CMSC 45\ - A!gorit\rwh Des(ign
Lectute 16- I\\P-Comple;twcn : Reductions

Pecep: Sofor we have discussed:
Deasion Problevns / legu%cc chgm'.t'\ov\:
All pralolems have UCJ/ no Oui:pwts or €quiv.

an he wpurcé X mcw\bcmhip wm e \émgvége
MST = i((;,%) \ G has span. tree of wh. € 83
nC = {(A\ ( Was @ Homiltonian cvcl(,}

Rua\l \-lém‘\ltamah (,Uclc- Simple (V\OV\‘V"/P@tng)

cbc\e thet visits all vertices

P: Uass of |eva§uebdes G.{,.fle& pro‘oleW'J ) solvable
n Po'%\now\]&[ time.
MSTEP  (Run Kruskal + check wegh't <e)

NP: Clag of |av(\>ddcé§e,s L Gie. de. P(‘o\olcwu) verifiale
M POl\ano\mia\ time . That s f
e L ,tL\crc i1 & certificate
ﬂ/\e't allows vs to prove xe L n POl‘g- time
(bg. ilc (16 HC ) certifi ate s Jequence of vut(ws )
We caw check it is 2 cvc'c« *—lnts all vertices, )
NP = Nondeterministic P°l3' time



@eﬁm é(«][mivg NP- COW\pletcv\w, we need to diJwJJ

vedouctions.

?0‘\6nom\a"-ﬁmc (RcAuCti ONS '
Mativation: How do we Jl/\ow that Prololcv\,\
is hard to solve?

Consider :
H - o wdl-knoun (\Iwa l\\(d\g\ »\éfé
Pro\o\em ~ Man eyports tﬁtc]«—'FailCd
- léour pro\o\cm ) w‘iid\ Youn suspcci
may be hard Clut who trugs (]ow?)
Want to show :

HE? > U&P

| NA—
What everone What Yyou
believes wavit o prove

LL‘tg p{‘oVC wn‘tre‘)ositi\lc‘-

AEP > He?
—— e~
I I wold Thew T could Jolve — No wAY!

Jolve wy prob\e,m a €amows hard pro\a\ew\

HOU? USQ ) Jquouttime, 'For W\\e Pro\)lem u
(as 2 black box ) 4o slve W



"P\(;tof"leu\g_t Is ~e H 7

subroutine for H

7 A - VCS
translate subroutine for U
\/ » 110
4 A
" cowert x ol subroutine
to x’ 'Fo‘r W on x’

Exew\p\c: Lets t\r% this on two aduel Pra\olems.

HM‘A‘ 3‘60|D\riv<\§ (3(—01/> - Given égraplr\ (q
can its vertices be |abeled with ove of
three colocs, $o thst wo o &{)accv\(:

vertices have same wlar.




No know POIIG-tIW\Q, é(\goriﬂaw\— even Fow
P\aner éﬁ‘ép\'\s

Your Problem (whidh you want to show is Maré)

Def: A C«\'\%u(: is 2 complctella onnected Aulocgra\o‘n

...................
.....

Cli%uc, Cover CCCO\A‘ Given agre‘;\/\
Cx’(—\/,—t_?) and intger K, can we paffifioh
vertices into k sets '\/_, V, ,..‘,‘\7K such thet
each Vi s e dir{)ub n G

No
" (Need &€
st 4
G: ¥ k=2




(A)a\r\'t To J}\ou

coveP =7 3oLel

k./;’_/ \—’—V——/
Tf we wuld solve our Lhen We could solve 3G\

Pro\olcm Cﬂ‘mtwt\\g e‘fﬁucy\t\t& (No wav 3

How? S\Ippcue, we L\ed an e’(('\cimt Ju)af‘outinc, fow Cov
Show wve wuld ue it to solve 3G\

subroutine for 3-Col

G N (G, k)| subroutine for > Ves
——*{translate

A < K |_Clique Cover > 110

o shonld
my it o Topet for »ﬁn&ﬂﬂiél to

3""‘ CLov (o)

How to trons la‘te?
- Bot\’\ ivwol\/e Pa\r‘hov\iv(\g ver T

3ol — 3 wlor classes :l_ et k=32
Clov - k dl UGJ lemert
wm‘omm

= Aé Jacmu& (,omlrh on Gl

3ol - If usv have pome wlor (u)V)QEj__\
Clov = T u+v in same dl%uc, (uv)EE



ReAucivg o) to ov:

- Given G for 36\:
- Set kel

- Compute a Cu:vv\p\emcn't cégc sd:)
- Rom Lov on (G,K) +

veturn uhatever @& retumy

T this o 'Féitl\{:u\ tram\a’t'\ov\?

Clam: G=(V€) is 3-clorsble iff G=(V, €)
has o c\iclue, CoVev o‘f aee 3.

Not 3

3 wlovsble
‘ G , Does not
Has 2 d\cbuzc, have clique

Y = )
LoVt J'e(, (48], I%e Hee=3

\i

Q|

7

A Picturc s wot a pfodF.



Prootf:
=) If G is 3-wlopable, let -\Z)—\Z,)\E
loe, pavtitiow o\C vertices into c,o\O\/ c,lassu.
TE€ u+ Vv insome ooy (Jéss, then Cu\,\/)& E.
This imp]ics tl/\a't (u)\/)ééiw"ﬂp]‘m"t
D Al vertices of V; or (=1,2,3)
ave aé\') acont in Z:\
2V, isa di que in Cz (‘fwu—\ 2,3)
2 Ca has o cl\%uc, wver of size ./
complement
(E) TF G has a digue cover AVARVARVA P »
then i€ wy in ame set Vi, then (u,v)€E
2 (uv)&E
> All vertices of V; (forc- 1,2,3)
e V\DV\-aAJew\n‘t w G
2 V\,V,_,va define e ?3"(Dl0rin(§ {v\Cq
3 Gs 3-wloveble v

FiV\c“\a_ , note ’d\et our reduction Yuns  wn pol‘omwniel
time (wmplcvnont G)
- 1t did nst tV‘\a_ to wlor G
- Tt does wot even know whether G an
be 2-olored




'Polnanomiel ?eduaL‘.litg.-

Def: L‘B"‘o"“‘éém L, i po|bnomia‘—'timc reAuciLle
1o \encgucz,ge, L, (Jdencted L, <e L. ) it
there is 2 pola-timc (FUV\cIl'on f) st

Ux xel, ff Jooel,

Le showed 3\ Sf Clov (wl\dc '&LC‘I)"’ (G ,3))

I‘(: L\ Sf Lz + L-,_ X Jo'\/élale n polb-tw\ae,n X} Ll
dso, if Ly is net solvable in pola-time,
nether is Lo

Summaﬁe :

Le,W\W\e: éﬁv(m \evguagu L, )L,,)LJ
) L, Spla v LEF 2 LEP
GYL spla + LER D180
WD Lygpla ¥ LSply 2L, 8, Ly

(D¢ now can cle‘(ine NP'Cump|etener.
Iv\tui‘ti\lel\a_— The ) \\aréest " pralo\am in NP



Recall:
N93 Set O'lc lévyugges VCY‘\GBL‘C 12 polﬁ-timc

Def: A |av(\§u%§e, L is NP-herd if

V0Uene, LS, L

Def: A bgu%x L is NP-wmplete, i
Ay L€ NP D verifieble
C'—)qL s NP- L\arc\« o but wot 6313_.)

This condition Seevns impomuc ,
Since it mvolves sl \avguegc;
in NP - an infimte st |

AV\ Ctgui\/éla\t (-\— mgore uor\téuc) chﬁ mtion.

Def: A \a\ggu%m L s NP-wmplete, i3
@y L e NP
@) U SP L, Lhere L/ s knoww 1o \o(, NP-herd

TBut, ‘For ‘t‘/\'u to 6pp|9 , We need an 'mitie\ NP-hovd
\avgugeﬂ



N QLt \ eCtUY'c :

SAT - levgue{gt O‘P Iooo'ean 'Fo\(‘w\u\\e!
that ave satifiable

Cook’s Theorem: SAT is NP- omplete

Suvmmewé\: o
() Pol%)-timc, rcéudubili’c\a_ <o
@ NP-hardness
(&)) N\O-wmplctmcss



