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What we have learned so far …

Classification Problem:

Decision 
trees

KNNs Perceptron Empirical Risk 
Minimization

Maximum 
Likelihood

Linear model 
(wt x+b)

0-1 loss à
Hinge loss

Cross-
entropy loss



Why did we restrict our models to 
linear (wt x +b)?

• Optimizations turned out to be convex. 

• Why this is important?

• An efficient method (Stochastic GD) to find 
the global optimizer

• What do we lose by restricting ourselves to 
linear models?



Recall the logistic regression

Pick model parameters using cross-entropy loss optimization

Probability of 
predicting Y(i)=1

max
✓

NX

i=1

Y (i) log g(✓tX(i)) + (1� Y (i)) log(1� g(✓tX(i)))
<latexit sha1_base64="mxpRQaJ6ejWJdPChBPocg6NX3lE="></latexit><latexit sha1_base64="mxpRQaJ6ejWJdPChBPocg6NX3lE="></latexit><latexit sha1_base64="mxpRQaJ6ejWJdPChBPocg6NX3lE="></latexit><latexit sha1_base64="mxpRQaJ6ejWJdPChBPocg6NX3lE="></latexit>

X(i)
<latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit>

g(.)
<latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit><latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit><latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit><latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit>

Sigmoid 
function

✓tX
<latexit sha1_base64="vfzqxATVqdVqpf0+RH+I4wwtfw8=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3AngpYBG+0imA9MYtjbTJIle3vH7pwQQv6FjYUitv4bO/+Nm+QKTXxh4eGdGXbmDRMlLfn+t7eyura+sZnbym/v7O7tFw4OazZOjcCqiFVsGiG3qKTGKklS2EgM8ihUWA+H19N6/QmNlbG+p1GC7Yj3texJwclZDy0aIPFHYo1OoeiX/JnYMgQZFCFTpVP4anVjkUaoSShubTPwE2qPuSEpFE7yrdRiwsWQ97HpUPMIbXs823jCTp3TZb3YuKeJzdzfE2MeWTuKQtcZcRrYxdrU/K/WTKl31R5LnaSEWsw/6qWKUcym57OuNChIjRxwYaTblYkBN1yQCynvQggWT16G2nkpcHx3USzfZnHk4BhO4AwCuIQy3EAFqiBAwzO8wptnvRfv3fuYt6542cwR/JH3+QM6F5Ch</latexit><latexit sha1_base64="vfzqxATVqdVqpf0+RH+I4wwtfw8=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3AngpYBG+0imA9MYtjbTJIle3vH7pwQQv6FjYUitv4bO/+Nm+QKTXxh4eGdGXbmDRMlLfn+t7eyura+sZnbym/v7O7tFw4OazZOjcCqiFVsGiG3qKTGKklS2EgM8ihUWA+H19N6/QmNlbG+p1GC7Yj3texJwclZDy0aIPFHYo1OoeiX/JnYMgQZFCFTpVP4anVjkUaoSShubTPwE2qPuSEpFE7yrdRiwsWQ97HpUPMIbXs823jCTp3TZb3YuKeJzdzfE2MeWTuKQtcZcRrYxdrU/K/WTKl31R5LnaSEWsw/6qWKUcym57OuNChIjRxwYaTblYkBN1yQCynvQggWT16G2nkpcHx3USzfZnHk4BhO4AwCuIQy3EAFqiBAwzO8wptnvRfv3fuYt6542cwR/JH3+QM6F5Ch</latexit><latexit sha1_base64="vfzqxATVqdVqpf0+RH+I4wwtfw8=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3AngpYBG+0imA9MYtjbTJIle3vH7pwQQv6FjYUitv4bO/+Nm+QKTXxh4eGdGXbmDRMlLfn+t7eyura+sZnbym/v7O7tFw4OazZOjcCqiFVsGiG3qKTGKklS2EgM8ihUWA+H19N6/QmNlbG+p1GC7Yj3texJwclZDy0aIPFHYo1OoeiX/JnYMgQZFCFTpVP4anVjkUaoSShubTPwE2qPuSEpFE7yrdRiwsWQ97HpUPMIbXs823jCTp3TZb3YuKeJzdzfE2MeWTuKQtcZcRrYxdrU/K/WTKl31R5LnaSEWsw/6qWKUcym57OuNChIjRxwYaTblYkBN1yQCynvQggWT16G2nkpcHx3USzfZnHk4BhO4AwCuIQy3EAFqiBAwzO8wptnvRfv3fuYt6542cwR/JH3+QM6F5Ch</latexit><latexit sha1_base64="vfzqxATVqdVqpf0+RH+I4wwtfw8=">AAAB8XicbZA9SwNBEIbn/IzxK2ppsxgEq3AngpYBG+0imA9MYtjbTJIle3vH7pwQQv6FjYUitv4bO/+Nm+QKTXxh4eGdGXbmDRMlLfn+t7eyura+sZnbym/v7O7tFw4OazZOjcCqiFVsGiG3qKTGKklS2EgM8ihUWA+H19N6/QmNlbG+p1GC7Yj3texJwclZDy0aIPFHYo1OoeiX/JnYMgQZFCFTpVP4anVjkUaoSShubTPwE2qPuSEpFE7yrdRiwsWQ97HpUPMIbXs823jCTp3TZb3YuKeJzdzfE2MeWTuKQtcZcRrYxdrU/K/WTKl31R5LnaSEWsw/6qWKUcym57OuNChIjRxwYaTblYkBN1yQCynvQggWT16G2nkpcHx3USzfZnHk4BhO4AwCuIQy3EAFqiBAwzO8wptnvRfv3fuYt6542cwR/JH3+QM6F5Ch</latexit>

Linear function
g(✓tX(i))

<latexit sha1_base64="shQljKmssSWHG9viPp92A49FT64=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EitJuSiKDLghvdVbAXaNMymU7aoZNJmDkRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvx+LLgGx/m2ChubW9s7xd3S3v7B4ZF9fNLWUaIoa9FIRKrrE80El6wFHATrxoqR0Bes409v5vXOI1OaR/IB0ph5IRlLHnBKwFhDuzyu9mHCgAwAdwdZlddmtaFdcerOQngd3BwqKFdzaH/1RxFNQiaBCqJ1z3Vi8DKigFPBZqV+ollM6JSMWc+gJCHTXrY4fobPjTPCQaTMk4AX7u+JjIRap6FvOkMCE71am5v/1XoJBNdexmWcAJN0uShIBIYIz5PAI64YBZEaIFRxcyumE6IIBZNXyYTgrn55HdoXddfw/WWlcZfHUUSn6AxVkYuuUAPdoiZqIYpS9Ixe0Zv1ZL1Y79bHsrVg5TNl9EfW5w9h/5P0</latexit><latexit sha1_base64="shQljKmssSWHG9viPp92A49FT64=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EitJuSiKDLghvdVbAXaNMymU7aoZNJmDkRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvx+LLgGx/m2ChubW9s7xd3S3v7B4ZF9fNLWUaIoa9FIRKrrE80El6wFHATrxoqR0Bes409v5vXOI1OaR/IB0ph5IRlLHnBKwFhDuzyu9mHCgAwAdwdZlddmtaFdcerOQngd3BwqKFdzaH/1RxFNQiaBCqJ1z3Vi8DKigFPBZqV+ollM6JSMWc+gJCHTXrY4fobPjTPCQaTMk4AX7u+JjIRap6FvOkMCE71am5v/1XoJBNdexmWcAJN0uShIBIYIz5PAI64YBZEaIFRxcyumE6IIBZNXyYTgrn55HdoXddfw/WWlcZfHUUSn6AxVkYuuUAPdoiZqIYpS9Ixe0Zv1ZL1Y79bHsrVg5TNl9EfW5w9h/5P0</latexit><latexit sha1_base64="shQljKmssSWHG9viPp92A49FT64=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EitJuSiKDLghvdVbAXaNMymU7aoZNJmDkRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvx+LLgGx/m2ChubW9s7xd3S3v7B4ZF9fNLWUaIoa9FIRKrrE80El6wFHATrxoqR0Bes409v5vXOI1OaR/IB0ph5IRlLHnBKwFhDuzyu9mHCgAwAdwdZlddmtaFdcerOQngd3BwqKFdzaH/1RxFNQiaBCqJ1z3Vi8DKigFPBZqV+ollM6JSMWc+gJCHTXrY4fobPjTPCQaTMk4AX7u+JjIRap6FvOkMCE71am5v/1XoJBNdexmWcAJN0uShIBIYIz5PAI64YBZEaIFRxcyumE6IIBZNXyYTgrn55HdoXddfw/WWlcZfHUUSn6AxVkYuuUAPdoiZqIYpS9Ixe0Zv1ZL1Y79bHsrVg5TNl9EfW5w9h/5P0</latexit><latexit sha1_base64="shQljKmssSWHG9viPp92A49FT64=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EitJuSiKDLghvdVbAXaNMymU7aoZNJmDkRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvx+LLgGx/m2ChubW9s7xd3S3v7B4ZF9fNLWUaIoa9FIRKrrE80El6wFHATrxoqR0Bes409v5vXOI1OaR/IB0ph5IRlLHnBKwFhDuzyu9mHCgAwAdwdZlddmtaFdcerOQngd3BwqKFdzaH/1RxFNQiaBCqJ1z3Vi8DKigFPBZqV+ollM6JSMWc+gJCHTXrY4fobPjTPCQaTMk4AX7u+JjIRap6FvOkMCE71am5v/1XoJBNdexmWcAJN0uShIBIYIz5PAI64YBZEaIFRxcyumE6IIBZNXyYTgrn55HdoXddfw/WWlcZfHUUSn6AxVkYuuUAPdoiZqIYpS9Ixe0Zv1ZL1Y79bHsrVg5TNl9EfW5w9h/5P0</latexit>

Is X->Y model linear? No!



Linear à Nonlinear

Pick model parameters using cross-entropy loss optimization

Probability of 
predicting Y(i)=1X(i)

<latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit>

g(.)
<latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit><latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit><latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit><latexit sha1_base64="HjHTkxUILcllgo1fXRRlv1nfJUA=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZEXRZcKO7CvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsLbf0h8PGfc8g5f5gIbqznfaO19Y3Nre3STnl3b//gsHJ03DZxqilr0VjEuhsSwwRXrGW5FaybaEZkKFgnnNzm9c4T04bH6tFOExZIMlI84pTY3BrV6heDStWre3PhVfALqEKh5qDy1R/GNJVMWSqIMT3fS2yQEW05FWxW7qeGJYROyIj1HCoimQmy+a4zfO6cIY5i7Z6yeO7+nsiINGYqQ9cpiR2b5Vpu/lfrpTa6CTKuktQyRRcfRanANsb54XjINaNWTB0QqrnbFdMx0YRaF0/ZheAvn7wK7cu67/jhqtq4L+IowSmcQQ18uIYG3EETWkBhDM/wCm9Iohf0jj4WrWuomDmBP0KfP/+CjY8=</latexit>

Sigmoid 
function

Nonlinear
function

�✓(X)
<latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit>

g(�✓(X))
<latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit>

max
✓

NX

i=1

Y (i) log g(�✓(X
(i))) + (1� Y (i)) log(1� g(�✓(X

(i))))
<latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit>

Is X->Y model linear? No!



Two Questions

• What is a “good” family of nonlinear functions 
to consider? 

• How to solve the resulting optimization? Can 
we still use stochastic GD?

Neural Networks

Yes!



Neural Networks

• What are Neural Networks?

• Why are neural networks powerful? 



Aside: biological inspiration

Analogy: the 
perceptron
as a neuron



History of Neural Networks

• 1943: McCulloch and Pitts proposed a model of a neuron 

• 1960s: Widrow and Hoff explored Perceptron networks 

(which they called “Adelines”) and the delta rule.

• 1957: Frank Rosenblatt invents the Perceptron
1962: Rosenblatt proved convergence of the perceptron training rule.

• 1969: Minsky and Papert showed that the Perceptron cannot deal with 

nonlinearly-separable data sets---even those that represent simple function 

(e.g., X-OR)

• 1970-1985: Very little research on Neural Nets

• 1986: Invention of Back Propagation [Rumelhart & McClelland; Parker; 

Werbos] which can learn nonlinearly-separable data sets. 

• Since 1985: A lot of research in Neural Nets!

• Geoff Hinton



Neural networks

• Neural networks are made up of nodes
or units, connected by links
• Each link has an associated weight and 

activation level
• Each node has an input function

(typically summing over weighted 
inputs), an activation function, and an 
output



Neural Unit

…
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<latexit sha1_base64="KOcYW6H05qxFLbq5u/gAnlj03Ac=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUy7Irgh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZGwTf3tr6xubWdmmnvLu3f3BYOTpumTTThDZJylPdibGhnEnatMxy2lGaYhFz2o7HdzO//US1Yal8tBNFI4GHkiWMYOukdk+NWM2/6FeqgR/MgVZJWJAqFGj0K1+9QUoyQaUlHBvTDQNloxxrywin03IvM1RhMsZD2nVUYkFNlM/PnaJzpwxQkmpX0qK5+nsix8KYiYhdp8B2ZJa9mfif181schPlTKrMUkkWi5KMI5ui2e9owDQllk8cwUQzdysiI6wxsS6hsgshXH55lbQu/TDww4erav22iKMEp3AGNQjhGupwDw1oAoExPMMrvHnKe/HevY9F65pXzJzAH3ifP0gsjtw=</latexit><latexit sha1_base64="KOcYW6H05qxFLbq5u/gAnlj03Ac=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUy7Irgh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZGwTf3tr6xubWdmmnvLu3f3BYOTpumTTThDZJylPdibGhnEnatMxy2lGaYhFz2o7HdzO//US1Yal8tBNFI4GHkiWMYOukdk+NWM2/6FeqgR/MgVZJWJAqFGj0K1+9QUoyQaUlHBvTDQNloxxrywin03IvM1RhMsZD2nVUYkFNlM/PnaJzpwxQkmpX0qK5+nsix8KYiYhdp8B2ZJa9mfif181schPlTKrMUkkWi5KMI5ui2e9owDQllk8cwUQzdysiI6wxsS6hsgshXH55lbQu/TDww4erav22iKMEp3AGNQjhGupwDw1oAoExPMMrvHnKe/HevY9F65pXzJzAH3ifP0gsjtw=</latexit><latexit sha1_base64="KOcYW6H05qxFLbq5u/gAnlj03Ac=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUy7Irgh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZGwTf3tr6xubWdmmnvLu3f3BYOTpumTTThDZJylPdibGhnEnatMxy2lGaYhFz2o7HdzO//US1Yal8tBNFI4GHkiWMYOukdk+NWM2/6FeqgR/MgVZJWJAqFGj0K1+9QUoyQaUlHBvTDQNloxxrywin03IvM1RhMsZD2nVUYkFNlM/PnaJzpwxQkmpX0qK5+nsix8KYiYhdp8B2ZJa9mfif181schPlTKrMUkkWi5KMI5ui2e9owDQllk8cwUQzdysiI6wxsS6hsgshXH55lbQu/TDww4erav22iKMEp3AGNQjhGupwDw1oAoExPMMrvHnKe/HevY9F65pXzJzAH3ifP0gsjtw=</latexit><latexit sha1_base64="KOcYW6H05qxFLbq5u/gAnlj03Ac=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUy7Irgh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvVpwZGwTf3tr6xubWdmmnvLu3f3BYOTpumTTThDZJylPdibGhnEnatMxy2lGaYhFz2o7HdzO//US1Yal8tBNFI4GHkiWMYOukdk+NWM2/6FeqgR/MgVZJWJAqFGj0K1+9QUoyQaUlHBvTDQNloxxrywin03IvM1RhMsZD2nVUYkFNlM/PnaJzpwxQkmpX0qK5+nsix8KYiYhdp8B2ZJa9mfif181schPlTKrMUkkWi5KMI5ui2e9owDQllk8cwUQzdysiI6wxsS6hsgshXH55lbQu/TDww4erav22iKMEp3AGNQjhGupwDw1oAoExPMMrvHnKe/HevY9F65pXzJzAH3ifP0gsjtw=</latexit>
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Xiwi)
<latexit sha1_base64="RsZVzNVWJtJZ4nJfklgIvm1eFdI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFNy4r2Ac0IUymk3boZBJmJkoNxV9x40IRt/6HO//GaZuFth64cDjnXu69J0w5U9pxvq2l5ZXVtfXSRnlza3tn197bb6kkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF5P/PY9lYol4k6PUurHuC9YxAjWRgrsQy8dsKqnsjhgqGPqIWCngV1xas4UaJG4BalAgUZgf3m9hGQxFZpwrFTXdVLt51hqRjgdl71M0RSTIe7TrqECx1T5+fT6MToxSg9FiTQlNJqqvydyHCs1ikPTGWM9UPPeRPzP62Y6uvRzJtJMU0Fmi6KMI52gSRSoxyQlmo8MwUQycysiAywx0SawsgnBnX95kbTOaq5Tc2/PK/WrIo4SHMExVMGFC6jDDTSgCQQe4Rle4c16sl6sd+tj1rpkFTMH8AfW5w9ShZR5</latexit><latexit sha1_base64="RsZVzNVWJtJZ4nJfklgIvm1eFdI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFNy4r2Ac0IUymk3boZBJmJkoNxV9x40IRt/6HO//GaZuFth64cDjnXu69J0w5U9pxvq2l5ZXVtfXSRnlza3tn197bb6kkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF5P/PY9lYol4k6PUurHuC9YxAjWRgrsQy8dsKqnsjhgqGPqIWCngV1xas4UaJG4BalAgUZgf3m9hGQxFZpwrFTXdVLt51hqRjgdl71M0RSTIe7TrqECx1T5+fT6MToxSg9FiTQlNJqqvydyHCs1ikPTGWM9UPPeRPzP62Y6uvRzJtJMU0Fmi6KMI52gSRSoxyQlmo8MwUQycysiAywx0SawsgnBnX95kbTOaq5Tc2/PK/WrIo4SHMExVMGFC6jDDTSgCQQe4Rle4c16sl6sd+tj1rpkFTMH8AfW5w9ShZR5</latexit><latexit sha1_base64="RsZVzNVWJtJZ4nJfklgIvm1eFdI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFNy4r2Ac0IUymk3boZBJmJkoNxV9x40IRt/6HO//GaZuFth64cDjnXu69J0w5U9pxvq2l5ZXVtfXSRnlza3tn197bb6kkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF5P/PY9lYol4k6PUurHuC9YxAjWRgrsQy8dsKqnsjhgqGPqIWCngV1xas4UaJG4BalAgUZgf3m9hGQxFZpwrFTXdVLt51hqRjgdl71M0RSTIe7TrqECx1T5+fT6MToxSg9FiTQlNJqqvydyHCs1ikPTGWM9UPPeRPzP62Y6uvRzJtJMU0Fmi6KMI52gSRSoxyQlmo8MwUQycysiAywx0SawsgnBnX95kbTOaq5Tc2/PK/WrIo4SHMExVMGFC6jDDTSgCQQe4Rle4c16sl6sd+tj1rpkFTMH8AfW5w9ShZR5</latexit><latexit sha1_base64="RsZVzNVWJtJZ4nJfklgIvm1eFdI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFNy4r2Ac0IUymk3boZBJmJkoNxV9x40IRt/6HO//GaZuFth64cDjnXu69J0w5U9pxvq2l5ZXVtfXSRnlza3tn197bb6kkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF5P/PY9lYol4k6PUurHuC9YxAjWRgrsQy8dsKqnsjhgqGPqIWCngV1xas4UaJG4BalAgUZgf3m9hGQxFZpwrFTXdVLt51hqRjgdl71M0RSTIe7TrqECx1T5+fT6MToxSg9FiTQlNJqqvydyHCs1ikPTGWM9UPPeRPzP62Y6uvRzJtJMU0Fmi6KMI52gSRSoxyQlmo8MwUQycysiAywx0SawsgnBnX95kbTOaq5Tc2/PK/WrIo4SHMExVMGFC6jDDTSgCQQe4Rle4c16sl6sd+tj1rpkFTMH8AfW5w9ShZR5</latexit>

Activation
function



Popular Activation Functions

Q: how to choose a proper 
activation function?



So many more activation functions



Lets make the picture more concise
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Activation
function



Lets make the picture more concise
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neuron

Implicitly we always 
assume
• Edges have weights
• Neurons have activations

Q: can we make the 
function more complex (i.e. 
higher representation 
power)?



Lets add one more neuron
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But my desired function is 
from d-dimension to one
dimension.

How can I resolve this? 



Lets add one more neuron
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Can we add more 
neurons?



Multi-Layer Neural Network
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…

1st hidden 
layer

2nd hidden 
layer

Output neuron 
(often with no 
activation)

Multi-layer
perceptron (MLP)



Two-Layer Networks are 

Universal Function Approximators

• Theorem (Th 9 in CIML):

Let F be a continuous function on a bounded subset of D-

dimensional space. Then there exists a two-layer neural network 

!" with a finite number of hidden units that approximates F 

arbitrarily well. Namely, for all x in the domain of F, 



Classification using Neural Network

Pick model parameters using cross-entropy loss optimization

Probability of 
predicting Y(i)=1X(i)
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<latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit>

max
✓

NX

i=1

Y (i) log g(�✓(X
(i))) + (1� Y (i)) log(1� g(�✓(X

(i))))
<latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit>

What is    ?   ✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ZirP9XIm30DaASLGjnTlJC257pc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHUomvdPGZiZDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbatzo3AltBKm27ELSqZYoskKexmBnkSKexEk7t53nlGY6VOH2maYZjwUSpjKTg5q92nMRIf1Op+w1+IbUKwgjqs1BzUvvpDLfIEUxKKW9sL/IzCghuSQuGs0s8tZlxM+Ah7DlOeoA2LxbQzduGcIYu1cScltnB/vyh4Yu00idzNhNPYrmdz87+sl1N8ExYyzXLCVCw/inPFSLP56mwoDQpSUwdcGOlmZWLMDRfkCqq4EoL1lTehfdUI/Ebw4EMZzuAcLiGAa7iFe2hCCwQ8wQu8wbunvVfvY1lXyVv1dgp/5H3+AHhTjdA=</latexit><latexit sha1_base64="ZirP9XIm30DaASLGjnTlJC257pc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHUomvdPGZiZDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbatzo3AltBKm27ELSqZYoskKexmBnkSKexEk7t53nlGY6VOH2maYZjwUSpjKTg5q92nMRIf1Op+w1+IbUKwgjqs1BzUvvpDLfIEUxKKW9sL/IzCghuSQuGs0s8tZlxM+Ah7DlOeoA2LxbQzduGcIYu1cScltnB/vyh4Yu00idzNhNPYrmdz87+sl1N8ExYyzXLCVCw/inPFSLP56mwoDQpSUwdcGOlmZWLMDRfkCqq4EoL1lTehfdUI/Ebw4EMZzuAcLiGAa7iFe2hCCwQ8wQu8wbunvVfvY1lXyVv1dgp/5H3+AHhTjdA=</latexit><latexit sha1_base64="ptSxC01YoWBHP9d2Vn0ZWrrMbV4=">AAAB7XicbVA9SwNBEN3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funBCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tl3bKu3v7B4eVo+OW1Znh0ORaatOJmAUpFDRRoIROaoAlkYR2NL6d+e0nMFZo9YCTFMKEDZWIBWfopFYPR4CsX6n6NX8OukqCglRJgUa/8tUbaJ4loJBLZm038FMMc2ZQcAnTci+zkDI+ZkPoOqpYAjbM59dO6blTBjTWxpVCOld/T+QssXaSRK4zYTiyy95M/M/rZhhfh7lQaYag+GJRnEmKms5epwNhgKOcOMK4Ee5WykfMMI4uoLILIVh+eZW0LmuBXwvu/Wr9poijRE7JGbkgAbkidXJHGqRJOHkkz+SVvHnae/HevY9F65pXzJyQP/A+fwCit48k</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>



Two Questions

• What is a “good” family of nonlinear functions 
to consider? 

• How to solve the resulting optimization? Can 
we still use stochastic GD?

Neural Networks

Yes!



Stochastic Gradient Descent

If the objective of optimization is convex



Stochastic Gradient Descent

If the objective of optimization is non-convex

In practice, SGD even in a non-convex deep learning 
optimization performs well. Why?



Stochastic Gradient Descent

What do we need to be able to use SGD in deep 
learning?

Computation of the gradient of the loss function with 
respect to model parameters 

Next lecture, an efficient algorithm for this task!


