CMSC 754: Spring 2020 Dave Mount

Sample Problems for the Midterm Exam

The midterm exam will be this Thursday, March 12 in class. It will be closed-book and
closed-notes, but you may use one sheet of notes (front and back).

Unless otherwise stated, you may assume general position. If you are asked to present an
O(f(n)) time algorithm, you may present a randomized algorithm whose expected running time is
O(f(n)). For each algorithm you give, derive its running time and justify its correctness.

Disclaimer: The following sample problems have been collected from old homeworks and
exams. Because the material and order of coverage varies each semester, these problems do not
necessarily reflect the actual length, coverage, or difficulty of the midterm exam.

Problem 1. Give a short answer to each question (a few sentences suffice).

(a) Explain how to use at most three orientation tests to determine whether a point d lies
within the interior of a triangle Aabc in the plane. You do not know whether Aabc is
oriented clockwise or counterclockwise (but you may assume that the three points are
not collinear).

(b) In the algorithm presented in class for decomposing a simple polygon into monotone
pieces, what was the definition of helper(e) and (in a few words) what role did it play
in the algorithm?

(¢) Recall that in a simple polygon, a scan-reflex vertex is a vertex having both incident edges
on the same side of a vertical line passing through the vertex. Given a simple polygon P
with n vertices and r scan-reflex vertices, what is the maximum and minimum number of
diagonals that might be needed to decompose it into monotone pieces? Explain briefly.

(d) A convex polygon P; is enclosed within another convex polygon P» (see Fig. 1(a)).
Suppose you dualize the vertices of each of these polygons (using the dual transform
given in class, where the point (a,b) is mapped to the dual line y = ax — b). What can
be said (if anything) about the relationships between the resulting two sets of dual lines.
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Figure 1: Problems 1(d) and 1(e).

(e) Any triangulation of any n-sided simple polygon has exactly n — 2 triangles. Suppose
that the polygon has h polygonal holes each having k sides. (In Fig. 1(b), n =10, h = 2,
and k = 4). As a function of n, h and k, how many triangles will such a triangulation
have? Explain briefly.



(f) A trapezoidal map of n segments has roughly 6n vertices and roughly 3n trapezoids.
Explain (e.g., via a charging argument) where the numbers 6 and 3 come from.

Problem 2. For this problem give an exact bound for full credit and an asymptotic (big-Oh)
bound for partial credit. Assume general position.

(a) You are given a convex polygon P in the plane having np sides and an z-monotone
polygonal chain @ having ng sides (see Fig. 2(a)). What is the maximum number of
intersections that might occur between the edges of these two polygons?

(b) Same as (a), but P and @ are both polygonal chains that are monotone with respect to
the z-axis (see Fig. 2(b)).

Figure 2: Maximum number of intersections.

(c) Same as (b), but P and @ are both monotone polygonal chains, but they may be
monotone with respect to two different directions.

Problem 3. Consider the following randomized incremental algorithm, which computes the small-
est rectangle (with sides parallel to the axes) bounding a set of points in the plane. This
rectangle is represented by its lower-left point, low, and the upper-right point, high.

(1) Let P ={p1,p2,...,pn} be a random permutation of the points.
(2) Let low[x] = high[z] = p1[z]. Let low[y] = high[y] = p1]y].
(3) For i = 2 through n do:
(a) if p;i[z] < low[z| then (%) low[x] = p;[x].
(b) if pi[y] < lowl[y] then (x) low[y] = pi[y
(c) if p;[x] > high[z] then (x) high[z] = p;[x].
(d) if pily] > high[y] then (x) high[y] = pi[y].

—

Clearly this algorithm runs in O(n) time. Prove that the total number of times that the
“then” clauses of statements 3(a)—(d) (each indicated with a (x)) are executed is O(logn) on
average. (We are averaging over all possible random permutations of the points.) To simplify
your analysis you may assume that no two points have the same x- or y-coordinates.

Problem 4. You are given a set of n vertical line segments in the plane S = {s1,...,s,}, where
each segment s; is described by three values, its x-coordinate z;, its upper y-coordinate yf
and its lower y-coordinate y, . Present an efficient an algorithm to determine whether there
exists a line £ : y = ax + b that intersects all of these segments (see Fig. 3). Such a line is

called a transversal. (Hint: O(n) time is possible.) Justify your algorithm’s correctness and
derive its running time.



Figure 3: Existence of a transversal.

Problem 5. A slab is the region lying between two parallel lines. You are given a set of n slabs,
where each is of vertical width 1 (see Fig. 4). Define the depth of a point to be the number
of slabs that contain it. The objective is to determine the maximum depth of the slabs using
plane sweep. (For example, in Fig. 4 the maximum depth is 3, as realized by the small
triangular face in the middle.)
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Figure 4: Maximum depth in a set of slabs.

We assume that the slabs lie between two parallel lines at © = xg and x = x1. The ¢th slab is
identified by the segment p;g; that forms its upper side (and the lower side is one unit below
this). Let I denote the number of intersections between the line segments (both upper and
lower) that bound the slabs. Present an O((n 4+ m)logn)-time algorithm to determine the
maximum depth. (Hint: Use plane-sweep.)

Problem 6. A simple polygon P is star-shaped if there is a point ¢ in the interior of P such
that for each point p on the boundary of P, the open line segment gp lies entirely within
the interior of P (see Fig. 5). Suppose that P is given as a counterclockwise sequence of its
vertices (vi,vg,...,v,). Show that it is possible to determine whether P is star-shaped in
O(n) time. (Note: You are not given the point ¢.) Prove the correctness of your algorithm.

Problem 7. You are given two sets of points in the plane, the red set R containing n, points and
the blue set B containing np points. The total number of points in both sets is n = n, + ny.
Give an O(n) time algorithm to determine whether the convex hull of the red set intersects
the convex hull of the blue set. If one hull is nested within the other, then we consider them
to intersect. (Hint: It may be easier to consider the question in its inverse form, do the convex
hulls not intersect.)



Figure 5: Determining whether a polygon is star-shaped.

Problem 8. Given a set of n points P in the plane, we define a subdivision of the plane into
rectangular regions by the following rule. We assume that all the points are contained within
a bounding rectangle. Imagine that the points are sorted in increasing order of y-coordinate.
For each point in this order, shoot a bullet to the left, to the right and up until it hits
an existing segment, and then add these three bullet-path segments to the subdivision (see

Fig. 6(a)).
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Figure 6: Building a subdivision.

(a) Show that the resulting subdivision has size O(n) (including vertices, edges, and faces).

(b) Describe an algorithm to add a new point to the subdivision and restore the proper
subdivision structure. Note that the new point may have an arbitrary y-coordinate, but
the subdivision must be updated as if the points had been inserted in increasing order
of y-coordinate (see Fig. 6(b)).

(c¢) Prove that if the points are added in random order, then the expected number of struc-
tural changes to the subdivision with each insertion is O(1).

Problem 9. Given two points p; = (21,¥1) and pa = (x2,y2) in the plane, we say that ps dominates
p1 if x1 < x9 and y; < yo. Given a set of points P = {p1,p2,...,pn}, a point p; is said to
be Pareto mazimal if it is not dominated by any other point of P (shown as black points in
Fig. 7(b)).

Suppose further that the points of P have been generated by a random process, where the z-
coordinate and y-coordinate of each point are independently generated random real numbers
in the interval [0, 1].

(a) Assume that the points of P are sorted in increasing order of their z-coordinates. As
a function of n and i, what is the probability that p; is maximal? (Hint: Consider the
points p;, where j > i.)
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Figure 7: Pareto maxima.

(b) Prove that the expected number of maximal points in P is O(logn).

Problem 10. Consider an n-sided simple polygon P in the plane. Let us suppose that the leftmost
edge of P is vertical (see Fig. 8(a)). Let e denote this edge. Explain how to construct a data
structure to answer the following queries in O(logn) time with O(n) space. Given a ray r
whose origin lies on e and which is directed into the interior of P, find the first edge of P
that this ray hits. For example, in the figure below the query for ray r should report edge f.
(Hint: Reduce this to a point location query in an appropriate planar subdivision.)
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Figure 8: Ray-shooting queries.



