Terminology

e Domain: set which holds the values to which we
apply the function

e Co-domain: set which holds the possible values
(results) of the function

e Range: set of actual values received when applying
the function to the values of the domain



Function

o A “total” function is a relationship between elements of the
domain and elements of the co-domain where each and
every element of the domain relates to one and only one
value in the co-domain

o A “partial” function does not need to map every element of
the domain.

e . XY
— f 1s the function name
— X Is the domalin
— Y Is the co-domain
— xeX yeY fsendsxtoy
— f(x) =y fofx;valueoffatx ; image of x under f



Formal Definitions

« Rangeof f={yeY |aIx eX, f(X) =y}

— where X Is the domain and Y is the co-domain
* Inverse Image of y = {x eX| f(x) =y}

— the set of things that map to y
* Arrow Diagrams

— Determining if they are functions using the
Arrow Diagram



Teminology of Functions

e Equality of Functions
VvT,g e{functions}, f=g <> VxeX, f(X)=g(x)

e FIs a One-to-One (or Injective) Function iff
VXX, €X F(X1) = F(X,) = X=X,

VXX €X X #2X, = F(Xy) & F(X,)
 FIsNOT a One-to-One Function iff

3 X, %€ X, (F(X1) = F(Xp)) N (X1#7%))

* Fisan Onto (or Surjective) Function Iff
vy eY 3dIxeX, F(X)=y

 Fi1s NOT an Onto Function iff

dyeY Vx eX, F(X) &y




Proving functions

one-to-one and onto
fR>R  f(X)=3x-4

* Prove or give a counter example that f Is one-to-one

32‘: VX, X, € R, T (X)) = (X)) = X =X,

 Prove or give a counter example that f is onto
use

def VyeRIXxe R, f(X)=Yy



One-to-One Correspondence
or Bijection

F: X =Y Is bijective <> F: X —Y Is one-to-one & onto

e F:X —>Y Is bijective <> It has an inverse function
JFY - X
vxe X, F(X)=y—> F‘l(y):x
vyeY, F‘l(y) =X—>F(X)=Yy



Proving something Is a bijection

—Z—>Z  F(X)=x+1
Prove It 1S one-to-one
Prove It 1S onto

Then 1t Is a bijection

So 1t has an Inverse function
— find F1



Pigeonhole Principle
DU
WY

e Basic Form

A function from one finite set to a smaller finite
set cannot be one-to-one; there must be at least
two elements in the domain that have the same
Image In the co-domain.




Examples

 Using this class as the domain,
Must two people share a birthmonth?
Must two people share a birthday?

« A={1,2,345,6,7,8}

If | select 5 integers at random from this set,
must two of the numbers sum to 9?

If | select 4 integers?



Other (more useful) Forms of the
Pigeonhole Principle

» (Generalized Pigeonhole Principle
— For any function f from a finite set X to a finite set Y and for any
positive integer Kk, if n(X) > k*n(Y), then there issomey €Y
such that y is the image of at least k+1 distinct elements of X.

« Contrapositive Form of Generalized Pigeonhole Principle

— For any function f from a finite set X to a finite set Y and for any
positive integer Kk, if for eachy €V, f1(y) has at most k elements,
then X has at most k*n(Y) elements.



Examples
o Using Generalized Form:

— Assume 50 people in the room, how many must share the same
birthmonth?

- n(A)=5 n(B)=3 F:P(A)—>P(B)
How many elements of P(A) must map to a single element of P(B)?

» Using Contrapositive of the Generalized Form:

— G:X->Y where Y is the set of 2 digit integers that do not have
distinct digits. Assuming no more than 5 elements of X can map
to a single element of Y, how big can X be?

— You have 5 busses and 100 students. No bus can carry over 25
students. Show that at least 3 busses must have over 15 students
each.



Composition of Functions

e XY, andg:Y—>Z whereY,cY
— gOf:X—>Z where VxeX, g(f(x)) = g@f(x)

q(f(x)) ﬂ

\ e
Yy

o
X f(x) y




Composition on finite sets

« Example
- X={1,2,3} Y1={ab,c,d} Y={ab,cde}Z=
{x\y,z}
f(1)=c g(a)=y g@1(1)=g(f(1))=z
f(2)=b g(b)=y gW1(2)=g(f(2))=y
f(3)=a g(c)=z gD1(3)=9g(f(3))=y
g(d)=x

g(e)=x




Composition for infinite sets

f.Z >Z f(n)=n+l
g:Z —>Z ¢g(n)=n?

g@f(n)=g(f(n))=g(n+1)=(n+1)*
fQg(n)=f(9(n))=f(n?)=n*+1

note: g@f #fQg



|dentity function

* 1, the identity function for the domain X
Iy 1 X=X VXeX,Iy(X) =X

* I, the identity function for the domainY
Iy 1YY  VyeY,iy(ly) =Yy

e composition with the identity functions



Composition of a function with
Its Inverse function
« fOf1=1i,
e F1Of =i,

e Composing a function with Its inverse
returns you to the starting place.

(note: f:X—Y andfi: Y5X)



One-to-One In Composition

e Iff:X>Y and g:Y—>Z are both one-to-one,
then g@f:X—Z Is one-to-one

e ITf:X>Y andg:Y—>Z are both onto,
then g@f:X—>Z isonto when Y =Y,



Cardinality

e Comparing the “sizes” of sets
— finite sets (D or has a bijective function from it to

{1,2,...,n})
— Infinite sets (can’t have a bijective function from it to

£1,2,....nH

o VA,Be{sets}, A and B have the same cardinality
<> there Is a one-to-one correspondence from Ato B

In other words,

Card(A) = Card(B) «»3f {functions}, A—>B Afisa
bijection



Countability of sets of integers

e Z* Isacountably infinite set

« 720 s a countably infinite set

e Z 1S acountably infinite set

o /%€ s also a countably Infinite set

Card.(Z*)=Card.(Z:%)=Card.(Z)=Card.(Z"



Real Numbers

« \We’ll take just a part of this infinite set

e Reals between 0 and 1 (non-inclusive)
- X={x e R| O<x<1}

e All elements of X can be written as
— 0.a;a,a5... a,...



Cantor’s Proof

Assume the set X = {xeR|0<x<1} Is countable
Then the elements in the set can be listed
0.24,81,8;3814---84,---

0.8,18,,8538,4- .89 -

0.83,83,833834- .83 -

Select the digits on the diagonal
build a number 1 if a,, #1

n -
2 If a,, =1
d differs in the n™ position from the n™ in the list



All Reals

e Card.({xeR|0<x<1}) = Card.(R)



Positive Rationals Q*

e Card.(Q") =?= Card.(2)



log function properties
(from back cover of textbook)
definition of log: log, X =y <> b’ =x

log, b =1

log, x* =a*logy X

logy, (x*y) =log, x+1logy y

X
|09b(§) = log, x—log, y

logy (x) =logy y > x =y



