
Neural Networks II

CMSC 422
SOHEIL FEIZI
sfeizi@cs.umd.edu

mailto:marine@cs.umd.edu


Today’s topics

• Neural Networks for the regression 
problem

• Back Propagation: SGD+ Chain rule 
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Popular Activation Functions
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Types of decision regions 
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Discussion
• 2-layer perceptron lets us

– Discover more complex decision boundaries than 
perceptron

– Learn combinations of features that are useful for 
classification

• Key design question: How many hidden units?
– More hidden units yield more complex functions
– Fewer hidden units requires fewer examples to train



Classification using Neural Network

Compute model parameters using cross-entropy loss opt:

Probability of 
predicting Y(i)=1X(i)
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<latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit><latexit sha1_base64="CJDXjOA2gxfWY1mtMHLzIUEhFcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQbkoigi6LblxWsA9oQphMJ83QyYOZGyGE+ituXCji1g9x5984bbPQ1gMXDufcy733+KngCizr26hsbG5t71R3a3v7B4dH5vFJXyWZpKxHE5HIoU8UEzxmPeAg2DCVjES+YAN/ejv3B49MKp7ED5CnzI3IJOYBpwS05Jn1SdNJQ+4VDoQMyKw5bLU8s2G1rQXwOrFL0kAlup755YwTmkUsBiqIUiPbSsEtiAROBZvVnEyxlNApmbCRpjGJmHKLxfEzfK6VMQ4SqSsGvFB/TxQkUiqPfN0ZEQjVqjcX//NGGQTXbsHjNAMW0+WiIBMYEjxPAo+5ZBRErgmhkutbMQ2JJBR0XjUdgr368jrpX7Rtq23fXzY6N2UcVXSKzlAT2egKddAd6qIeoihHz+gVvRlPxovxbnwsWytGOVNHf2B8/gDIrJQw</latexit>

max
✓

NX

i=1

Y (i) log g(�✓(X
(i))) + (1� Y (i)) log(1� g(�✓(X

(i))))
<latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit><latexit sha1_base64="UCtUu1uafW/woZrcr2QGkybB20A="></latexit>

What is    ?   ✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ZirP9XIm30DaASLGjnTlJC257pc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHUomvdPGZiZDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbatzo3AltBKm27ELSqZYoskKexmBnkSKexEk7t53nlGY6VOH2maYZjwUSpjKTg5q92nMRIf1Op+w1+IbUKwgjqs1BzUvvpDLfIEUxKKW9sL/IzCghuSQuGs0s8tZlxM+Ah7DlOeoA2LxbQzduGcIYu1cScltnB/vyh4Yu00idzNhNPYrmdz87+sl1N8ExYyzXLCVCw/inPFSLP56mwoDQpSUwdcGOlmZWLMDRfkCqq4EoL1lTehfdUI/Ebw4EMZzuAcLiGAa7iFe2hCCwQ8wQu8wbunvVfvY1lXyVv1dgp/5H3+AHhTjdA=</latexit><latexit sha1_base64="ZirP9XIm30DaASLGjnTlJC257pc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHUomvdPGZiZDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbatzo3AltBKm27ELSqZYoskKexmBnkSKexEk7t53nlGY6VOH2maYZjwUSpjKTg5q92nMRIf1Op+w1+IbUKwgjqs1BzUvvpDLfIEUxKKW9sL/IzCghuSQuGs0s8tZlxM+Ah7DlOeoA2LxbQzduGcIYu1cScltnB/vyh4Yu00idzNhNPYrmdz87+sl1N8ExYyzXLCVCw/inPFSLP56mwoDQpSUwdcGOlmZWLMDRfkCqq4EoL1lTehfdUI/Ebw4EMZzuAcLiGAa7iFe2hCCwQ8wQu8wbunvVfvY1lXyVv1dgp/5H3+AHhTjdA=</latexit><latexit sha1_base64="ptSxC01YoWBHP9d2Vn0ZWrrMbV4=">AAAB7XicbVA9SwNBEN3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funBCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tl3bKu3v7B4eVo+OW1Znh0ORaatOJmAUpFDRRoIROaoAlkYR2NL6d+e0nMFZo9YCTFMKEDZWIBWfopFYPR4CsX6n6NX8OukqCglRJgUa/8tUbaJ4loJBLZm038FMMc2ZQcAnTci+zkDI+ZkPoOqpYAjbM59dO6blTBjTWxpVCOld/T+QssXaSRK4zYTiyy95M/M/rZhhfh7lQaYag+GJRnEmKms5epwNhgKOcOMK4Ee5WykfMMI4uoLILIVh+eZW0LmuBXwvu/Wr9poijRE7JGbkgAbkidXJHGqRJOHkkz+SVvHnae/HevY9F65pXzJyQP/A+fwCit48k</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>



Regression Problem

• Learning a functional relationship about a 
real-valued number, i.e., when y is 
tomorrow’s temperature.

• Training data: {(X(i), Y (i))}
<latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="93IT4AUPouIPKqCS9CNFxVgzahg=">AAAB83icbZDLSgMxGIX/8Vpr1VFw5SZYhBakzLjRpeDGZQV7kc5YMmmmDc0kQ5IRyjDgq7hxoYjv4s63Mb0stPVAyMc5CflzopQzbTzv21lb39jc2i7tlHcre/sH7mGlrWWmCG0RyaXqRlhTzgRtGWY47aaK4iTitBONb6Z554kqzaS4N5OUhgkeChYzgo21+u5xkNe6j3mN1Yvzh/leD4q+W/Ua3kxoFfwFVGGhZt/9CgaSZAkVhnCsdc/3UhPmWBlGOC3KQaZpiskYD2nPosAJ1WE+G79AZ9YZoFgqu4RBM/f3jRwnWk+SyJ5MsBnp5Wxq/pf1MhNfhTkTaWaoIPOH4owjI9G0CzRgihLDJxYwUczOisgIK0yMbaxsS/CXv7wK7YuGb/nOgxKcwCnUwIdLuIZbaEILCOTwAm/w7jw7r87HvK41Z9HbEfyR8/kDCIOTEg==</latexit><latexit sha1_base64="93IT4AUPouIPKqCS9CNFxVgzahg=">AAAB83icbZDLSgMxGIX/8Vpr1VFw5SZYhBakzLjRpeDGZQV7kc5YMmmmDc0kQ5IRyjDgq7hxoYjv4s63Mb0stPVAyMc5CflzopQzbTzv21lb39jc2i7tlHcre/sH7mGlrWWmCG0RyaXqRlhTzgRtGWY47aaK4iTitBONb6Z554kqzaS4N5OUhgkeChYzgo21+u5xkNe6j3mN1Yvzh/leD4q+W/Ua3kxoFfwFVGGhZt/9CgaSZAkVhnCsdc/3UhPmWBlGOC3KQaZpiskYD2nPosAJ1WE+G79AZ9YZoFgqu4RBM/f3jRwnWk+SyJ5MsBnp5Wxq/pf1MhNfhTkTaWaoIPOH4owjI9G0CzRgihLDJxYwUczOisgIK0yMbaxsS/CXv7wK7YuGb/nOgxKcwCnUwIdLuIZbaEILCOTwAm/w7jw7r87HvK41Z9HbEfyR8/kDCIOTEg==</latexit><latexit sha1_base64="FZ1qX+p0J0plBXDHnf2CbbzzpoQ=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzLjRZcGN7irYi3TGkknTNjSTGZKMUIYBX8WNC0Xc+hzufBvTdhbaeiDk4//PISd/EHOmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqSiRhDZJxCPZCbCinAna1Exz2oklxWHAaTsYX0399iOVikXiTk9i6od4KNiAEayN1LOPvLTSeUgrrJqd3c/vqpf17LJTc2aFlsHNoQx5NXr2l9ePSBJSoQnHSnVdJ9Z+iqVmhNOs5CWKxpiM8ZB2DQocUuWns/UzdGqUPhpE0hyh0Uz9PZHiUKlJGJjOEOuRWvSm4n9eN9GDSz9lIk40FWT+0CDhSEdomgXqM0mJ5hMDmEhmdkVkhCUm2iRWMiG4i19ehtZ5zTV865TrN3kcRTiGE6iACxdQh2toQBMIpPAMr/BmPVkv1rv1MW8tWPnMIfwp6/MHbIWUfg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit><latexit sha1_base64="E+CyZ6+B++A9DO7m0iyS4D8mhh4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhBakzIigy4Ib3VWwF+mMJZNm2tBMZkgyQhkGfBU3LhRx63O4821MLwutHgj5+P9zyMkfJJwp7ThfVmFpeWV1rbhe2tjc2t6xd/daKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GlxO//UClYrG41eOE+hEeCBYygrWRevaBl1U691mFVfOTu9ld9fKeXXZqzrTQX3DnUIZ5NXr2p9ePSRpRoQnHSnVdJ9F+hqVmhNO85KWKJpiM8IB2DQocUeVn0/VzdGyUPgpjaY7QaKr+nMhwpNQ4CkxnhPVQLXoT8T+vm+rwws+YSFJNBZk9FKYc6RhNskB9JinRfGwAE8nMrogMscREm8RKJgR38ct/oXVacw3fnJXr1/M4inAIR1ABF86hDlfQgCYQyOAJXuDVerSerTfrfdZasOYz+/CrrI9vbcWUgg==</latexit>

Y (i) 2 R
<latexit sha1_base64="Qmce+v4+KLObrd/MNg2xHBZsfd0=">AAAB/3icbVDLSsNAFL3xWeurKrhxM1iEuimJCLosuNFdFfuQNpbJdNIOnUzCzEQoMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cM8eLOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6yPzWA5WKheJWjyPqBnggmM8I1kbqlfbv7pMKO05RlwnUDbAeel5yk/ZKZbtqT4DmiZOTMuSo90pf3X5I4oAKTThWquPYkXYTLDUjnKbFbqxohMkID2jHUIEDqtxkkj9FR0bpIz+U5gmNJurvjQQHSo0Dz0xmCdWsl4n/eZ1Y++duwkQUayrI9JAfc6RDlJWB+kxSovnYEEwkM1kRGWKJiTaVFU0JzuyX50nzpOoYfn1arl3ldRTgAA6hAg6cQQ0uoQ4NIPAIz/AKb9aT9WK9Wx/T0QUr39mDP7A+fwAK0ZV+</latexit><latexit sha1_base64="Qmce+v4+KLObrd/MNg2xHBZsfd0=">AAAB/3icbVDLSsNAFL3xWeurKrhxM1iEuimJCLosuNFdFfuQNpbJdNIOnUzCzEQoMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cM8eLOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6yPzWA5WKheJWjyPqBnggmM8I1kbqlfbv7pMKO05RlwnUDbAeel5yk/ZKZbtqT4DmiZOTMuSo90pf3X5I4oAKTThWquPYkXYTLDUjnKbFbqxohMkID2jHUIEDqtxkkj9FR0bpIz+U5gmNJurvjQQHSo0Dz0xmCdWsl4n/eZ1Y++duwkQUayrI9JAfc6RDlJWB+kxSovnYEEwkM1kRGWKJiTaVFU0JzuyX50nzpOoYfn1arl3ldRTgAA6hAg6cQQ0uoQ4NIPAIz/AKb9aT9WK9Wx/T0QUr39mDP7A+fwAK0ZV+</latexit><latexit sha1_base64="Qmce+v4+KLObrd/MNg2xHBZsfd0=">AAAB/3icbVDLSsNAFL3xWeurKrhxM1iEuimJCLosuNFdFfuQNpbJdNIOnUzCzEQoMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cM8eLOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6yPzWA5WKheJWjyPqBnggmM8I1kbqlfbv7pMKO05RlwnUDbAeel5yk/ZKZbtqT4DmiZOTMuSo90pf3X5I4oAKTThWquPYkXYTLDUjnKbFbqxohMkID2jHUIEDqtxkkj9FR0bpIz+U5gmNJurvjQQHSo0Dz0xmCdWsl4n/eZ1Y++duwkQUayrI9JAfc6RDlJWB+kxSovnYEEwkM1kRGWKJiTaVFU0JzuyX50nzpOoYfn1arl3ldRTgAA6hAg6cQQ0uoQ4NIPAIz/AKb9aT9WK9Wx/T0QUr39mDP7A+fwAK0ZV+</latexit><latexit sha1_base64="Qmce+v4+KLObrd/MNg2xHBZsfd0=">AAAB/3icbVDLSsNAFL3xWeurKrhxM1iEuimJCLosuNFdFfuQNpbJdNIOnUzCzEQoMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cM8eLOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6yPzWA5WKheJWjyPqBnggmM8I1kbqlfbv7pMKO05RlwnUDbAeel5yk/ZKZbtqT4DmiZOTMuSo90pf3X5I4oAKTThWquPYkXYTLDUjnKbFbqxohMkID2jHUIEDqtxkkj9FR0bpIz+U5gmNJurvjQQHSo0Dz0xmCdWsl4n/eZ1Y++duwkQUayrI9JAfc6RDlJWB+kxSovnYEEwkM1kRGWKJiTaVFU0JzuyX50nzpOoYfn1arl3ldRTgAA6hAg6cQQ0uoQ4NIPAIz/AKb9aT9WK9Wx/T0QUr39mDP7A+fwAK0ZV+</latexit>



Regression examples
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Linear Regression

Simplest case: Out(x) = w^t x+ b for some unknown 
w,b.
Given the data, we can estimate w,b.

inputs outputs
x1 = 1 y1 = 1

x2 = 3 y2 = 2.2

x3 = 2 y3 = 2

x4 = 1.5 y4 = 1.9

x5 = 4 y5 = 3.1

DATASET

¬ 1 ®

­
w
¯



Linear regression
• Given an input x we would 

like to compute an output y
• For example:

– Predict height from age
– Predict Google’s price from 

Apple‘s price
– Predict distance from wall 

from sensors
– BMI based on height and 

weight
– Papers published based on 

age

X

Y



Our goal is to estimate w,b from a 
training dataset

Optimization: minimize squared error 
(least squares)

Why quadratic?

Linear regression

X

Y

min
w,b

NX

i=1

(y(i) � ŷ(i))2

<latexit sha1_base64="D8OGCYltQSKX/PJ0wf1l9ZadV74="></latexit><latexit sha1_base64="D8OGCYltQSKX/PJ0wf1l9ZadV74="></latexit><latexit sha1_base64="D8OGCYltQSKX/PJ0wf1l9ZadV74="></latexit><latexit sha1_base64="D8OGCYltQSKX/PJ0wf1l9ZadV74="></latexit>

ŷ(i) = wtX(i) + b
<latexit sha1_base64="EtCZZxl57gY/weeGNpM6ux0dMGk=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iEilASEXQjFNzoroK9QJuWyXTSDp1cmDlRQsjCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/G4kuALL+jaWlldW19YLG8XNre2dXXNvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO76a1Fv3TCoeBneQRMzxyTDgHqcEtNU3S90RgTTJemmFH2eXDz3A7RmfuH2zbFWtqfAi2DmUUa563/zqDkIa+ywAKohSHduKwEmJBE4Fy4rdWLGI0DEZso7GgPhMOen0iAwfaWeAvVDqFwCeur8nUuIrlfiu7vQJjNR8bWL+V+vE4F04KQ+iGFhAZ4u8WGAI8SQRPOCSURCJBkIl13/FdEQkoaBzK+oQ7PmTF6F5WrU1356Vazd5HAVUQoeogmx0jmroGtVRA1H0iJ7RK3oznowX4934mLUuGfnMAfoj4/MHqr2XdQ==</latexit><latexit sha1_base64="EtCZZxl57gY/weeGNpM6ux0dMGk=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iEilASEXQjFNzoroK9QJuWyXTSDp1cmDlRQsjCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/G4kuALL+jaWlldW19YLG8XNre2dXXNvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO76a1Fv3TCoeBneQRMzxyTDgHqcEtNU3S90RgTTJemmFH2eXDz3A7RmfuH2zbFWtqfAi2DmUUa563/zqDkIa+ywAKohSHduKwEmJBE4Fy4rdWLGI0DEZso7GgPhMOen0iAwfaWeAvVDqFwCeur8nUuIrlfiu7vQJjNR8bWL+V+vE4F04KQ+iGFhAZ4u8WGAI8SQRPOCSURCJBkIl13/FdEQkoaBzK+oQ7PmTF6F5WrU1356Vazd5HAVUQoeogmx0jmroGtVRA1H0iJ7RK3oznowX4934mLUuGfnMAfoj4/MHqr2XdQ==</latexit><latexit sha1_base64="EtCZZxl57gY/weeGNpM6ux0dMGk=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iEilASEXQjFNzoroK9QJuWyXTSDp1cmDlRQsjCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/G4kuALL+jaWlldW19YLG8XNre2dXXNvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO76a1Fv3TCoeBneQRMzxyTDgHqcEtNU3S90RgTTJemmFH2eXDz3A7RmfuH2zbFWtqfAi2DmUUa563/zqDkIa+ywAKohSHduKwEmJBE4Fy4rdWLGI0DEZso7GgPhMOen0iAwfaWeAvVDqFwCeur8nUuIrlfiu7vQJjNR8bWL+V+vE4F04KQ+iGFhAZ4u8WGAI8SQRPOCSURCJBkIl13/FdEQkoaBzK+oQ7PmTF6F5WrU1356Vazd5HAVUQoeogmx0jmroGtVRA1H0iJ7RK3oznowX4934mLUuGfnMAfoj4/MHqr2XdQ==</latexit><latexit sha1_base64="EtCZZxl57gY/weeGNpM6ux0dMGk=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iEilASEXQjFNzoroK9QJuWyXTSDp1cmDlRQsjCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/G4kuALL+jaWlldW19YLG8XNre2dXXNvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO76a1Fv3TCoeBneQRMzxyTDgHqcEtNU3S90RgTTJemmFH2eXDz3A7RmfuH2zbFWtqfAi2DmUUa563/zqDkIa+ywAKohSHduKwEmJBE4Fy4rdWLGI0DEZso7GgPhMOen0iAwfaWeAvVDqFwCeur8nUuIrlfiu7vQJjNR8bWL+V+vE4F04KQ+iGFhAZ4u8WGAI8SQRPOCSURCJBkIl13/FdEQkoaBzK+oQ7PmTF6F5WrU1356Vazd5HAVUQoeogmx0jmroGtVRA1H0iJ7RK3oznowX4934mLUuGfnMAfoj4/MHqr2XdQ==</latexit>



Nonlinear Regression using Neural 
Network

Compute model parameters using quadratic loss opt:

X(i)
<latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit>

Neural Network
function

�✓(X)
<latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit>

What is    ?   ✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ZirP9XIm30DaASLGjnTlJC257pc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHUomvdPGZiZDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbatzo3AltBKm27ELSqZYoskKexmBnkSKexEk7t53nlGY6VOH2maYZjwUSpjKTg5q92nMRIf1Op+w1+IbUKwgjqs1BzUvvpDLfIEUxKKW9sL/IzCghuSQuGs0s8tZlxM+Ah7DlOeoA2LxbQzduGcIYu1cScltnB/vyh4Yu00idzNhNPYrmdz87+sl1N8ExYyzXLCVCw/inPFSLP56mwoDQpSUwdcGOlmZWLMDRfkCqq4EoL1lTehfdUI/Ebw4EMZzuAcLiGAa7iFe2hCCwQ8wQu8wbunvVfvY1lXyVv1dgp/5H3+AHhTjdA=</latexit><latexit sha1_base64="ZirP9XIm30DaASLGjnTlJC257pc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHUomvdPGZiZDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbatzo3AltBKm27ELSqZYoskKexmBnkSKexEk7t53nlGY6VOH2maYZjwUSpjKTg5q92nMRIf1Op+w1+IbUKwgjqs1BzUvvpDLfIEUxKKW9sL/IzCghuSQuGs0s8tZlxM+Ah7DlOeoA2LxbQzduGcIYu1cScltnB/vyh4Yu00idzNhNPYrmdz87+sl1N8ExYyzXLCVCw/inPFSLP56mwoDQpSUwdcGOlmZWLMDRfkCqq4EoL1lTehfdUI/Ebw4EMZzuAcLiGAa7iFe2hCCwQ8wQu8wbunvVfvY1lXyVv1dgp/5H3+AHhTjdA=</latexit><latexit sha1_base64="ptSxC01YoWBHP9d2Vn0ZWrrMbV4=">AAAB7XicbVA9SwNBEN3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funBCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tl3bKu3v7B4eVo+OW1Znh0ORaatOJmAUpFDRRoIROaoAlkYR2NL6d+e0nMFZo9YCTFMKEDZWIBWfopFYPR4CsX6n6NX8OukqCglRJgUa/8tUbaJ4loJBLZm038FMMc2ZQcAnTci+zkDI+ZkPoOqpYAjbM59dO6blTBjTWxpVCOld/T+QssXaSRK4zYTiyy95M/M/rZhhfh7lQaYag+GJRnEmKms5epwNhgKOcOMK4Ee5WykfMMI4uoLILIVh+eZW0LmuBXwvu/Wr9poijRE7JGbkgAbkidXJHGqRJOHkkz+SVvHnae/HevY9F65pXzJyQP/A+fwCit48k</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>

ŷ(i) = �✓(X
(i))

<latexit sha1_base64="fHrawMJPdmzP23dp+3ReSv3Kw/Q=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFdlMSEXQjFNzoroK9QBPLZDpthk4mYeZEKCFP4MZXceNCEbeu3fk2Ti8Lbf1h4OM/53Dm/EEiuAbH+bZWVtfWNzYLW8Xtnd29ffvgsKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1N6u0HpjSP5R2ME+ZHZCj5gFMCxurZZS8kkI3z+6zCq/mll4S8l3kQMiA5rnRmdrVnl5yaMxVeBncOJTRXo2d/ef2YphGTQAXRuus6CfgZUcCpYHnRSzVLCB2RIesalCRi2s+m5+S4bJw+HsTKPAl46v6eyEik9TgKTGdEINSLtYn5X62bwuDCz7hMUmCSzhYNUoEhxpNscJ8rRkGMDRCquPkrpiFRhIJJsGhCcBdPXobWac01fHtWqt/M4yigY3SCKshF56iOrlEDNRFFj+gZvaI368l6sd6tj1nrijWfOUJ/ZH3+AHxcm7o=</latexit><latexit sha1_base64="fHrawMJPdmzP23dp+3ReSv3Kw/Q=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFdlMSEXQjFNzoroK9QBPLZDpthk4mYeZEKCFP4MZXceNCEbeu3fk2Ti8Lbf1h4OM/53Dm/EEiuAbH+bZWVtfWNzYLW8Xtnd29ffvgsKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1N6u0HpjSP5R2ME+ZHZCj5gFMCxurZZS8kkI3z+6zCq/mll4S8l3kQMiA5rnRmdrVnl5yaMxVeBncOJTRXo2d/ef2YphGTQAXRuus6CfgZUcCpYHnRSzVLCB2RIesalCRi2s+m5+S4bJw+HsTKPAl46v6eyEik9TgKTGdEINSLtYn5X62bwuDCz7hMUmCSzhYNUoEhxpNscJ8rRkGMDRCquPkrpiFRhIJJsGhCcBdPXobWac01fHtWqt/M4yigY3SCKshF56iOrlEDNRFFj+gZvaI368l6sd6tj1nrijWfOUJ/ZH3+AHxcm7o=</latexit><latexit sha1_base64="fHrawMJPdmzP23dp+3ReSv3Kw/Q=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFdlMSEXQjFNzoroK9QBPLZDpthk4mYeZEKCFP4MZXceNCEbeu3fk2Ti8Lbf1h4OM/53Dm/EEiuAbH+bZWVtfWNzYLW8Xtnd29ffvgsKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1N6u0HpjSP5R2ME+ZHZCj5gFMCxurZZS8kkI3z+6zCq/mll4S8l3kQMiA5rnRmdrVnl5yaMxVeBncOJTRXo2d/ef2YphGTQAXRuus6CfgZUcCpYHnRSzVLCB2RIesalCRi2s+m5+S4bJw+HsTKPAl46v6eyEik9TgKTGdEINSLtYn5X62bwuDCz7hMUmCSzhYNUoEhxpNscJ8rRkGMDRCquPkrpiFRhIJJsGhCcBdPXobWac01fHtWqt/M4yigY3SCKshF56iOrlEDNRFFj+gZvaI368l6sd6tj1nrijWfOUJ/ZH3+AHxcm7o=</latexit><latexit sha1_base64="fHrawMJPdmzP23dp+3ReSv3Kw/Q=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFdlMSEXQjFNzoroK9QBPLZDpthk4mYeZEKCFP4MZXceNCEbeu3fk2Ti8Lbf1h4OM/53Dm/EEiuAbH+bZWVtfWNzYLW8Xtnd29ffvgsKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1N6u0HpjSP5R2ME+ZHZCj5gFMCxurZZS8kkI3z+6zCq/mll4S8l3kQMiA5rnRmdrVnl5yaMxVeBncOJTRXo2d/ef2YphGTQAXRuus6CfgZUcCpYHnRSzVLCB2RIesalCRi2s+m5+S4bJw+HsTKPAl46v6eyEik9TgKTGdEINSLtYn5X62bwuDCz7hMUmCSzhYNUoEhxpNscJ8rRkGMDRCquPkrpiFRhIJJsGhCcBdPXobWac01fHtWqt/M4yigY3SCKshF56iOrlEDNRFFj+gZvaI368l6sd6tj1nrijWfOUJ/ZH3+AHxcm7o=</latexit>

min
✓

NX

i=1

(y(i) � �✓(X
(i)))2
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Loss functions 

Classification
Problem

Regression
Problem

v Hinge loss

v Cross entropy loss

v Quadratic loss

How to find optimal model parameters?



Stochastic Gradient Descent

If the objective of optimization is convex



Stochastic Gradient Descent

If the objective of optimization is non-convex

In practice, SGD still performs well. Why?



Stochastic Gradient Descent

What do we need to be able to use SGD in deep 
learning?

Computation of the gradient of the loss function with 
respect to model parameters 



Training a Neural Network

The Backpropagation Algorithm 
=

Gradient descent + Chain rule 



Review of Chain Rule

X,Y,Z in R
Y=g(X)
Z=f(Y)

dZ

dX
=

dZ

dY

dY

dX
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Practice:
Y=X^2 and Z=2Y+1

compute dZ

dX
=?
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Review of Chain Rule

X,Y,Z in R
Y=g(X)
Z=f(Y)

dZ

dX
=

dZ

dY

dY

dX
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X Y Z

Graph representation:

This is NOT a neural network



Review of Chain Rule

Y=g(X), Z=f(Y)
X 2 Rn, Y 2 Rm, Z 2 R

<latexit sha1_base64="vtiFZHgkaBHQ5ZjNxvKlbDSC8VI=">AAACHnicbZDLSgMxFIYzXmu9jbp0EyyCi1JmRNFlwY3uqtiLdsaSSTNtaJIZkoxQhj6JG1/FjQtFBFf6NmbaWdjWHwI/3zmHnPMHMaNKO86PtbC4tLyyWlgrrm9sbm3bO7sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPBRVZvPhKpaCRu9TAmPkc9QUOKkTaoY5+2PCqgx5HuB0F6M3oQZXg3g3gZ3k+jjl1yKs5YcN64uSmBXLWO/eV1I5xwIjRmSKm268TaT5HUFDMyKnqJIjHCA9QjbWMF4kT56fi8ETw0pAvDSJonNBzTvxMp4koNeWA6sw3VbC2D/9XaiQ7P/ZSKONFE4MlHYcKgjmCWFexSSbBmQ2MQltTsCnEfSYS1SbRoQnBnT543jeOK61Tc65NS9SqPowD2wQE4Ai44A1VwCWqgDjB4Ai/gDbxbz9ar9WF9TloXrHxmD0zJ+v4FoqyiMw==</latexit><latexit sha1_base64="vtiFZHgkaBHQ5ZjNxvKlbDSC8VI=">AAACHnicbZDLSgMxFIYzXmu9jbp0EyyCi1JmRNFlwY3uqtiLdsaSSTNtaJIZkoxQhj6JG1/FjQtFBFf6NmbaWdjWHwI/3zmHnPMHMaNKO86PtbC4tLyyWlgrrm9sbm3bO7sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPBRVZvPhKpaCRu9TAmPkc9QUOKkTaoY5+2PCqgx5HuB0F6M3oQZXg3g3gZ3k+jjl1yKs5YcN64uSmBXLWO/eV1I5xwIjRmSKm268TaT5HUFDMyKnqJIjHCA9QjbWMF4kT56fi8ETw0pAvDSJonNBzTvxMp4koNeWA6sw3VbC2D/9XaiQ7P/ZSKONFE4MlHYcKgjmCWFexSSbBmQ2MQltTsCnEfSYS1SbRoQnBnT543jeOK61Tc65NS9SqPowD2wQE4Ai44A1VwCWqgDjB4Ai/gDbxbz9ar9WF9TloXrHxmD0zJ+v4FoqyiMw==</latexit><latexit sha1_base64="vtiFZHgkaBHQ5ZjNxvKlbDSC8VI=">AAACHnicbZDLSgMxFIYzXmu9jbp0EyyCi1JmRNFlwY3uqtiLdsaSSTNtaJIZkoxQhj6JG1/FjQtFBFf6NmbaWdjWHwI/3zmHnPMHMaNKO86PtbC4tLyyWlgrrm9sbm3bO7sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPBRVZvPhKpaCRu9TAmPkc9QUOKkTaoY5+2PCqgx5HuB0F6M3oQZXg3g3gZ3k+jjl1yKs5YcN64uSmBXLWO/eV1I5xwIjRmSKm268TaT5HUFDMyKnqJIjHCA9QjbWMF4kT56fi8ETw0pAvDSJonNBzTvxMp4koNeWA6sw3VbC2D/9XaiQ7P/ZSKONFE4MlHYcKgjmCWFexSSbBmQ2MQltTsCnEfSYS1SbRoQnBnT543jeOK61Tc65NS9SqPowD2wQE4Ai44A1VwCWqgDjB4Ai/gDbxbz9ar9WF9TloXrHxmD0zJ+v4FoqyiMw==</latexit><latexit sha1_base64="vtiFZHgkaBHQ5ZjNxvKlbDSC8VI=">AAACHnicbZDLSgMxFIYzXmu9jbp0EyyCi1JmRNFlwY3uqtiLdsaSSTNtaJIZkoxQhj6JG1/FjQtFBFf6NmbaWdjWHwI/3zmHnPMHMaNKO86PtbC4tLyyWlgrrm9sbm3bO7sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPBRVZvPhKpaCRu9TAmPkc9QUOKkTaoY5+2PCqgx5HuB0F6M3oQZXg3g3gZ3k+jjl1yKs5YcN64uSmBXLWO/eV1I5xwIjRmSKm268TaT5HUFDMyKnqJIjHCA9QjbWMF4kT56fi8ETw0pAvDSJonNBzTvxMp4koNeWA6sw3VbC2D/9XaiQ7P/ZSKONFE4MlHYcKgjmCWFexSSbBmQ2MQltTsCnEfSYS1SbRoQnBnT543jeOK61Tc65NS9SqPowD2wQE4Ai44A1VwCWqgDjB4Ai/gDbxbz9ar9WF9TloXrHxmD0zJ+v4FoqyiMw==</latexit>

rXZ
<latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit><latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit><latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit><latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit>

= (
dY

dX
)rY Z

<latexit sha1_base64="1yYDElY4DQdAHn2y1AEiKG7wznU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EghvdVbAvmxAmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gP3cjjnXmbu8RNGpbKsb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksuj6ShFFOWooqRrqJICjyGen4o6uJ33kgQtKY36lxQtwIDTgNKUZKS555eAlrTigQzgLYy3Xr5ifQ4chnyOvBe+iZVatuTQEXiV2QKijQ9MwvJ4hxGhGuMENS9m0rUW6GhKKYkbzipJIkCI/QgPQ15Sgi0s2mh+TwWCsBDGOhiys4VX9vZCiSchz5ejJCaijnvYn4n9dPVXjhZpQnqSIczx4KUwZVDCepwIAKghUba4KwoPqvEA+RjkXp7Co6BHv+5EXSPq3bVt2+Pas2boo4yuAAHIEasME5aIBr0AQtgMEjeAav4M14Ml6Md+NjNloyip198AfG5w/syZgD</latexit><latexit sha1_base64="1yYDElY4DQdAHn2y1AEiKG7wznU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EghvdVbAvmxAmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gP3cjjnXmbu8RNGpbKsb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksuj6ShFFOWooqRrqJICjyGen4o6uJ33kgQtKY36lxQtwIDTgNKUZKS555eAlrTigQzgLYy3Xr5ifQ4chnyOvBe+iZVatuTQEXiV2QKijQ9MwvJ4hxGhGuMENS9m0rUW6GhKKYkbzipJIkCI/QgPQ15Sgi0s2mh+TwWCsBDGOhiys4VX9vZCiSchz5ejJCaijnvYn4n9dPVXjhZpQnqSIczx4KUwZVDCepwIAKghUba4KwoPqvEA+RjkXp7Co6BHv+5EXSPq3bVt2+Pas2boo4yuAAHIEasME5aIBr0AQtgMEjeAav4M14Ml6Md+NjNloyip198AfG5w/syZgD</latexit><latexit sha1_base64="1yYDElY4DQdAHn2y1AEiKG7wznU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EghvdVbAvmxAmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gP3cjjnXmbu8RNGpbKsb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksuj6ShFFOWooqRrqJICjyGen4o6uJ33kgQtKY36lxQtwIDTgNKUZKS555eAlrTigQzgLYy3Xr5ifQ4chnyOvBe+iZVatuTQEXiV2QKijQ9MwvJ4hxGhGuMENS9m0rUW6GhKKYkbzipJIkCI/QgPQ15Sgi0s2mh+TwWCsBDGOhiys4VX9vZCiSchz5ejJCaijnvYn4n9dPVXjhZpQnqSIczx4KUwZVDCepwIAKghUba4KwoPqvEA+RjkXp7Co6BHv+5EXSPq3bVt2+Pas2boo4yuAAHIEasME5aIBr0AQtgMEjeAav4M14Ml6Md+NjNloyip198AfG5w/syZgD</latexit><latexit sha1_base64="1yYDElY4DQdAHn2y1AEiKG7wznU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EghvdVbAvmxAmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gP3cjjnXmbu8RNGpbKsb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksuj6ShFFOWooqRrqJICjyGen4o6uJ33kgQtKY36lxQtwIDTgNKUZKS555eAlrTigQzgLYy3Xr5ifQ4chnyOvBe+iZVatuTQEXiV2QKijQ9MwvJ4hxGhGuMENS9m0rUW6GhKKYkbzipJIkCI/QgPQ15Sgi0s2mh+TwWCsBDGOhiys4VX9vZCiSchz5ejJCaijnvYn4n9dPVXjhZpQnqSIczx4KUwZVDCepwIAKghUba4KwoPqvEA+RjkXp7Co6BHv+5EXSPq3bVt2+Pas2boo4yuAAHIEasME5aIBr0AQtgMEjeAav4M14Ml6Md+NjNloyip198AfG5w/syZgD</latexit>

Jacobian matrix

=
mX

j=1

(rXYj)
dZ

dYj
<latexit sha1_base64="YP87vPSMpEnvSnR5k866LSV8Cyw=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzIjgm4KBTe6q2Af2qlDJs20aZPMkGSEMsxvuPFX3LhQxKWu/BvTx0JbD9zL4Zx7Se4JYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPhxdhvPhCpaCRu9CgmHY56goYUI20k33Yq0FMJ99NBxc3uOSx5AgUM+S146w+OoRdKhNMuvMtMM0oGfbvolJ0J4CJxZ6QIZqj59qfXjXDCidCYIaXarhPrToqkppiRrOAlisQID1GPtA0ViBPVSSeXZfDIKF0YRtKU0HCi/t5IEVdqxAMzyZHuq3lvLP7ntRMdnndSKuJEE4GnD4UJgzqC45hgl0qCNRsZgrCk5q8Q95EJQ5swCyYEd/7kRdI4KbtO2b0+LVavZnHkwQE4BCXggjNQBZegBuoAg0fwDF7Bm/VkvVjv1sd0NGfNdvbBH1hfP/Xfnwo=</latexit><latexit sha1_base64="YP87vPSMpEnvSnR5k866LSV8Cyw=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzIjgm4KBTe6q2Af2qlDJs20aZPMkGSEMsxvuPFX3LhQxKWu/BvTx0JbD9zL4Zx7Se4JYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPhxdhvPhCpaCRu9CgmHY56goYUI20k33Yq0FMJ99NBxc3uOSx5AgUM+S146w+OoRdKhNMuvMtMM0oGfbvolJ0J4CJxZ6QIZqj59qfXjXDCidCYIaXarhPrToqkppiRrOAlisQID1GPtA0ViBPVSSeXZfDIKF0YRtKU0HCi/t5IEVdqxAMzyZHuq3lvLP7ntRMdnndSKuJEE4GnD4UJgzqC45hgl0qCNRsZgrCk5q8Q95EJQ5swCyYEd/7kRdI4KbtO2b0+LVavZnHkwQE4BCXggjNQBZegBuoAg0fwDF7Bm/VkvVjv1sd0NGfNdvbBH1hfP/Xfnwo=</latexit><latexit sha1_base64="YP87vPSMpEnvSnR5k866LSV8Cyw=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzIjgm4KBTe6q2Af2qlDJs20aZPMkGSEMsxvuPFX3LhQxKWu/BvTx0JbD9zL4Zx7Se4JYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPhxdhvPhCpaCRu9CgmHY56goYUI20k33Yq0FMJ99NBxc3uOSx5AgUM+S146w+OoRdKhNMuvMtMM0oGfbvolJ0J4CJxZ6QIZqj59qfXjXDCidCYIaXarhPrToqkppiRrOAlisQID1GPtA0ViBPVSSeXZfDIKF0YRtKU0HCi/t5IEVdqxAMzyZHuq3lvLP7ntRMdnndSKuJEE4GnD4UJgzqC45hgl0qCNRsZgrCk5q8Q95EJQ5swCyYEd/7kRdI4KbtO2b0+LVavZnHkwQE4BCXggjNQBZegBuoAg0fwDF7Bm/VkvVjv1sd0NGfNdvbBH1hfP/Xfnwo=</latexit><latexit sha1_base64="YP87vPSMpEnvSnR5k866LSV8Cyw=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzIjgm4KBTe6q2Af2qlDJs20aZPMkGSEMsxvuPFX3LhQxKWu/BvTx0JbD9zL4Zx7Se4JYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPhxdhvPhCpaCRu9CgmHY56goYUI20k33Yq0FMJ99NBxc3uOSx5AgUM+S146w+OoRdKhNMuvMtMM0oGfbvolJ0J4CJxZ6QIZqj59qfXjXDCidCYIaXarhPrToqkppiRrOAlisQID1GPtA0ViBPVSSeXZfDIKF0YRtKU0HCi/t5IEVdqxAMzyZHuq3lvLP7ntRMdnndSKuJEE4GnD4UJgzqC45hgl0qCNRsZgrCk5q8Q95EJQ5swCyYEd/7kRdI4KbtO2b0+LVavZnHkwQE4BCXggjNQBZegBuoAg0fwDF7Bm/VkvVjv1sd0NGfNdvbBH1hfP/Xfnwo=</latexit>

Practice: Y1=X1+X2^2, Y2=X2+X3^2, Z=Y1^2+Y2^2

Compute 

rXZ
<latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit><latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit><latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit><latexit sha1_base64="rL91umFlwUY2f1M8le5KEEF9G50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9sQplsN+3SzSbsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBJesZbgRrJsqhnEoWCcc38z8zhNTmifywUxSFsQ4lDziFI2VfF9iKLCfd6fksV+tuXV3DrJKvILUoECzX/3yBwnNYiYNFah1z3NTE+SoDKeCTSt+plmKdIxD1rNUYsx0kM9vnpIzqwxIlChb0pC5+nsix1jrSRzazhjNSC97M/E/r5eZ6DrIuUwzwyRdLIoyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtTxYbgLb+8StoXdc+te/eXtcZdEUcZTuAUzsGDK2jALTShBRRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwC5jpF8</latexit>



Graph Representation
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Again, this is NOT a neural 
network!



Training: Backpropogation
Algorithm 

• Searches for weight values that 
minimize the total error of the network
over the set of training examples.

• Repeated procedures of the following two passes:
– Forward pass: Compute the outputs of all units in the 

network, and the error of the output layers.
– Backward pass: The network error is used for updating 

the weights. 
• Starting at the output layer, the error is propagated backwards 

through the network, layer by layer. This is done by recursively 
computing the local gradient of each neuron.



The Backpropogation Algorithm

Back-propagation training algorithm, illustrated:

Backprop adjusts the weights of the NN in order to 
minimize the network total mean squared error.

Network activation
Error computation
Forward Step

Error propagation
Backward Step



Example: two layer NN
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Regression problem with 
quadratic loss function

Optimization:
�i

<latexit sha1_base64="sMberFijQd9zEnrskai40GEuslQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKBHcWN//9gpr6xubW8Xt0s7u3v5B+fCoaVSqGTaYEkq3I2pQcIkNy63AdqKRxpHAVjS+mfmtJ9SGK/lgJwmGMR1KPuCMWic1u8mI93ivXPGr/hxklQQ5qUCOeq/81e0rlsYoLRPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUljNGE2v3ZKzpzSJwOlXUlL5urviYzGxkziyHXG1I7MsjcT//M6qR1chxmXSWpRssWiQSqIVWT2OulzjcyKiSOUae5uJWxENWXWBVRyIQTLL6+S5kU18KvB/WWldpfHUYQTOIVzCOAKanALdWgAg0d4hld485T34r17H4vWgpfPHMMfeJ8/kkGPIg==</latexit><latexit sha1_base64="sMberFijQd9zEnrskai40GEuslQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKBHcWN//9gpr6xubW8Xt0s7u3v5B+fCoaVSqGTaYEkq3I2pQcIkNy63AdqKRxpHAVjS+mfmtJ9SGK/lgJwmGMR1KPuCMWic1u8mI93ivXPGr/hxklQQ5qUCOeq/81e0rlsYoLRPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUljNGE2v3ZKzpzSJwOlXUlL5urviYzGxkziyHXG1I7MsjcT//M6qR1chxmXSWpRssWiQSqIVWT2OulzjcyKiSOUae5uJWxENWXWBVRyIQTLL6+S5kU18KvB/WWldpfHUYQTOIVzCOAKanALdWgAg0d4hld485T34r17H4vWgpfPHMMfeJ8/kkGPIg==</latexit><latexit sha1_base64="sMberFijQd9zEnrskai40GEuslQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKBHcWN//9gpr6xubW8Xt0s7u3v5B+fCoaVSqGTaYEkq3I2pQcIkNy63AdqKRxpHAVjS+mfmtJ9SGK/lgJwmGMR1KPuCMWic1u8mI93ivXPGr/hxklQQ5qUCOeq/81e0rlsYoLRPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUljNGE2v3ZKzpzSJwOlXUlL5urviYzGxkziyHXG1I7MsjcT//M6qR1chxmXSWpRssWiQSqIVWT2OulzjcyKiSOUae5uJWxENWXWBVRyIQTLL6+S5kU18KvB/WWldpfHUYQTOIVzCOAKanALdWgAg0d4hld485T34r17H4vWgpfPHMMfeJ8/kkGPIg==</latexit><latexit sha1_base64="sMberFijQd9zEnrskai40GEuslQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKBHcWN//9gpr6xubW8Xt0s7u3v5B+fCoaVSqGTaYEkq3I2pQcIkNy63AdqKRxpHAVjS+mfmtJ9SGK/lgJwmGMR1KPuCMWic1u8mI93ivXPGr/hxklQQ5qUCOeq/81e0rlsYoLRPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUljNGE2v3ZKzpzSJwOlXUlL5urviYzGxkziyHXG1I7MsjcT//M6qR1chxmXSWpRssWiQSqIVWT2OulzjcyKiSOUae5uJWxENWXWBVRyIQTLL6+S5kU18KvB/WWldpfHUYQTOIVzCOAKanALdWgAg0d4hld485T34r17H4vWgpfPHMMfeJ8/kkGPIg==</latexit>



Gradient of objective 
w.r.t. output layer weights v

Error term:
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Gradient of objective
w.r.t. hidden unit weights 𝑤!
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<latexit sha1_base64="5Hj/c7uaJ6t2aK46cSN5FxkWsMQ=">AAACFnicbVDLSsNAFJ34rPUVdelmsIh1YUlE0I1QEEF3FWwbaGKZTCfN0MmDmRulhH6FG3/FjQtF3Io7/8bpY6GtBwYO59zLnXP8VHAFlvVtzM0vLC4tF1aKq2vrG5vm1nZDJZmkrE4TkUjHJ4oJHrM6cBDMSSUjkS9Y0+9dDP3mPZOKJ/Et9FPmRaQb84BTAlpqm0fn2I0IhL6fXw5cwQJoYTcN+UH5oW3jO8DOIXZcybsheBi3zZJVsUbAs8SekBKaoNY2v9xOQrOIxUAFUaplWyl4OZHAqWCDopsplhLaI13W0jQmEVNePoo1wPta6eAgkfrFgEfq742cREr1I19PDiOoaW8o/ue1MgjOvJzHaQYspuNDQSYwJHjYEe5wySiIviaESq7/imlIJKGgmyzqEuzpyLOkcVyxrYp9c1KqXk/qKKBdtIfKyEanqIquUA3VEUWP6Bm9ojfjyXgx3o2P8eicMdnZQX9gfP4AGcedbw==</latexit><latexit sha1_base64="5Hj/c7uaJ6t2aK46cSN5FxkWsMQ=">AAACFnicbVDLSsNAFJ34rPUVdelmsIh1YUlE0I1QEEF3FWwbaGKZTCfN0MmDmRulhH6FG3/FjQtF3Io7/8bpY6GtBwYO59zLnXP8VHAFlvVtzM0vLC4tF1aKq2vrG5vm1nZDJZmkrE4TkUjHJ4oJHrM6cBDMSSUjkS9Y0+9dDP3mPZOKJ/Et9FPmRaQb84BTAlpqm0fn2I0IhL6fXw5cwQJoYTcN+UH5oW3jO8DOIXZcybsheBi3zZJVsUbAs8SekBKaoNY2v9xOQrOIxUAFUaplWyl4OZHAqWCDopsplhLaI13W0jQmEVNePoo1wPta6eAgkfrFgEfq742cREr1I19PDiOoaW8o/ue1MgjOvJzHaQYspuNDQSYwJHjYEe5wySiIviaESq7/imlIJKGgmyzqEuzpyLOkcVyxrYp9c1KqXk/qKKBdtIfKyEanqIquUA3VEUWP6Bm9ojfjyXgx3o2P8eicMdnZQX9gfP4AGcedbw==</latexit><latexit sha1_base64="5Hj/c7uaJ6t2aK46cSN5FxkWsMQ=">AAACFnicbVDLSsNAFJ34rPUVdelmsIh1YUlE0I1QEEF3FWwbaGKZTCfN0MmDmRulhH6FG3/FjQtF3Io7/8bpY6GtBwYO59zLnXP8VHAFlvVtzM0vLC4tF1aKq2vrG5vm1nZDJZmkrE4TkUjHJ4oJHrM6cBDMSSUjkS9Y0+9dDP3mPZOKJ/Et9FPmRaQb84BTAlpqm0fn2I0IhL6fXw5cwQJoYTcN+UH5oW3jO8DOIXZcybsheBi3zZJVsUbAs8SekBKaoNY2v9xOQrOIxUAFUaplWyl4OZHAqWCDopsplhLaI13W0jQmEVNePoo1wPta6eAgkfrFgEfq742cREr1I19PDiOoaW8o/ue1MgjOvJzHaQYspuNDQSYwJHjYEe5wySiIviaESq7/imlIJKGgmyzqEuzpyLOkcVyxrYp9c1KqXk/qKKBdtIfKyEanqIquUA3VEUWP6Bm9ojfjyXgx3o2P8eicMdnZQX9gfP4AGcedbw==</latexit><latexit sha1_base64="5Hj/c7uaJ6t2aK46cSN5FxkWsMQ=">AAACFnicbVDLSsNAFJ34rPUVdelmsIh1YUlE0I1QEEF3FWwbaGKZTCfN0MmDmRulhH6FG3/FjQtF3Io7/8bpY6GtBwYO59zLnXP8VHAFlvVtzM0vLC4tF1aKq2vrG5vm1nZDJZmkrE4TkUjHJ4oJHrM6cBDMSSUjkS9Y0+9dDP3mPZOKJ/Et9FPmRaQb84BTAlpqm0fn2I0IhL6fXw5cwQJoYTcN+UH5oW3jO8DOIXZcybsheBi3zZJVsUbAs8SekBKaoNY2v9xOQrOIxUAFUaplWyl4OZHAqWCDopsplhLaI13W0jQmEVNePoo1wPta6eAgkfrFgEfq742cREr1I19PDiOoaW8o/ue1MgjOvJzHaQYspuNDQSYwJHjYEe5wySiIviaESq7/imlIJKGgmyzqEuzpyLOkcVyxrYp9c1KqXk/qKKBdtIfKyEanqIquUA3VEUWP6Bm9ojfjyXgx3o2P8eicMdnZQX9gfP4AGcedbw==</latexit>



Multi-Label Classification

Q: how to extend our method for multi-label 
classification?



Recall: Multi-Label Classification, 
Logistic Regression
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<latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit>

Soft-Max 
Function

Linear functions
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<latexit sha1_base64="qts3lCWhn2qhqZQb1S55lf9PpH0=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY8KK3CvYDmlg220m7dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STHNo8UQmuhsyA1IoaKFACd1UA4tDCZ1wfDOrd55AG5GoB5ykEMRsqEQkOENr+T6OAFnffUTa7Vdrbt2di66CV0CNFGr2q1/+IOFZDAq5ZMb0PDfFIGcaBZcwrfiZgZTxMRtCz6JiMZggn988pWfWGdAo0fYppHP390TOYmMmcWg7Y4Yjs1ybmf/VehlG10EuVJohKL5YFGWSYkJnAdCB0MBRTiwwroW9lfIR04yjjaliQ/CWv7wK7Yu6Z/n+sta4K+IokxNySs6JR65Ig9ySJmkRTlLyTF7Jm5M5L86787FoLTnFzDH5I+fzB2RPkUQ=</latexit><latexit sha1_base64="qts3lCWhn2qhqZQb1S55lf9PpH0=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY8KK3CvYDmlg220m7dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STHNo8UQmuhsyA1IoaKFACd1UA4tDCZ1wfDOrd55AG5GoB5ykEMRsqEQkOENr+T6OAFnffUTa7Vdrbt2di66CV0CNFGr2q1/+IOFZDAq5ZMb0PDfFIGcaBZcwrfiZgZTxMRtCz6JiMZggn988pWfWGdAo0fYppHP390TOYmMmcWg7Y4Yjs1ybmf/VehlG10EuVJohKL5YFGWSYkJnAdCB0MBRTiwwroW9lfIR04yjjaliQ/CWv7wK7Yu6Z/n+sta4K+IokxNySs6JR65Ig9ySJmkRTlLyTF7Jm5M5L86787FoLTnFzDH5I+fzB2RPkUQ=</latexit><latexit sha1_base64="qts3lCWhn2qhqZQb1S55lf9PpH0=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY8KK3CvYDmlg220m7dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STHNo8UQmuhsyA1IoaKFACd1UA4tDCZ1wfDOrd55AG5GoB5ykEMRsqEQkOENr+T6OAFnffUTa7Vdrbt2di66CV0CNFGr2q1/+IOFZDAq5ZMb0PDfFIGcaBZcwrfiZgZTxMRtCz6JiMZggn988pWfWGdAo0fYppHP390TOYmMmcWg7Y4Yjs1ybmf/VehlG10EuVJohKL5YFGWSYkJnAdCB0MBRTiwwroW9lfIR04yjjaliQ/CWv7wK7Yu6Z/n+sta4K+IokxNySs6JR65Ig9ySJmkRTlLyTF7Jm5M5L86787FoLTnFzDH5I+fzB2RPkUQ=</latexit><latexit sha1_base64="qts3lCWhn2qhqZQb1S55lf9PpH0=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY8KK3CvYDmlg220m7dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STHNo8UQmuhsyA1IoaKFACd1UA4tDCZ1wfDOrd55AG5GoB5ykEMRsqEQkOENr+T6OAFnffUTa7Vdrbt2di66CV0CNFGr2q1/+IOFZDAq5ZMb0PDfFIGcaBZcwrfiZgZTxMRtCz6JiMZggn988pWfWGdAo0fYppHP390TOYmMmcWg7Y4Yjs1ybmf/VehlG10EuVJohKL5YFGWSYkJnAdCB0MBRTiwwroW9lfIR04yjjaliQ/CWv7wK7Yu6Z/n+sta4K+IokxNySs6JR65Ig9ySJmkRTlLyTF7Jm5M5L86787FoLTnFzDH5I+fzB2RPkUQ=</latexit>
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<latexit sha1_base64="3o33rvh6JgJZe8JI0qZoWIPo8fM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KK3CvYDmlg22027dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STDPeYolMdDekhkuheAsFSt5NNadxKHknHN/M6p0nro1I1ANOUh7EdKhEJBhFa/k+jjjSvveIpNuv1ty6OxdZBa+AGhRq9qtf/iBhWcwVMkmN6XluikFONQom+bTiZ4anlI3pkPcsKhpzE+Tzm6fkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLEheMtfXoX2Rd2zfH9Za9wVcZThBE7hHDy4ggbcQhNawCCFZ3iFNydzXpx352PRWnKKmWP4I+fzB2XXkUU=</latexit><latexit sha1_base64="3o33rvh6JgJZe8JI0qZoWIPo8fM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KK3CvYDmlg22027dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STDPeYolMdDekhkuheAsFSt5NNadxKHknHN/M6p0nro1I1ANOUh7EdKhEJBhFa/k+jjjSvveIpNuv1ty6OxdZBa+AGhRq9qtf/iBhWcwVMkmN6XluikFONQom+bTiZ4anlI3pkPcsKhpzE+Tzm6fkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLEheMtfXoX2Rd2zfH9Za9wVcZThBE7hHDy4ggbcQhNawCCFZ3iFNydzXpx352PRWnKKmWP4I+fzB2XXkUU=</latexit><latexit sha1_base64="3o33rvh6JgJZe8JI0qZoWIPo8fM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KK3CvYDmlg22027dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STDPeYolMdDekhkuheAsFSt5NNadxKHknHN/M6p0nro1I1ANOUh7EdKhEJBhFa/k+jjjSvveIpNuv1ty6OxdZBa+AGhRq9qtf/iBhWcwVMkmN6XluikFONQom+bTiZ4anlI3pkPcsKhpzE+Tzm6fkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLEheMtfXoX2Rd2zfH9Za9wVcZThBE7hHDy4ggbcQhNawCCFZ3iFNydzXpx352PRWnKKmWP4I+fzB2XXkUU=</latexit><latexit sha1_base64="3o33rvh6JgJZe8JI0qZoWIPo8fM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KK3CvYDmlg22027dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0vLDy8M8PMvmEqhUHX/XZKa+sbm1vl7crO7t7+QfXwqG2STDPeYolMdDekhkuheAsFSt5NNadxKHknHN/M6p0nro1I1ANOUh7EdKhEJBhFa/k+jjjSvveIpNuv1ty6OxdZBa+AGhRq9qtf/iBhWcwVMkmN6XluikFONQom+bTiZ4anlI3pkPcsKhpzE+Tzm6fkzDoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLEheMtfXoX2Rd2zfH9Za9wVcZThBE7hHDy4ggbcQhNawCCFZ3iFNydzXpx352PRWnKKmWP4I+fzB2XXkUU=</latexit>
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<latexit sha1_base64="3F36Ha++vQJcFVD3gC7VnBdcNXo=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvOitgv2AJpbNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v5219Y3Nre3STnl3b//gsHJ03DZJphlvsUQmuhtSw6VQvIUCJe+mmtM4lLwTjm9m9c4T10Yk6gEnKQ9iOlQiEoyitXwfRxxpv/6IpNuvVN2aOxdZBa+AKhRq9itf/iBhWcwVMkmN6XluikFONQom+bTsZ4anlI3pkPcsKhpzE+Tzm6fk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLYheMtfXoV2veZZvr+sNu6KOEpwCmdwAR5cQQNuoQktYJDCM7zCm5M5L86787FoXXOKmRP4I+fzB2dfkUY=</latexit><latexit sha1_base64="3F36Ha++vQJcFVD3gC7VnBdcNXo=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvOitgv2AJpbNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v5219Y3Nre3STnl3b//gsHJ03DZJphlvsUQmuhtSw6VQvIUCJe+mmtM4lLwTjm9m9c4T10Yk6gEnKQ9iOlQiEoyitXwfRxxpv/6IpNuvVN2aOxdZBa+AKhRq9itf/iBhWcwVMkmN6XluikFONQom+bTsZ4anlI3pkPcsKhpzE+Tzm6fk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLYheMtfXoV2veZZvr+sNu6KOEpwCmdwAR5cQQNuoQktYJDCM7zCm5M5L86787FoXXOKmRP4I+fzB2dfkUY=</latexit><latexit sha1_base64="3F36Ha++vQJcFVD3gC7VnBdcNXo=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvOitgv2AJpbNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v5219Y3Nre3STnl3b//gsHJ03DZJphlvsUQmuhtSw6VQvIUCJe+mmtM4lLwTjm9m9c4T10Yk6gEnKQ9iOlQiEoyitXwfRxxpv/6IpNuvVN2aOxdZBa+AKhRq9itf/iBhWcwVMkmN6XluikFONQom+bTsZ4anlI3pkPcsKhpzE+Tzm6fk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLYheMtfXoV2veZZvr+sNu6KOEpwCmdwAR5cQQNuoQktYJDCM7zCm5M5L86787FoXXOKmRP4I+fzB2dfkUY=</latexit><latexit sha1_base64="3F36Ha++vQJcFVD3gC7VnBdcNXo=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvOitgv2AJpbNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v5219Y3Nre3STnl3b//gsHJ03DZJphlvsUQmuhtSw6VQvIUCJe+mmtM4lLwTjm9m9c4T10Yk6gEnKQ9iOlQiEoyitXwfRxxpv/6IpNuvVN2aOxdZBa+AKhRq9itf/iBhWcwVMkmN6XluikFONQom+bTsZ4anlI3pkPcsKhpzE+Tzm6fk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1ovw+g6yIVKM+SKLRZFmSSYkFkAZCA0ZygnFijTwt5K2IhqytDGVLYheMtfXoV2veZZvr+sNu6KOEpwCmdwAR5cQQNuoQktYJDCM7zCm5M5L86787FoXXOKmRP4I+fzB2dfkUY=</latexit>
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<latexit sha1_base64="dQcZC4+peTKtBkXEU4//7kX5w0c=">AAACM3icbZDLSgMxFIYz9VbrrerSTbAIglBmiqDLgi7EVQV7gd7IpGfa0MyF5IxQhnknN76IC0FcKOLWdzC9gLb1h8Cf75xDcn43kkKjbb9amZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9VwmQYpAqiiQAmNSAHzXQl1d3g1rtcfQGkRBvc4iqDts34gPMEZGtTN37Y8xXgCnaSFA0DWtTvYSNNFcPZ7dzpI50BpAtJcN1+wi/ZEdNk4M1MgM1W6+edWL+SxDwFyybRuOnaE7YQpFFxCmmvFGiLGh6wPTWMD5oNuJ5OdU3piSI96oTInQDqhfycS5ms98l3T6TMc6MXaGP5Xa8boXbYTEUQxQsCnD3mxpBjScYC0JxRwlCNjGFfC/JXyATMhool5HIKzuPKyqZWKjvF354Xy9SyOLDkix+SUOOSClMkNqZAq4eSRvJB38mE9WW/Wp/U1bc1Ys5lDMifr+wcWyau0</latexit><latexit sha1_base64="dQcZC4+peTKtBkXEU4//7kX5w0c=">AAACM3icbZDLSgMxFIYz9VbrrerSTbAIglBmiqDLgi7EVQV7gd7IpGfa0MyF5IxQhnknN76IC0FcKOLWdzC9gLb1h8Cf75xDcn43kkKjbb9amZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9VwmQYpAqiiQAmNSAHzXQl1d3g1rtcfQGkRBvc4iqDts34gPMEZGtTN37Y8xXgCnaSFA0DWtTvYSNNFcPZ7dzpI50BpAtJcN1+wi/ZEdNk4M1MgM1W6+edWL+SxDwFyybRuOnaE7YQpFFxCmmvFGiLGh6wPTWMD5oNuJ5OdU3piSI96oTInQDqhfycS5ms98l3T6TMc6MXaGP5Xa8boXbYTEUQxQsCnD3mxpBjScYC0JxRwlCNjGFfC/JXyATMhool5HIKzuPKyqZWKjvF354Xy9SyOLDkix+SUOOSClMkNqZAq4eSRvJB38mE9WW/Wp/U1bc1Ys5lDMifr+wcWyau0</latexit><latexit sha1_base64="dQcZC4+peTKtBkXEU4//7kX5w0c=">AAACM3icbZDLSgMxFIYz9VbrrerSTbAIglBmiqDLgi7EVQV7gd7IpGfa0MyF5IxQhnknN76IC0FcKOLWdzC9gLb1h8Cf75xDcn43kkKjbb9amZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9VwmQYpAqiiQAmNSAHzXQl1d3g1rtcfQGkRBvc4iqDts34gPMEZGtTN37Y8xXgCnaSFA0DWtTvYSNNFcPZ7dzpI50BpAtJcN1+wi/ZEdNk4M1MgM1W6+edWL+SxDwFyybRuOnaE7YQpFFxCmmvFGiLGh6wPTWMD5oNuJ5OdU3piSI96oTInQDqhfycS5ms98l3T6TMc6MXaGP5Xa8boXbYTEUQxQsCnD3mxpBjScYC0JxRwlCNjGFfC/JXyATMhool5HIKzuPKyqZWKjvF354Xy9SyOLDkix+SUOOSClMkNqZAq4eSRvJB38mE9WW/Wp/U1bc1Ys5lDMifr+wcWyau0</latexit><latexit sha1_base64="dQcZC4+peTKtBkXEU4//7kX5w0c=">AAACM3icbZDLSgMxFIYz9VbrrerSTbAIglBmiqDLgi7EVQV7gd7IpGfa0MyF5IxQhnknN76IC0FcKOLWdzC9gLb1h8Cf75xDcn43kkKjbb9amZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9VwmQYpAqiiQAmNSAHzXQl1d3g1rtcfQGkRBvc4iqDts34gPMEZGtTN37Y8xXgCnaSFA0DWtTvYSNNFcPZ7dzpI50BpAtJcN1+wi/ZEdNk4M1MgM1W6+edWL+SxDwFyybRuOnaE7YQpFFxCmmvFGiLGh6wPTWMD5oNuJ5OdU3piSI96oTInQDqhfycS5ms98l3T6TMc6MXaGP5Xa8boXbYTEUQxQsCnD3mxpBjScYC0JxRwlCNjGFfC/JXyATMhool5HIKzuPKyqZWKjvF354Xy9SyOLDkix+SUOOSClMkNqZAq4eSRvJB38mE9WW/Wp/U1bc1Ys5lDMifr+wcWyau0</latexit>
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<latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit>
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<latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit>
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