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The m
odel of cutting a divisible cake

●
H

eterogeneous: different ingredients and different toppings
●

D
ivisible: cut w

ithout destroying their values
●

A
gents: several partners w

ith different preference over different ingredients 
●

S
ubjectively Fair: each agent receive a piece, that he or she believes to be a 

fair share
●

A
 problem

 of dividing a divisible, heterogeneous and desirable resource is  
called fair cake-cutting, can be used to other resources: land estates, 
advertisem

ent space, broadcast tim
e



The m
odel of cutting a divisible cake: M

ath
●

The cake is the interval [0,1]
●

S
et of agents N

={1,...,n}
●

E
ach of agent has a valuation function V

i over pieces of cake
●

A
dditive: if X

∩
Y

=
∅then V

i (X
)+V

i (Y
) = V

i (X
⋃Y

)
●

∀
i∈

N
, V

i ([0,1]) = 1
●

Find an allocation A
 = A

1,...,A
n



Fairness D
efinitions

●
E

nvy Free(E
F): 

○
E

ach agent receives a piece that values at least as m
uch as every other piece

○
∀

i,j∈
N

, V
i(A

i) ≥ V
i(A

j)

●
P

roportionality(P
R

): 
○

E
ach agent receives a piece that values at least 1/n of the value of the entire cake

○
∀

i∈
N

, V
i(A

i) ≥ 1/n

E
xam

ple cake: 

○
The cake has tw

o parts: fruit and cookie
○

Tw
o agents: A

lice and G
eorge

○
A

lice values the cookie as 0.9 and fruit as 0.1
○

G
eorge values the cookie as 0.3 and fruit as 0.7

○
G

ive all cookies to A
lice and all fruit to G

eorge
○

E
F and P

R



Fairness D
efinitions: w

ith additive

●
For n=2 w

ith additive, E
F and P

R
 are 

alw
ays equivalent

●
For n> 2 w

ith additive, E
F can 

im
plies to P

R
 but not the other w

ay



C
ut and C

hoose A
lgorithm

: 2 players
●

A
 cake w

ith straw
berry(½

)and chocolate(½
)

●
A

nn’s valuation: straw
berry(½

) and chocolate(½
)

●
B

etsy’s valuation: straw
berry(¼

) and chocolate(¾
)

●
S

tep 1: Let A
nn cut the cake into tw

o pieces, w
here 

those tw
o pieces has the sam

e value from
 A

nn’s 
valuation 

○
For A

nn: E
ach of the tw

o pieces w
orth ½

  
○

For B
etsy: one piece w

orth 5/12 and the other 
7/12 

●
S

tep 2: Let B
etsy choose one piece and A

nn w
ill get 

the rest one
○

For A
nn: get ½

 
○

For B
esty: get 7/12 E

F and P
R



C
ut and C

hoose A
lgorithm

: 3 players
S

tage 1: C
ut

1.
P

layer 1 divides cake into 3 equal pieces
2.

P
layer 2 trim

s the largest pieces such that the rem
aining part of this piece 

equals to the second largest pieces
3.

N
ow

 w
e call the trim

m
ed part cake 2 and the rest form

s cake 1 



C
ut and C

hoose A
lgorithm

: 3 players
S

tage 2: C
hoose C

ake 1

P
layers are going to choose in order of player 3, player 2, and player 1

1.
P

layer 3 choose the largest piece
○

C
hoose the trim

m
ed rem

aining piece 
○

not choose the trim
m

ed rem
aining piece

2.
P

layer 2 w
ill choose the trim

m
ed rem

aining pieces if player 3 didn’t 

E
ither player 2 or player 3 is going to choose the trim

m
ed rem

aining piece; call 
that player T (trim

m
ed)and the other T’

3. P
layer 1 chooses the rem

aining(untrim
m

ed)piece 



C
ut and C

hoose A
lgorithm

: 3 players
S

tage 3: A
llocate C

ake 2

C
ut:

 P
layer T’ cut cake 2 into 3 equal pieces 

C
hoose: 

P
layers are going to choose in order of player T, player 1, and playerT’



C
ut and C

hoose A
lgorithm

: 3 players
E

F for cake 1: 

C
ut: player 1 cut and player 2 trim

m
ed; C

hoose order: P
layer 3, player 2, P

layer 1

1.
P

layer 3 chooses first shouldn’t envy player 1 or player 2
2.

P
layer 2 likes the trim

m
ed rem

aining piece and the original second largest 
piece the sam

e and also better than the third piece, so player 2 w
ill not envy 

player 1 or player 3
3.

P
layer 1 like those tw

o untrim
m

ed piece the sam
e of ⅓

 and also better than 
the trim

m
ed rem

aining piece, so player 1 w
ill not envy player 2 and player 3

The allocation of cake 1 is E
F



C
ut and C

hoose A
lgorithm

: 3 players
E

F for cake 2: 

C
ut: player T’; C

hoose order: P
layer T, player 1, P

layer T’

1.
P

layer T choose first so shouldn’t envy player T’ or player 1
2.

P
layer T’ is indifferent w

eighing the three pieces of cake 2, so player 2 w
ill not 

envy player T or P
layer 1

3.
P

layer 1 choose before player T’ so w
ill not envy player T’; even if player T 

gets the w
hole cake 2, it w

ill be totally ⅓
 of the w

hole cake com
bine the 

allocation of cake1 and cake2 to player T, so player 1 w
ill not envy player T 

The cut and choose algorithm
 is E

F for 3 players



S
uccessive P

air A
lgorithm

: n players
1.

R
ecursively divide the cake for n-1 players to get their pieces
○

A
ssum

e everyone is happy to divide am
ong n-1 player w

ith∀
i∈

n-1, V
i ≥ 1/(n-1)

2.
Let n-1 players cut their ow

n pieces into n equal pieces and let the last player 
n join, each piece for every player: ∀

i∈
n-1, V

i ≥ (1/(n-1))/n
3.

The last playerN
 w

ill choose 1 largest piece separately from
 n-1 player’s part

4.
The n-1 player w

ill get the rem
aining n-1 equal pieces from

 their ow
n part

For n-1 player: V
’≥ (n-1)*(1/(n-1)/n), so V

’≥ 1/n for them
. 

For P
layer n: V

-n≥1*(V
1/n) + 1*(V

2/n)…
 + 1*(V

(n-1)/n)

  =(V
1+...+V

n-1)/n

  =1/n, w
here w

e can guarantee P
R

 for it but not necessarily E
F 



C
ontinuously M

oving K
nife A

lgorithm
●

M
oves the knife continuously across the cake 

until som
e player say stop

●
This player w

ill get this piece
○

Tell lies m
eans risk of gaining less in this gam

e
○

V
=1/n or this player w

ill not yell out

●
The rest player continues

○
(n-1) w

ill get 1/n or they w
ill not yell

○
B

ut for the last player:
■

H
e never yells: those V

(1, N
-1)<(n-1)*1/n

■
The rem

aining value V
n>1-(n-1)/n

■
The last player w

ill get V
n>1/n, P

R

●
H

ow
ever, E

F can not G
uaranteed here



M
axim

in S
hare

$14

$60
$40

S
tep 1: Let player1 to put item

s into 3 bundles  
  $5

    $10

S
tep 2: P

layer 1 get the least valued bundle (bundle w
ith m

inim
um

 value)



M
axim

in S
hare 

Total: $29
Total: $60

Total: $40

$14

$60
$40

M
axim

in: player1 needs to find a strategy w
hich 

   $5
     $10

w
ill m

axim
izes the value of  m

inim
um

 valued bundle: here is $29



M
axim

in S
hare G

uarantee
M

M
S

 guarantees that of player i:

●
∀

n ≥ 3 there exist additive valuation functions that do not adm
it an M

M
S

 
allocation 

●
It is alw

ays possible to give each player at least ⅔
 of his M

M
S

 

--P
rocaccia &

 W
ang[E

C
-2014]

p.s possible of giving each player at least 3/4 of M
M

S
 has been proved

--G
hodsi et al. [E

C
-2018]

      --

 



M
axim

in S
hare G

uarantee: A
lgorithm

 for ½
 M

M
S

1.
A

llocate those item
s w

ith value greater than ½
 M

M
S

 to players and ignore this 
part: Left item

s each values less than ½
 M

M
S

2.
S

tart to put those item
s into bundles, w

hen one bundle first reaches the value 
of ½

 M
M

S
 for one player, this player is going to yell stop and get this bundle.

3.
R

epeat this process until all item
s in bundles has been allocated to the rest n 

players

Look at one of those bundles:

1.
C

all this bundle A
 of several item

s: V
(A

)≥ ½
 M

M
S

2.
C

all the last piece into this bundle item
 b: V

(A
-b)≤ ½

 M
M

S
, V

(b)≤ ½
 M

M
S

3.
The allocation for n players: V

≥ n*M
M

S
4.

V
(A

)=V
(A

-b)+V
(b)≤ M

M
S

, ½
 M

M
S

≤ V
(A

)≤ M
M

S
5.

½
 M

M
S

 is guaranteed for n players in the allocation of sm
aller item

s in bundle 


