+ &) distu v

= clistu,\, Z diam(B)/(Ire )

Since élg. outputJ mex Jiltu,\/
> approx-diam 2 Aiam(E)/(H&) v



@ Closest Paie: (netueal complement to eliemeter>
- Gi\ICV\ 1>= {P\)"')P"‘} M “2-0‘, de:{me:

Josest (f) = min ’)6-3“ o °
X,taef . o
. 9%
- What if we trtﬁ seme. a)oproecL X .
- Build s-WSPD

- Return closest PV o\C reps
- ket 1y be true dosest
= let u,v be WSP
- Xlzfep(tﬂ 3'=rc‘o(\l)

-l x’-~a'll is & good approx
to dosest pair .
~ Somztl\ing& Lrong = X+ y nnot be cosest
because  lx-x"|| < 0 x=yll )
- 1dea- set ¢ to wolate dosest pair as (WP

Lemma: Tf 52, any s-WSPD has o pair {13, 1yl
Where x vy ore the closet parr >

That '\s) xa—(v}éfe
divg'@tovu n LS P



:Pr‘oo‘(:" (,b\g c,ovftraéidliov\3
— Let {uvl be WP sudh thet x€PW) + 26?6\/),

Svppare ether set has another point , oy x'e 2lu)

- E\G. Ut \‘tsaLe,mma
L'l < (760 eyl
< Nax-yl Cince $22)
= K4 eve wot dosesT pe'w‘ —va\'tréc\«ictiovx'.

[

Clasest Prir (exactY (Given D)
- Set s> 2 (e,g. S= Z.O\)
- Build s~ WSPD for P > O(V\lgw t s&v\)= O(vxlgﬁn)
- for ¢adh WSP {u v§ - J(n) = Olw)
dist,,y < Il vepu)- vep(v) ||
- yelurn mn, &Jtu)
(+ replw), rep(\/) is CJosest paw‘)




@ Euclidean f-\gpanncm g
('n'\l(:m e poin't Jet P n ”2 +€t2 I, fa) Eu(,/ieleén
t*&pevw\er 1S agrdpl\ G on _-l? mtl\ ecl(g'e
welgl’)tJ t( X, l&)‘*‘ ” xX-4 ”, sT. J[ovel( x,gef

\\w—«aj\ < dG(fx,\33 < 't'\\yc-a\\

where J(a (x,\o) \s \evxéf(\«\ o][ Shortest %Y Petlf\ i G

- - < t-la-d\
bxamp\e: 't‘é:-z dla
L. oC ‘ b Y c
NG| @J o d
he A
o€ e
g of g >f

~Tdeslly, 4 has O, wot Oln*) e{gu.
i (RI, -Dc\aUV\e\&Tf'\aﬂgule’tiom \s e I.C\QX-Jpennc{‘

= (e show how to onstruct & (I+€)-spavmer

[.'t= \*‘Q'For £>Ol —for P w{tL O(“/ée) eéges.



Bui\é-ﬁpennw (Given P+1>0)

- JeL 4(tt)
ST 44
- iv\.\'tial'\%c 6 ‘to(gv‘ep\/\ o{ E wf("/\ Wno C%CJ
- Build s- WSPD for P
- for eacls WSP [u)\/ §:
- add edoe (rep),rep(V)) to G
- (eturn G

Time: let t=lve S s= q@:e) < \_62_ - O(Ye) [o<ecn]
= O(vﬂgvvr n/éé\)
Num. &%gcs - 0Lsdn) = O(/e?)

Correcbness :
- LN show that for ell %Y E«Y
there exists & path of |evgt\k S tl\x—\a\\
> dany) € tollxyll.
- Pfoof ‘b\a. indudion on um. o]c eeges m t\ne pétL\.

= Basis: Eégc (%,1) is n G = ch%‘g\’ “76-9“‘/

- Step: Let uy be WP st. xePl), 4eB(G)
let x'= reF(M ua'= reP(\/)



Note: Tt is pmiL\e ﬂ/\e't x=x’ aml/or '3:3)

There ecists ¢ Patlf\ in G°
xroy K ——r g ooy

e O
o0 ¥) ege 4 (9)9)
AR

J(‘Lx,x')

Ela_ tl'\e induction l‘\«aPotl’\eJi.\'f
o (x,x”) £t =%l
Salyhg) < tlly-y

> Tath |en8t\/\ is ot mosT:
S Ox’) + I xl-alll t 8.(9,4)
< t |\ x=x\~ I\ac’—g' N+t -3’-3“
=t (NNl + Nl 19’—3}\\\ Yoyl

E»c} WSPD utility lemma:
I x-x"I\
I\ \6/_ Y I\
L=/l S Qr %) Lyl

2
< 'S—“X,lg“



= Path \GV\St\V\ is ot most:
t ((Z)x- -yl + (&) \x- \9\\) r (1% IESY

4t e T
LR Lk L ey
ttl) AT ek guess.
= (l t K s ) 'l""‘é)“ Ue ?\/\osc, s
Since 5= 4ED/E) this iJf to vv\\:,\«- it
= (1+ &) Lx-yll e
=t lx-yll v O

To obtein & (1+&) spanner, set L= |re.

@ Appmximexe Endidean Min. {pannin Tree (EMST)
- E("N"l; is the MST the Eucllfeam ér‘e)olq
“ITn R y &en Com,o(,(te, in O(V\‘zg Y\) ‘\‘\'W\C es
MST o Dcleune\a.tﬁexgu\ation

“Tn R best i 3 (7 AP 2 G )lﬂ%f ]

EMST(Y) opprox-EMST

S



A JPeV\V\\'V\8 tfe,e/—\- oW _\? S an E.-appf‘ox. tMST \‘6
Wt (M) < (Ire) tEnT(®))
where:

wt(™) = &, Ix-yl
A

Our construction 1Co“ows f, oM :

Lemme: T€ G is 2 (Ite)- Euclideans spanner for
| Pthen MST(6) is on £ EMST for B

Prosf: For eacla x,\aé P, let:
T (x, y) = &Agu of shoctest pe’cL\ X+ Y in G

Define grepl\ Hon P uith eég¢ set:

J
U Mq ("‘) ‘3) T
(xEEAT(R) x /] T )

That is,‘(:or each eégc of (t\rue.\ EMST, 0dd el
edges of its Spanner fpeﬂ\.

Since G is o (Fe)-<panner:

wt(l) € 2, GOlxyll =Gre) 55 nx-yl

X,YEEMST X,9€EMST

= (v ) ut (EMST(R))



Also observe thet H is comected | becouse

i€ connects 2l pairs (x,tj)é EMST.

Since H is 2 connected J\)Lgrep\r\ of G )

[ wesmore
Wt (MsT(Q)) € ut (MST(HY) " edges to
Combining pick from
Wt(MST(A)) ¢ wt(MSTCHY)
< wt(h)
< () wt (EMST(R))
= The MST of G is on E-approx. EMST, ]

'T\ws, we have the {ol\ouivg‘ élgon't\nw:

Approx- EMST (Given P and € )
-G+ Q*é)‘&févmef of P
- return MST(G)

Time: O(V\lgtgvﬂ' /6 ) to Lomv)ufe. JPevmer
Spenner \'\as wr S “/6 eége:
MST of o dref\'\ with v et +m edges

computéb\e ) d(nlo\g\nﬂ-vﬂ) time
=2 Tstal time: (j(w\ongr V\/E, )



5ummer$:
— WSPD Uti'it‘a Lemma (use‘ﬁ,t\\ fov eppx.>
- Applicetions: (all in RQ, 4= 0()
e (LD 2pprox to diameter (\Cart\xcst 'pa\'r)
- Jn I%gn + n/éd\ time
= (Exact) Closest Pair
- O(Hlog n) time
- (Ite) spanner
- J(n log n + n/e’) time ; O(“/EJ) eé\gcs
-+ &) Spplox EMST
- Jn log n + H/éd\ time




