CMSC Y45\ - A!gorit\rwh Des(ign
Lectufe [4- NP-Campletwc,S!: Howmi ltonian (,laclc

Directed Hawmiltonian C\Qc,\e,: Given e divedted (gve\al\
(il'CV, E) s there 2 J\mplt*ctoc‘b thet
visits all the vertices of G’

*Recall— Siw\ple 00(.‘( c\oa nit v‘cpge't émy
vertices (except it - |asT>

Formally:

DHC= 16 | 6 has o Hemittonion ayele §

Nomed for qth contury. Trich astrmomer,
pl'\\a\sic'ut, mathematicien Loillizm Rowan
Bam [ton.

NP-Complete Problems:
- Dicecked /Undirected Homil. Cycles / Patla
= vaehvg Glesman Probolens
- Lovgcst (é‘wwp\e) Pat\/\




Note: Eulerian cwcu'nt/patl\ problem
(Cbo\c/ path bre\/mivg all eé(gu
qoadcluo ovwe) is 1n P. (DFS)

Component De,n(gv\:
—SO‘Far ovyY Y‘ccluct'\ons heve \oech
'Féifltg J'nmplc
= This one is wore covnpl‘\cafccl
-~ Build components (or ga{ge’u) to

en'(:or (R ?m\o\em cons tr emts.

DHC (:laégefc‘
- (W) |\ yeduce BSAT to DHC
- 3SAT - Formule in B-CNF
- Con\,’uwction ("amd ) Dll:
- Clauses eadh is Aisjunotiov\ (“or“) of ..
- Three litersls | each is o
vorisble Xy or ks wmp'ememt x5

F = L/i‘v XV X-;)A(K\Viz\’ ;(-1)’\ (XL\I-)-“VR:‘)/\(X‘\/ xg\/s(_z)

~To Jétifﬁa, 660'/\ deusc must |/\ev¢

at least one true litevel



- For eadh clouse, Le creste en 13 vertex
Jub(grepl\ yealled DHC GedgcL.

1] 01 1]

19 09 19 09
g | o3, 13 03,

- Well reste o 6ezl§(,t ‘For eadn davse

(X, VXV Xy ) —

Xy

T

—> X,

_>§1.

| | %xa

- Main propcftta‘ (an voute 1,2, 0r 3 path
- all vertices ave visited

- paﬂ/\J exit ot seme pmi’ciow t‘/\e\a entered

Lemma: (DRC 6e%got ?rupcrtiu)

A Given Ny V\oncmptta set o'( K cvntrv(r al(gu,
there arist k vertey - digjoint paths thet
visit 2\l vertices + emerge on same exit ec\zgc.

() Given eny VlOV\Clmp't\a set of k vertu-dis jomt
pet\m from e\r\tr\a to exit thet hitall vertices,
they wust exit ot the same position ﬁr\c\g evitered.




Proofi . .
W) Pvroc]c ]o'a. picﬁ)m @

2 Entries

1 01 _

19 02
13 03,

3 Entries

1 0 1 0
4 i T T T T o PR
bl o bl o o o e
13 03 Bly 5 5 5 5 & 103

- Al vertices visited
- I pe,t\n enters on cA(ge, 10 W exits on o;

(L'L) Tr'\c\c\c,r. \Stért L,Jit‘\n ama_ entr\g eé(gt
uwvx\omé‘tiov\ ¥ e \/\outo(gc,t 't\/m petlns
‘t‘l\roug\/\ u{tLout mmivg awa vertices.

- l(m'twf‘\a— Easla ~Just U{)th e\rouvné
- 3 wtries - Ea.ha_‘ Quit go Jtraifl"t t\/\TOU&L
- 2L entries - (Excrau) ]




1] 01 1]

do | (o2, 2
1 0 1

—I‘raa.'to finish these patlu Lathout
W\\'uir&? w mpe&tiyg. Omlﬁ one Wy ],

“The Reduction:  ISAT <, DHC
= Mep eadh dause to e ’D\-\Lﬁet

- _ Xy —> —> X,
v v —> —
X151 ek

—T\n‘m\( D)c chage:té s ‘ou“os own Jffiygg o‘{: lg'nt‘

- E&Jf\ \ou“o lf\aJ 3 wives ﬂnmtgln '[t

= Dires CDf('UaoOV\é to |it6fé|.§ x; oc i\)‘

—7
——

— Wires can be live” (true) op ‘dead (ol




— Wont the whole J‘:fivg to l'{gl\t up
At least owne live uire t\nfovéfL each bull
= At leact one true litersl for each dause

- L'°c§ 2l ccmutcmca:

For awa verialole., onl\& one htcra\ v \oe 'ivc

=t = —folie

- To meke & caclc., we da'\sD-d«ew\ ‘Hoesc
])a’\:\/\s ‘bcggetlner‘~

- éueége,'t cluégmecl to kebp Liyes from cromveg

X\ =\ X, X, —> X, X —> —> X
Xi—> U- —=> .7_(_._ ;1 ............... ;"_‘ Xi—> N ;"1
%a %3 % —>% %1 !

ok ©) no! X no! (%)




Reduction:  Given formula F m 8- CNF form:
- Create vertices:
s— stert
T-end
S T W vanable vertices
- E‘%g&’ s,%) &)

O @@ O

- For each dause, create o ge%gct

R _ x\ ﬁx\

(X, VX, VX, ) — — al
\ (3 l) X 5> X,
%2 > Xa

~ For eadh variable vertey %; oreate tuo

pet\/\s T +~F.
T - goes t\r\ro\g\\ ol\ (ge%gcts A X5
F \ n " " " " R

J

:L'j —/_ \ . | - T/—>
. - x]

Lj+1

x N

- Roth end st X1 (W@, it j=w)
- Call tl'\egrepl/\ G

_/_'
Dy T




E%eva\c:

F=(T1VxaVa3) AN(x; VT VT3) A(xa VT VT3 Az Va3V IT9)
S

\/ _
T—{TL2 9 75| T3 to s
L2 L3 7/ W _\ 73 Ty —to x3
3 to z9

Ruvmiveg time- Linear in sjze o'F F

Note,‘- P&luoﬁov\ does wot kv\uw/cere WLicLl
\lar'\a]o\rcs are true o {dlﬂ’, .

Correctness :

Lemms: F is satisfiable iﬁc G hes 2 Hamil. cvclc

Proo‘f :
=) Supposc t'/\at F l/\as a Jatis'fgivg
éss'\gnmen’t . e Pracm't o Hawl. ch'(’,
wm G:

— Start a @) and SO to ()




- For eadn @ , i€
’)"\) =true "'FD"OLJ T Pé‘tL oul O{"@

%, =Tslse —follow F Patl\ oul Of‘@
- Own arrivivg at @ retuvrn To @

E%évmple X\= T X< T %1=F

Lue assert t|m's ¥ e Hami‘ (’U"'C
= Set\J‘F'a,mU &lSlO'V\W\ ent >
— each deute \'\as st least ome true literal
- eadn ga%wt vigited \09 ot least one Paﬂ«
- Bua_'DHL 'Proportxa W):
~ € ot least one patL enters
- éll \ICf‘t\u,s VIJItCs\l once
~ each PatL exits ot same posnition
it enters (uiru hever LYDSS)
= Hami“:ovviah aoclc in g v




(F\ Suppose. éi \!\AJ S H&miltowien c,vdc.
1t must l/\dvc. ‘Fo“ouivg Structure

—T T T T
S = X, 'OV-\ x,l/-?or.\. x}ffor_\...\ /—aw‘-\'t
|_’ NS |7 NSE-? TSE Spa _‘

- Fo\l‘ eéc,\n ver'\a\o\e x)
- if Tt tokes the T path set o e trve
S R el
- Assert thet this is Je‘ti:f&\vg eugv\mev\'t
- Since this is Homiltonian , every \g@é\{rct is visited
- Ga DHC 6aéget Pmpefta () O/\"?Y\a_ pattern
= uat Pa‘ttcrn (Lires neyer (,\ross)
2 va\a. dause has ot leait one true litevs)

EX&W\P\C: SUPPOJC V\O‘t . TLeh fome. &Saeéget; \S W\iSJcA'e\no't HC

D F is satishiekle ]




Mei\(\ (esu(tf

Theotem: DRC is NP-wmp|etL

| Peoof Su‘ﬁcices to show:
DHC € NP: Certificate is o list 0'(: verCices
— chedk thet eadn vertex Sppears

o,ca:.’d‘a onee
- df\eck that e,ve\na nsecutive pair
(‘mc\ué\‘yg last s fivet) ave aé\‘)ac,cvx‘l’
- if - verification ecccpt , else re\')cc’ts
3SAT S p DHC:
~ From previous levme. 0




