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Before school choice: N
ot w

ealthy 



W
hy school choice?





W
hy do w

e need an assignm
ent 

m
echanism

?
It is not possible to assign 
each student to her top 
choice school, a central 
issue in school choice is 
the design of a student 
assignm

ent m
echanism



Problem
 setup:

Input:
●

N
um

ber of students.
●

E
ach student is to be assigned one seat at a school.

●
E

ach school has a m
axim

um
 capacity but there is no 

shortage in total num
ber of seats.

●
E

ach student  has a strict priority preference.
●

E
ach school has a strict priority ordering of all students.



Problem
 setup: School Priority ordering?!!!

H
ere, priorities do not represent school preferences but they are im

posed by state 
or local law

s, the priority ordering of a student can be different at different schools!

●
S

tudents w
ho live in the attendance area of a school m

ust be given priority for 
that school over students w

ho do not live in the school’s attendance area.
●

S
iblings of students already attending a school m

ust be given priority
●

S
tudents requiring a bilingual program

 m
ust be given priority in schools that 

offer such program
s.



Problem
 setup:

O
utput:

●
A

ssignm
ent of students to schools.

●
E

ach student is assigned to exactly one school.
●

N
o school is assigned to m

ore students than its capacity. 



Problem
 setup:

Goals: 
A

n optim
al m

echanism
 should be:

●
P

areto efficient
●

S
trategy-proof

●
E

nvy free



Boston Student A
ssignm

ent M
echanism



Boston Student A
ssignm

ent M
echanism

1.
E

ach student subm
its a preference ranking of the schools.

2.
For each school a priority ordering is determ

ined according to the follow
ing 

hierarchy:
●

First priority: sibling and w
alk zone.

●
S

econd priority: sibling.
●

Third priority: w
alk zone.

●
 Fourth priority: other students.

3 .
S

tudents in the sam
e priority group are ordered based on a previously 

announced lottery.



Boston Student A
ssignm

ent M
echanism

The final phase is the student assignm
ent based on preferences and priorities:

●
R

ound 1: O
nly the first choices of the students are considered. 

●
R

ound 2: O
nly the second choices of these students are considered. 

●
R

ound k: O
nly the k

th students are considered.



Boston Student A
ssignm

ent M
echanism

●
B

oston student assignm
ent m

echanism
 is not strategy- proof. 

●
E

ven if a student has very high priority at school s, unless she lists it as her 
top choice she loses her priority to students w

ho have listed as their top 
choices. 

●
It m

ay be optim
al for som

e fam
ilies to be strategic in listing their school 

choices. If a parent thinks that their favorite school is oversubscribed and 
they have a close second favorite, they m

ay try to avoid “w
asting” their first 

choice on a very popular school and instead list their num
ber tw

o school first.



Boston Student A
ssignm

ent M
echanism



Colum
bus Student A

ssignm
ent 

M
echanism



Priority am
ong applicants 

is determ
ined by a 

random
 lottery.

Lottery office
Student

Apply to 3 schools

Available seats are 
offered to students w

ith 
the highest priority

Lottery office

Rem
aining applications 

are put on a w
aiting list

Lottery office

3 days to accept or 
decline an offer

Student
If she accepts an offer, 
she is assigned a seat 
and rem

oved from
 any 

w
aiting list

Student

W
hen seats becom

e 
available offers are m

ade 
to students on the w

aiting 
lists.

Lottery office

Colum
bus Student A

ssignm
ent M

echanism



Colum
bus Student A

ssignm
ent 

M
echanism

●
The optim

al application strategy of students is unclear under the C
olum

bus 
student assignm

ent m
echanism

. 
●

W
hen a fam

ily gets an offer from
 its second or third choice, it is unclear 

w
hether the optim

al strategy is declining this offer or accepting it. 
●

A
nother m

ajor difficulty w
ith the C

olum
bus student assignm

ent m
echanism

 
concerns efficiency: C

onsider tw
o students, each of w

hom
 hold an offer from

 
the other’s first choice. S

ince they do not know
 w

hether they w
ill receive 

better offers, they m
ay as w

ell accept these offers, and this in turn yields an 
inefficient m

atching.



Colum
bus Student A

ssignm
ent 

M
echanism



Student assignm
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D
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Student assignm
ent m

echanism
s:  

D
orm

itory room
s: R

andom
 serial 

dictatorship
●

O
rder the students w

ith a lottery and assign the first 
student her top choice, the next student her top choice 
am

ong the rem
aining slots, and so on.

●
 This m

echanism
 is not only P

areto efficient, but also 
strategy-proof 



Student assignm
ent m

echanism
s:  

D
orm

itory room
s: R

andom
 serial 

dictatorship

●
A

 single lottery cannot be used to allocate school seats to students.
●

It is this school-specific priority feature of the problem
 that com

plicates the 
student assignm

ent process. 
●

A
 student assignm

ent m
echanism

 should be flexible enough to give students 
different priorities at different schools. 



Student assignm
ent m

echanism
s:  

D
orm

itory room
s: R

andom
 serial 

dictatorship
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Student assignm
ent m

echanism
s:  

College A
dm

issions 
●

The central difference betw
een the college adm

issions 
and school choice is that in college adm

issions, schools 
them

selves are agents w
hich have preferences over 

students.
●

W
hereas in school choice, schools are m

erely “objects” to 
be consum

ed by the students. 
●

A
 student should not be rejected by a school because of 

her personality or ability level



Student assignm
ent m

echanism
s:  

College A
dm

issions 
●

College A
dm

issions: S
tudent-college pair (i, s) w

here 
student i prefers college s to her assignm

ent and college 
s prefers student i to one or m

ore of its adm
itted 

students. 
●

School choice: S
tudent-school pair (i, s) w

here student 
i prefers school s to her assignm

ent and she has higher 
priority than som

e other student w
ho is assigned a seat at 

school s.



Student assignm
ent m

echanism
s:  

College A
dm

issions 
●

A
 stable m

atching in the context of college adm
issions 

elim
inates justified envy in the context of school choice.  

●
Good new

s: There exists a stable m
atching w

hich is 
preferred to any stable m

atching by every student in the 
context of college adm

issions Gale and Shapley



Gale-Shapley Student O
ptim

al Stable M
echanism

Step 1: 

○
E

ach student proposes to her first choice. 
○

E
ach school tentatively assigns its seats to its 

proposers one at a tim
e follow

ing their priority order.
○

A
ny rem

aining proposers are rejected.



Gale-Shapley Student O
ptim

al Stable M
echanism

In general Step k: 

○
 E

ach student w
ho w

as rejected in the previous step proposes to 
her next choice. 

○
E

ach school considers the students it has been holding together 
w

ith its new
 proposers and tentatively assigns its seats to these 

students one at a tim
e follow

ing their priority order.
○

 A
ny rem

aining proposers are rejected.
●

The algorithm
 term

inates w
hen no student proposal is rejected and 

each student is assigned her final tentative assignm
ent.



Gale-Shapley Student O
ptim

al Stable M
echanism

Good new
s: 

●
It is strategy-proof.

●
P

areto-dom
inates any other m

echanism
 that elim

inates justified 
envy. 



Gale-Shapley Student O
ptim

al Stable M
echanism

Good new
s: 

●
It is strategy-proof.

●
P

areto-dom
inates any other m

echanism
 that elim

inates justified 
envy. 

Bad new
s: 

●
There is a potential trade-off betw

een stability and P
areto 

efficiency.



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

●
There are three students i1 , i2 , i3 , and three schools s

1 ,s
2 ,s

3 , each 
of w

hich has only one seat. 
●

The priorities of schools and the preferences of students are as 
follow

s:



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
 s

2

i2i3



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
 s

2

i2
s

1

i3



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
 s

2

i2
s

1

i3
s

1



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
 s

2

i2
s

1
 s

2

i3
s

1



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
 s

2
s

1

i2
s

1
 s

2

i3
s

1



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
 s

2
s

1

i2
s

1
 s

2

i3
s

1
s

3



Gale-Shapley Student O
ptim

al Stable M
echanism

Exam
ple: 

 i1
s

1

i2
 s

2

i3
s

3

But this m
atching is 

Pareto-dom
inated by 

 i1
s

2

i2
 s

1

i3
s

3



Top trading cycles m
echanism



Top trading cycles m
echanism

●
A

 com
peting m

echanism
 w

hich is P
areto efficient but w

hich does not 
com

pletely elim
inate justified envy.

●
S

uppose that if student i1  has higher priority than student i2  for school 
s, that does not necessarily m

ean that she is entitled a seat at school 
s before student i2 . It rather represents the opportunity to get into 
school s. If i1  has higher priority than i2 , then she has a better 
opportunity to get into school s, other things being equal.



Top trading cycles m
echanism

Step 1: 

●
A

ssign a counter for each school w
hich keeps track of how

 m
any seats are 

still available at the school.
●

E
ach student points to her favorite school under her announced preferences. 

●
E

ach school points to the student w
ho has the highest priority for the school.

●
There is at least one cycle. 

●
E

very student in a cycle is assigned a seat at the school she points to and is 
rem

oved. 
●

The counter of each school in a cycle is reduced by one and if it reduces to 
zero, the school is also rem

oved. 



Top trading cycles m
echanism

In general Step k: 

●
E

ach rem
aining student points to her favorite school am

ong the rem
aining 

schools.
●

E
ach rem

aining school points to the student w
ith highest priority am

ong the 
rem

aining students. 
●

There is at least one cycle. 
●

 E
very student in a cycle is assigned a seat at the school that she points to 

and is rem
oved. 

●
The counter of each school in a cycle is reduced by one and if it reduces to 
zero the school is also rem

oved. 



Top trading cycles m
echanism

Exam
ple: 

●
There are eight students i1 , ... ,i8   and four schools s

1 , ... , s
4 . S

chools s
1 , s

2  
have tw

o seats each and schools s
3 , s

4  have three seats each.
●

The priorities of the schools and the preferences of the students are as 
follow

s:



Top trading cycles m
echanism

Step 1:

s
1 =2 , s

2  =2 , s
3 =3 ,  s

4 =3
O

utput:

i1 
 s

2

 i3 
 s

3

i5 
 s

1

i6 
 s

4

s
1 =1 , s

2  =1 , s
3 =2 ,  s

4 =2



Top trading cycles m
echanism

Step 2:

s
1 =1 , s

2  =1 , s
3 =2 ,  s

4 =2
O

utput:

i2 
 s

1

 s
1 =0 , s

2  =1 , s
3 =2 ,  s

4 =2



Top trading cycles m
echanism

Step 3:

s
1 =0 , s

2  =1 , s
3 =2 ,  s

4 =2
O

utput:

i4 
 s

3

i7 
 s

2

 s
1 =0 , s

2  =0 , s
3 =1 ,  s

4 =2



Top trading cycles m
echanism

Step 4:

 s
1 =0 , s

2  =0 , s
3 =1 ,  s

4 =2
O

utput:

i8 
 s

4

 s
1 =0 , s

2  =0 , s
3 =1 ,  s

4 =1



Top trading cycles m
echanism

Good new
s: 

●
It is strategy-proof.

●
P

areto-dom
inates any other m

echanism
 that elim

inates justified 
envy. 



W
hich M

echanism
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W
hich M

echanism
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●
B

oth m
echanism

s are strategy-proof, so the choice betw
een them

 
depends on the structure and interpretation of the priorities. 
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W
hich M

echanism
 Shall Be Chosen?

●
B

oth m
echanism

s are strategy-proof, so the choice betw
een them

 
depends on the structure and interpretation of the priorities. 

It depends on the application

●
In som

e applications, policy m
akers m

ay rank com
plete elim

ination of 
justified envy before full efficiency, and G

ale-S
hapley student optim

al 
stable m

echanism
 can be used in those cases.

●
In other applications, the top trading cycles m

echanism
 m

ay be m
ore 

appealing.



Controlled choice m
echanism



Controlled choice m
echanism

●
O

ne of the m
ajor concerns about the im

plem
entation of school choice 

plans is that they m
ay result in racial and ethnic segregation at 

schools.
●

B
ecause of these concerns, choice plans in som

e districts are lim
ited 

by court ordered desegregation guidelines. 
●

B
oth G

ale-S
hapley student optim

al stable m
echanism

 and the top 
trading cycles m

echanism
 can be easily m

odified to accom
m

odate 
controlled choice constraints by im

posing type-specific quotas.



Controlled choice m
echanism

●
S

uppose that there are different types of students and each student belongs 
to one type.

●
If the controlled choice constraints are perfectly rigid then there is no need to 
m

odify the m
echanism

s.
●

For each type of students, one can separately im
plem

ent the m
echanism

 in 
order to allocate the seats that are reserved exclusively for that type.

●
W

hen the controlled choice constraints are flexible, m
odification are need to 

both G
ale-S

hapley student optim
al stable and top trading cycles 

m
echanism

s.



Gale-Shapley Student O
ptim

al Stable M
echanism

 
w

ith Type-Specific Q
uotas

Step K
:

●
E

ach student w
ho w

as rejected in the previous step proposes to her next 
choice. 

●
E

ach school considers the students it has been holding together w
ith its new

 
proposers and tentatively assigns its seats to these students one at a tim

e 
follow

ing their priority order.
●

If the quota of a type fills, the rem
aining proposers of that type are 

rejected and the tentative assignm
ent proceeds w

ith the students of the 
other types. 

●
A

ny rem
aining proposers are rejected.



Gale-Shapley Student O
ptim

al Stable M
echanism

 
w

ith Type-Specific Q
uotas

This m
odified m

echanism
 satisfies the follow

ing version of the 
fairness requirem

ent:

If there is an unm
atched student-school pair (i, s) w

here student i prefers school 
s to her assignm

ent and she has higher priority than som
e other student j w

ho is 
assigned a seat at school s, then:

1.
 S

tudents i and j are of different types
2.

 The quota for the type of student i is full at school s.



Top Trading Cycles M
echanism

 w
ith Type-Specific 

Q
uotas

Step K
:

●
E

ach rem
aining student points to her favorite rem

aining school am
ong those w

hich have room
 for 

her type.
●

E
ach rem

aining school points to the student w
ith the highest priority am

ong rem
aining students. 

●
There is at least one cycle. 

●
E

very student in a cycle is assigned a seat at the school that she points to and is rem
oved. 

●
The counter of each school in a cycle is reduced by one and depending on the student it is 
assigned to.

●
The associated type-specific counter is reduced by one as w

ell. 
●

A
ll other counters stay put. 

●
In case the counter of a school reduces to zero, the school is rem

oved. 
●

If there is at least one rem
aining student, then w

e proceed w
ith the next step.



Q
uestions?


