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Discrete Structures

Induction



An Example - with an inequality

Example
Claim:
(Vn € 223) [2n 1< 2”}




Another Example with an inequality

Example

(Vn € Z22)(¥x € RY) [1 Yax < (1+ x)"}




An example with a recurrence relation

o Assume the following definition of a sequence:

31:1

(Vk > 2) [ak — a1+ (2k — 1)}

o Prove: (Vn > 1) [a,, = nQ}



Recurrence relation and summation
together

o Assume the following definition of a sequence:
dg — 1

n—1
Forn>1:a,= [Za;

o Prove: (Vn>0) [a,, = 2”}




Another recurrence to consider

o Assume the following definition of a function:
dg = 1 a) = 1 dy) = 3
(Vk € 223)[61/( = ak—1 + ak—2 — akf3]

Claim: (Vn € Z2%)[a, € Z°%]

Can we prove this with induction?



Dominos (Revisited)

Suppose you connect your line of dominos together with a
string and line them all up along the edge of a table.



Dominos (Revisited)

Suppose you connect your line of dominos together with a
string and line them all up along the edge of a table.

What if the weight of a single domino falling off the table
is not enough to pull the next one off. May be it takes the
weight of three dominos to pull the next one down.



Dominos (Revisited)

Suppose you connect your line of dominos together with a
string and line them all up along the edge of a table.

What if the weight of a single domino falling off the table
is not enough to pull the next one off. May be it takes the
weight of three dominos to pull the next one down.

What happens if we knock the first three dominos off the
table manually?



Strong induction

For (ordinary) induction:

o We assume one particular domino falls and then show
that the next one must also fall.

For strong induction:

o We assume all of the dominos before domino k + 1
fall and then show domino k 4+ 1 must also fall.

This is frequently easier because our inductive hypothesis
is stronger (we are assuming more stuff).



Strong induction

Definition

Claim: (Vn € N)[P(n)]

Proof:

| will apply strong induction on n

Base case: Show P(0), P(1), P(2), ..., P(7) directly.
Inductive hypothesis: For some k > 7: Assume P(i) holds
forall i < k .

Inductive Step: Prove P(k+1) must also be true, based
on your assumption that P holds for all previous values.




Why Does Strong Induction Work?

P(1)
(Vn > 2)[P(1) APR)A---AP(n—1) = P(n)]

1) Have P(1)

2) Have P(1) — P(2)

3) From P(1) and P(1) — P(2) have P(2).

4) Have P(1) A P(2) — P(3).

5) From P(1), P(2)) and P(1) A P(2) — P(3) have P(3).
etc.



Now prove the recurrence relation
property, using strong induction

o Here is the function definition again:
dg = 1 dy = 1 dy = 3
(Vk € Z73)|ax = ak_1 + ak_2 — ak_3]

Claim: (Vn € Z2%)][a, € Z°%]



Another recurrence relation example

e Assume the following definition of a function:

ay =1 a, =2
(Vk e ZZZ)[ak =, +ak—2]

e Prove the following definition property, using strong
induction:

(Vne ZZO)[an < 2”]



Another example- a divisibility property
e Assume the following definition of a recurrence relation:
a,=0
a, =17
(Vi > 2)a, = 2a,_, + 3a,_,]

e Prove using strong induction that all elements in this
relation have this property:

(Vne N)|a, =0 (mod 7)]



