Least Squares Optimization and
Gradient Descent Algorithm



Example

Single Variable Linear Regression

estimate 35 =6,+6,x

X y
12 20
20 40
25 10
35 20
40 60

50 65



ESTIMATING PARAMETERS:
LEAST SQUARES METHOD




SCATTER PLOT

Plot all (X,, Y;) pairs, and plot your learned model

[WF]



QUESTION

How would you draw a line through the points?

How do you determine which line “fits the best” ...?
2?227?2???7?7?

[WF]



QUESTION

How would you draw a line through the points?

Intercept unchanged

[WF]



QUESTION

How would you draw a line through the points?

Slope unchanged

Intercept changed

[WF]



QUESTION

How would you draw a line through the points?

Intercept changed

[WF]



LEAST SQUARES

Best fit: difference between the true (observed) Y-values and the
estimated Y-values is minimized:

» Positive errors offset negative errors ...

e ... square the error!
n n
SN2 2
PICESIEDIT

Least squares minimizes the sum of the squared errors

[WF]



LEAST SQUARES, GRAPHICALLY

LS Minimizes ) e? = e+ €7 + ... +¢;
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Example

Single Variable Linear Regression

estimate 35 =6,+6,x

X y
Area(sq. ft.) | Price (in 1000%)

1600 220
1400 180
2100 350

2400 500



‘ Multivariate Regression

= Multi Linear Regression

P.=0y+0,x;; + Orxpp+ ... + 6, x,

m--im

Y X1 X2 X3
Price (in 1000$) | Area(sq. ft.) # Bathrooms |# Bedrooms

220 1600 2.5 3

180 1400 1.5 3

350 2100 3.5 4

500 2400 4 5




‘ Multivariate Regression

= Multi Linear Regression

1(6,61) o

571- = 00+01xi1 +92xl-2+ +0 X

mvim

Price (in 1000$) | Area(sq. ft.) # Bathrooms |# Bedrooms
220 1600 2.5 3
Yi 180 1400 1.5 3
350 2100 3.5 4
Xi
500 2400 4 5 1400
1.5

Xi1
Xi2

X3




‘ Multivariate Regression

- Multi Linear Regression

yi = Hoxio + lel-l + 92xi2 + ... 4+ mel-m

y XO xl Xz x3
Price (in 10009) Area(sq. ft.) # Bathrooms |# Bedrooms
1 1600 2.5 3
Yi | 180 1 1400 1.5 3
350 1 2100 3.5 4 X

R " nm " an 1 XZO
500 1 2400 4 5 1400 | Xi
1.5 | 2
3 | X3




Multivariate Regression Model

Model:

yi = Oyxjg + 01x;; + Ooxp + ... + 0, x

mtim

constant, 1)
area, sq. ft.)
# of bedrooms)
# of bathrooms)

feature 1 =xo ....
feature 2 = xy ....
feature 3 =xz ....
feature 4 = xs ....

(
(
(
(

feature m = xm



‘ One Observation Model

= Matrix Notation
For observation i

Yi= Z Hijxij
j=0
Yi = P
Xio X1 X2 Xim D

..ZH




‘AH Observation Model

= Matrix Notation
For all observations

X0 | X11 | A2 X;,
Xoo | Xo1 | X2 Xom
30 [ X371 | X35 X3

nm




LEAST SQUARES OPTIMIZATION

Each row is a feature vector paired
with a label for a single input

Rewrite inputs:
A/ \‘__ n labeled inputs

(xM)T y( /
x= |6 ¢ R"X"j,\y - PP emrn
_(X (n)) T_ m features _y (n)_

Rewrite optimization problem:

1
minimize, 5 | X6 — |3

*Recall ||z]];=2"z=) 2



LEAST SQUARES OPTIMIZATION

Each row is a feature vector paired
with a label for a single input

Rewrite inputs: / \
“ N n labeled inputs

(D)7 y( /
Y — (x(Z))T o [Rnxm,y _ y(2) c R"
_(X(n))T_ _y(n)_
Rewrite optimization problem m1n1m1Z69 lH.Xt9 ng

—> minimize Z(yl ) = Z 2

*Recall ||z]|; =27z = Zziz




ERROR FUNCTION

1
minimize, 5 | X0 — y||3

0

i (i = 9)° = i €}
=1 i=1




GRADIENTS

Minimizing a multivariate function involves finding a point

where the gradient is zero:

Vo f(8) =0 (the vector of zeros)

Points where the gradient is zero are local minima
» |f the function is convex, also a global minimum
Let’s solve the least squares problem!

We'll use the multivariate generalizations of
some concepts from MATH141/142 ...

« Chain rule: vgf(X@) — XTVXQf(XH)
- Gradient of squared {2 norm: V|6 — Z”% = 2(0

— 2)




LEAST SQUARES

Recall the least sauares optimization problem:

1
minimize, 5 | X0 — y||3

1 Chain rule:
2
VH§HX0_ yHQ — Vof(X0) = XTIV, f(X0)
1 Gradient of norm:
T 2
X" Vxo5 | X0 —yl3 = Vol0— 2|3 = 2(0 — )

1
Vo5 | X0—yl3 = X"(X0—y)




LEAST SQUARES

Recall: points where the gradient equals zero are minima.

1
Vo 1X0 -yl = XT(x8 - y)

X' (X0 —-y)=0 paramelers 6
X'X0-X'y=0=» X' X0=X"y
(X' X)) X' X0=(XTX)"' X1y

[9 = (XTX)—ley]




LINEAR REGRESSION AS
OPTIMIZATION PROBLEM

Let’s consider linear regression that minimizes the sum of
squared error, i.e., least squares ...

1. Hypothesis function: ????7?7?7??
Linear hypothesis function he (:E) _ HTJZ

2. Loss function: ?7?7?7?7??7??
Squared error loss

~

0y, y) =50—y)

4. Optimization problem: ????7?7?7??
n

min )" (07x® — y®y?
0 i=1




GRADIENT DESCENT

We used the gradient as a condition for optimality

It also gives the local direction of steepest increase for a
function:

f Vof(0)
01 If there is no increase,
< gradient is zero = local
minimum!
>

05

Intuitive idea: take small steps against the gradient.

D
Image from Zico Kolter N



GRADIENT DESCENT

Algorithm for any* hypothesis function he R™ — y loss

function p. yxy N R , step size (v:
Initialize the parameter vector

6+ 0

Repeat until satisfied (e.g., exact or approximate
convergence):

. Compute gradient: & < D VoZUiy(x™),y?)
* Update parameters: g , =

—0—a-g

[{e
*must be reasonably well behaved N



GRADIENT DESCENT




EXAMPLE

Function: f(x,y) = x2 + 2y2

21
Let’s take a gradient step

from (-2, +1):

v f(=2.1) = [‘14]

Step in the direction (0.04,
-0.01), scaled by step size

Repeat until no movement




GRADIENT DESCENT

j\)=60+91x




GRADIENT DESCENT

j\)=60+91x

0,=0.1 6,=0.1




GRADIENT DESCENT

j\)=60+91x

0,=0.1 6,=0.1

X y
0.2 0.44
0.31 0.123
0.45 0.75
0.26 0.39




GRADIENT DESCENT

j\)=60+91x

0,=0.1 6,=0.1

X y y=0y+0,x
0.2 0.44 0.12
0.31 0.123 0.131
0.45 0.75 0.145
0.26 0.39 0.175




GRADIENT DESCENT

y=6,+0x
6,=0.1 6,=0.1
SSE
. 2
X y y=0y+0x E(y—y)

0.2 0.44 0.12 0.0512
0.31 0.123 0.131 0.000032
0.45 0.75 0.145 0.183
0.26 0.39 0.175 0.0231




GRADIENT DESCENT

§ =0+ 0,x
9,=0.1 6,=0.1
SSE O(SSE)
L. o a0
X y y=0y+0x 2(y 2 y=y
0.2 0.44 0.12 0.0512 -0.32
0.31 0.123 0.131 0.000032 0.008
0.45 0.75 0.145 0.183 -0.605
0.26 0.39 0.175 0.0231 -0.215




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE O(SSE) d(SSE)
1 A 2 600 891
X y y=0y+0x 2(y 2 y—y (y—y)x
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE O(SSE) d(SSE)
1 A 2 600 891
X y y=0y+0x 2(y 2 y—y (y—y)x
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE O(SSE) d(SSE)
1 A 2 600 891
X y y=0y+0x 2(y 2 y—y (y—y)x
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495

— O0(SSE)
90 = 90 —Qa

— O(SSE

i=1 90,




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE O(SSE) O(SSE)
1 A 2 600 891
X y o =6+ ox 20T Y (9 -y
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495
— O0(SSE S O(SSE
O =0 —a) \S3E) 0 :=0—a) (05F) a =0.01

o 9%

_—r 00,




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE Jd(SSE) d(SSE)
1 A 2 600 891
X y o 9=6tox . 20T 5T (9 -y
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495
Ly O(SSE) O O(SSE)
6, := 6, — =0, — = 0.01
b h az | | az 30, a=0.0

P 06,
0, =0.1 -—0.01 x(=1.132)

i=1




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE Jd(SSE) d(SSE)
1 A 2 600 891
X y o 9=6tox . 20T 5T (9 -y
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495
Ly O(SSE) O O(SSE)
6, := 6, — =0, — = 0.01
b h az | | az 30, a=0.0

P 06,
0, =0.1 -—0.01 x(=1.132)
0, =0.11132

i=1




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE O(SSE) O(SSE)
(S 2 600 891
X y o =6+ ox 20T Y (9 -y
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495
. — O(SSE) J(SSE)
O =0 —a) " 0, : _el—aZ " a =0.01

i=1
6,=0.1-0.01x(-1.132) 6, =0.1 —001 X (—0.495)

0, =0.11132 0, = 0.10495




GRADIENT DESCENT

Algorithm for any* hypothesis function he R™ — y loss

function p. yxy N R , step size (v:
Initialize the parameter vector

00
Repeat until satisfied (e.g., exact or approximate
convergence): m ; ;
. Compute gradient: 9 < Zz‘—l Vef(he (37( ))a y< ))
 Update parameters: 0 — 60— - g

7\

" A(SSE) O(SSE)
; 0, =0, — az "

N
*must be reasonably well behaved <



GRADIENT DESCENT -
MULTIVARIATE

0+—0—a-g

|

= O(SSE
i=1

= 06
= O0(SSE)
0, =0 —«a
1 1 ; 091
— O0(SSE)
2

i=1

’ " A(SSE)
0, :=6,—a)
i=1 90,




GRADIENT DESCENT -
MULTIVARIATE

Repeat{
obtain all partlal derivatives w.r.t 9's first

6, —e—a—Z(hw(x) Y%

(update 9 fora||]—1 .m simultaneously

}

1 n
;E(h(@(xi) V)X, =£f(9)

0y = 6 — a—Zm(e(x) Yo,
= 1

0,:=0,—a— Z (n(O(x;) — ypxy

0, := 0, - a—Z(h(é'(x) Yy,
° i=1

1 n
0, = 0,,— a— Y (h(O(x) = y)x,,
n i=1



PLOTTING LOSS OVER TIME

0.4

0.3 A

0.2 A

0.1

0.0 A




STOCHASTIC GRADIENT DESCENT
- MULTIVARIATE

Repeat{
obtain all partlal derivatives w.r.t 9's first

0, —H—a—Z(h(Q(x) VX

(update 9 fora||]—l .m simultaneously

}

1 & 0
~ 2} (h(O(x;) = y)x; = a—ejﬂe)

STOCHASTIC GRADIENT DESCENT

0=0
Repeat{

I = random index between 1 and m

(update 6, forall j=1...n
}




GRADIENT DESCENT

j\) = HO + (91)6
6,=0.1 6,=0.1
SSE O(SSE) d(SSE)
1 A 2 600 891
X y y=0y+0x 2(y 2 y—y (y—y)x
0.2 0.44 0.12 0.0512 -0.32 -0.064
0.31 0.123 0.131 0.000032 0.008 0.00248
0.45 0.75 0.145 0.183
-0.605 -0.27225
0.26 0.39 0.175 0.0231 -0.215 -0.16125
-1.132 -0.495




GRADIENT DESCENT

j\)=490+t91x

0,=0.1 6,=0.1

SSE O(SSE) 0(SSE)
1. a0, 00
— (3 — v)2 0 1
X y y=0y+0x Z(y ) y—y (y—y)x

0.31 0.123 0.131 0.000032 0.008 0.00248




STOCHASTIC
GRADIENT DESCENT

1.0

0.8 -

0.4

0.2 -

0.0 A

0.6 A




STOCHASTIC GRADIENT DESCENT
- MINI BATCH

0=0
Repeat {

Iy, ..., I; = random index between 1 and m
1 [
0,:=0, — a7 Z (h(0(x;) — ypx;;
i=1

(update 6; forall j=1...n
}




Gradient Descent

Too low Just right Too high
1@ | [ 1) | [ 1) \ ;
| | | j,‘ |“ ,‘“
\ / \ / .\ /
\ \ \
6 6
A small learning rate The optimal learning Too lafge of a learning rate
requires many updates rate swiftly reaches the causes drastic updates
before reaching the minimum point which lead to divergent
minimum point

behaviors



GRADIENT DESCENT IN PURE(-
ISH) PYTHON

def grad descent(X, y, T, alpha):
m, n = X.shape
theta = np.zeros(n)
f = np.zeros(T)
for i in range(T):
f[i] = 0.5*np.linalg.norm(X.dot(theta) — y)**2

g = np.transpose(X).dot(X.dot(theta) — y)

theta = theta — alpha*g
return theta, £

Implicitly using squared loss and linear hypothesis function
above; drop in your favorite gradient for kicks!




