CMSC 631: Midterm Exam (Spring 2019)

1 Question 1 (15 points)

For this question, you will be asked to prove that A <> B implies B <> A in three different ways.
(a) Give a mathematical proof of this statement.

(b) Prove the statement above in Cogq.

Lemma iff _sym : V A B, (A «& B) - (B <« A).
Proof.

(¢) Now prove it as a definition.

Definition iff_sym_def {A B} (H: A < B) : B < A :=

(Bonus) Do a one line (one period) proof of (b).

Lemma iff_sym_one_line : V AB, A < B - B <« A.
Proof.



2 Question 2 (15 points)

Consider the following two possible definitions of In, the first of which we used in class.

Fixpoint In {A} (a : A) (1 : list A) : Prop :=
match 1 with

I 0 = False
| x ::1' = (a=%x) v Inal'
end.

Inductive In' {A} : A — list A — Prop :=
| Here : V a l, In' a (a :: 1)
| Later : Vax1, In' al - In' a (x :: 1).

Here’s a proof (as a fixpoint) that In' a 1 implies In a 1:

Fixpoint In'_then_In {A} (a : A) (1 : list A) (P : In' al) : Inal :=
match P with

| Here a 1 = or_introl (eq_refl)
| Later a x 1' P' = or_intror (In'_then_In a 1' P')
end.

(a) Based on the proof above, fill in the next line of the equivalent Coq proof.

Lemma In'_then_In_start : V A (a : A) (1 : list A), In' a1l - In a 1.
Proof.
intros A a 1 P.

(b) Sketch the rest of the proof (or, if you prefer, do it in Coq).

() Is the opposite direction ([In a 1] implies [In” a 1]) true? Why or why not?



3 Question 3 (20 points)

Write the type of each of the following Coq expressions (write “ill typed” if an expression does not have a
type).

(a) enil bool

(b) filter (fun x = egb_string x "foo”)

(¢c)2+2=5

(d) if egb 3 4 then false else 0

(e) fun (m:nat) >mum=m

(f) V(@mn:nat),m<nv n<m

(g) or False

(h) ¥ (n:nat),2xn

(i) chss

(J) fun (n : nat) = le_n (Sn)



4 Question 4 (20 points)

For each of the types below, write a Coq expression that has that type or write “empty” if there are no such
expressions.

(a) total_map bool

(b) aexp

(e) Vb, b=true

(f) Prop * Prop

(g) V (A: Type), A - nat
(h) ¥ (A : Type), nat — A
(i) ¥ (A: Type), A —> A

(j) ¥ (A: Type), (bool — A) — list bool — list A



5 Question 5 (10 points)

We often try to prove a lemma by using [destruct] on some hypothesis, only to find ourselves stuck at some
stage of the proof. Give two “failure modes” for destruct, and the tactics that handle that failure mode.

(a) Failure mode and tactic #1:

(b) Failure mode and tactic #2:



6 Question 6 (10 points)

(a) Is the following lemma true? Why or why not?

Lemma if_test : V b b' cl1 c2,
cequiv cl c2 —
cequiv (IFB b THEN cl ELSE c2 FI) (IFB b' THEN cl ELSE c2 FI).

(b) How about this lemma? Again, why or why not?

Lemma while_test : V b b' cl c2,
cequiv cl c2 —
cequiv (WHILE b DO c1 END) (WHILE b' DO c2 END).



Library Reference

A Logic

Inductive and (X Y : Prop) : Prop :=
conj : X > Y —» and X VY.

Inductive or (X Y : Prop) : Prop :=
| or_introl : X - or X Y
| or_intror : Y - or X Y.

Arguments conj {X Y}.
Arguments or_introl {X Y}.
Arguments or_intror {X Y}.

Notation "A A B" := (and A B).

Notation "A v B" := (or A B).

Definition iff (A B : Prop) := (A - B) A (B — A).
Notation "A < B" := (iff A B) (at level 95).

B Booleans

Inductive bool : Type :=
| true
| false.

Definition negb (b:bool) : bool :=
match b with
| true = false
| false = true
end.

Definition andb (bl b2: bool) : bool :=
match bl with
| true = b2
| false = false
end.

Definition orb (bl b2:bool) : bool :=
match bl with
| true = true
| false = b2
end.

C Numbers

Inductive nat : Type :=
| 0
| S (n : nat).

Fixpoint plus (n : nat) (m : nat) : nat :=
match n with
| 0 =>m
| Sn' = S (plus n' m)
end.



Fixpoint minus (n m:nat) : nat :=
match n, m with

| O , =0

| s_,0 = n

| Sn', Sm' = minus n' m'
end.

Fixpoint mult (n m : nat) : nat :=
match n with

| 0=0
| Sn' = plus m (mult n' m)
end.
Notation "x + y" := (plus x y) (at level 50, left associativity).
Notation "x - y" := (minus x y) (at level 50, left associativity).
Notation "x * y" := (mult x y) (at level 40, left associativity).

Fixpoint egqb (n m : nat) : bool :=
match n with
| 0 = match m with
| 0 = true
| Sm' = false
end
| Sn' = match m with
| 0 = false
| Sm' = egb n' m'
end
end.

Fixpoint leb (n m : nat) : bool :=
match n with
| 0 = true
| Sn' =
match m with
| 0 = false
| Sm' = lebn' m'

end
end.
Notation "x =7 y" := (egb x y) (at level 70).
Notation "x <7 y" := (leb x y) (at level 70).

Inductive le : nat — nat — Prop :=
| lenn : lenn
| leSnm:1lenm— len (Sm.

Notation "m < n" (le m n).



D Lists

Inductive list (X:Type) : Type :=
| nil
| cons (x : X) (1 : list X).

Arguments nil {X}.
Arguments cons {X} _ _.

Notation "x :: y" := (cons x y) (at level 60, right associativity).
Notation "[ J" := nil.

Notation "[ x ; .. ; y 1" := (cons x .. (cons y [1) ..).

Notation "x ++ y" := (app x y) (at level 60, right associativity).

Fixpoint map {X Y: Type} (f : X - Y) (1 : list X) : (list Y) :=
match 1 with

I [ = [I
| h :: t = (fh) :: (map £ t)
end.

Fixpoint filter {X : Type} (test : X — bool) (1 : list X)

(list X) :=
match 1 with
I [ = [
| h :: t = if test h then h :: (filter test t)
else filter test t
end.

Fixpoint fold {X Y} (f : X > Y > YY) (2 : list X) (b : Y) : Y :=
match 1 with
| nil = b
| h :: t = fh (fold £ t b)
end.

E Strings

We won’t define strings from scratch here. Assume eqb_string has the type given below, and anything within
quotes is a string.

Parameter egqb_string : string — string — bool.

F Maps

Definition total_map (A:Type) := string — A.

Definition t_empty {A:Type} (v : A) : total_map A :=

(fun _ = v).

Definition t_update {A:Type} (m : total_map A) (x : string) (v : A) :=
fun x' = if egb_string x x' then v else m x'.

Notation "{ -— d }" := (t_empty d) (at level 0).
Notation "m '&' { a -— x }" := (t_update m a x) (at level 20).



G Imp

Inductive aexp : Type :=
| ANum (n : nat)
| AId (x : string)
| APlus (al a2 : aexp)
| AMinus (al a2 : aexp)
| AMult (al a2 : aexp).
Inductive bexp : Type :=
| BTrue
| BFalse
| BEq (al a2 : aexp)
| BLe (al a2 : aexp)
| BNot (b : bexp)
| BAnd (bl b2 : bexp).

Inductive com : Type :=

| CSkip
CAss (x : string) (a : aexp)
CSeq (cl c2 : com)
CIf (b : bexp) (cl c2 : com)
CWhile (b : bexp) (c : com).

Notation "'SKIP'" := CSkip.

Notation "x '::=' a" := (CAss x a) (at level 60).

Notation "cl ;; c2" := (CSeq cl c2) (at level 80, right associativity).

Notation "'WHILE' b 'DO' c 'END'" := (CWhile b c) (at level 80, right associativity).

Notation "'IFB' c1 'THEN' c2 'ELSE' c3 'FI'" := (CIf cl c2 c3) (at level 80, right associativity).
Definition state := total_map nat.

Fixpoint aeval (st : state) (a : aexp) : nat :=
match a with
| ANum n = n
| AId x = st x
| APlus al a2 = (aeval st al) + (aeval st a2)
| AMinus al a2 = minus (aeval st al) (aeval st a2)
| AMult al a2 = (aeval st al) * (aeval st a2)
end.

Fixpoint beval (st : state) (b : bexp) : bool :=
match b with

| BTrue = true

| BFalse = false

| BEq a1l a2 = (aeval st al) =7 (aeval st a2)

| BLe al a2 = (aeval st al) <7 (aeval st a2)

| BNot bl = negb (beval st bl)

| BAnd bl b2 = andb (beval st bl) (beval st b2)
end.
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Reserved Notation "c1 '/' st '\\' st'"
(at level 40, st at level 39).

Inductive ceval : com — state — state — Prop :=

| E_Skip : V st,

SKIP / st \\ st
| E_Ass : V st al n x,

aeval st al = n —

(x ::=al) /st \\'st&{x-->n}
| E.Seq : V c1 c2 st st' st'',

cl /st \\ st' >

c2 [ st' \\ st'"' -

(cl ;5 c2) [/ st \\ st"'
| E_IfTrue : V st st' b cl c2,

beval st b = true —

cl [/ st \\ st' -

(IFB b THEN c1 ELSE c2 FI) / st \\ st'
| E_IfFalse : V st st' b cl c2,

beval st b = false —

c2 / st \\ st' —

(IFB b THEN c1 ELSE c2 FI) / st \\ st'
| E_WhileFalse : V b st c,

beval st b = false —

(WHILE b DO ¢ END) / st \\ st
| E_WhileTrue : V st st' st'' b c,

beval st b = true —

c /st \\ st' —>

(WHILE b DO c END) / st' \\ st'' —

(WHILE b DO ¢ END) / st \\ st''

where "c1 '/' st '\\' st'" := (ceval cl st st').

Definition cequiv (cl c2 : com) : Prop :=
V (st st' : state),
(c1 / st \\ st') « (c2 / st \\ st').
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