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Artificial neural networks

• Neural networks are parametrized function approximators

• Can work with high dimensional data: text, images, audio, …

• Neural networks can be used to model complex functions
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Supervised training

• Calculate loss and gradient of loss w.r.t. parameters
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Why neural networks?

• Linear models are not always enough

• Many real world problems are non-linear, irregular, hierarchical etc.

• Neural networks add levels of non-linearity

• Via applying activations on a linear transformation
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Deep neural networks (DNNs)
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3.1 Deep Learning

Deep learning is a family of machine learning algorithms characterized by the usage of artificial neural
networks (ANNs) as function approximators. As the name suggests, ANNs are inspired by the functioning
of the human brain. The last decade has seen ANNs applied very widely in a variety of fields like computer
vision, natural language processing, bioinformatics, drug design, speech and audio recognition with results
often surpassing the state of the art and in some cases even human expert performance. While, neural
network architectures and training algorithms have existed for decades, it was only in the last few years that
deep learning has rose to prominence, primarily due to the following reasons: (1) increased computational
power via GPGPU hardware accelerators, and (2) availability of large amounts of data.

Artificial Neural Networks ANNs are parameterized function approximation algorithms, and are inspired
by biological neural networks. An ANN is a collection of artificial or simulated neurons (Figure 1 (left)),
each of which is a node in a directed, weighted graph. Each link has a weight which represents the strength
of one node’s influence over another. All of these weights taken together are the parameters of the neural
network. Thus, the words weights and parameters can be used interchangeably. Neural networks learn by
processing known inputs and outputs, and adjusting weight associations between the two to reduce error.
The activation of each neuron is the weighted sum of its inputs from neighboring neurons weighted by the
link weights followed by a non-linear function like sigmoid. The initial input is external data and output
accomplishes the designated task such as prediction.
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Figure 1: A single neuron (left) and an example artificial neural network (right).

Layer In deep learning, neurons are typically organized into layers. A layer computes a parameterized
non-linear transform of it’s input. Often, the layers are connected in a straight-chain with the ith layer op-
erating on the output of the (i � 1)th layer and the first layer operating on the input dataset. The “deep”
in deep learning stems from the usage of multiple layers essentially increasing the depth of the neural net-
work. Figure 1 (right) shows how neurons organized into different layers are connected to each other. It is
through the use of multiple layers that neural networks are able to learn very useful feature representations
of the input automatically [45].

Learning/Training and Loss Learning or Training is defined as the task of selecting the weight values
which can accurately compute the function that the neural network has to approximate. This is done by
posing the problem as a parameterized optimization of a scalar proxy called the loss. The loss is designed
in a way such that minimizing it leads to accurate function approximation.

Backpropagation Backpropagation is the algorithm by which the gradients/derivatives of the loss w.r.t. the
weights are calculated. Gradients are calculated in the reverse topological order starting from the final layer,
i.e. if layer i consumed the output of layer j, then layer i’s weight gradients are calculated first and used in
the calculation of layer j’s weight gradients. This backward flow of gradients in the layers lends the name
backpropagation to this process.
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Training a neural network
• Problem: Find a set of weights/parameters that best fits the function we are trying to 

learn over a given training dataset
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DNN training loop
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while (data) {
    Read a single batch

    Forward pass: perform matrix multiplies to compute
        output activations

    Compute loss on this batch

    Backward pass: matrix multiplies to compute gradients of
        the loss w.r.t. parameters via backpropagation

    Optimizer step: use gradients to update the weights or
        parameters such that loss is gradually reduced
}
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Optimizer

• Used to update the parameters using the gradients

• They help minimize complex loss functions iteratively

• Gradient descent

• Adam: Adaptive moment estimation

• Adapts the learning rate per parameter

8

θt+1 = θt − ηΔθL
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θt+1 = θt − ηΔθL  = learning rateη
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Terms and definitions

• Learning/training: task of selecting weights ( ) that lead to an accurate function

• Loss: a scalar proxy that when minimized leads to higher accuracy

• Gradient descent: process of updating the weights using gradients (derivates) of the 
loss weighted by a learning rate

• Mini-batch: Small subsets of the dataset processed iteratively

• Epoch: One pass over all the mini-batches

θ
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Different types of DNNs
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Image Recognition

Convolutional NNs (CNNs)
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Image Recognition

Convolutional NNs (CNNs) Recommendation Systems

Recommend products, movies, …
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Different types of DNNs
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Image Recognition

Convolutional NNs (CNNs) Recommendation Systems

Recommend products, movies, …

Transformers and LLMs

Generate text
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Language modeling

• The idea is to predict the next word

• Ideally, we want to be able to capture long-range dependencies

• These fade in other approaches such as RNNs
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P(wt |w1, w2, . . . , wt−1)

The animal didn’t cross the street because it was …
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The Transformers Architecture

• A paradigm shift introduced in “Attention is All You Need” (2017)

12
Figure 1: The Transformer - model architecture.

The Transformer follows this overall architecture using stacked self-attention and point-wise, fully
connected layers for both the encoder and decoder, shown in the left and right halves of Figure 1,
respectively.

3.1 Encoder and Decoder Stacks

Encoder: The encoder is composed of a stack of N = 6 identical layers. Each layer has two
sub-layers. The first is a multi-head self-attention mechanism, and the second is a simple, position-
wise fully connected feed-forward network. We employ a residual connection [11] around each of
the two sub-layers, followed by layer normalization [1]. That is, the output of each sub-layer is
LayerNorm(x + Sublayer(x)), where Sublayer(x) is the function implemented by the sub-layer
itself. To facilitate these residual connections, all sub-layers in the model, as well as the embedding
layers, produce outputs of dimension dmodel = 512.

Decoder: The decoder is also composed of a stack of N = 6 identical layers. In addition to the two
sub-layers in each encoder layer, the decoder inserts a third sub-layer, which performs multi-head
attention over the output of the encoder stack. Similar to the encoder, we employ residual connections
around each of the sub-layers, followed by layer normalization. We also modify the self-attention
sub-layer in the decoder stack to prevent positions from attending to subsequent positions. This
masking, combined with fact that the output embeddings are offset by one position, ensures that the
predictions for position i can depend only on the known outputs at positions less than i.

3.2 Attention

An attention function can be described as mapping a query and a set of key-value pairs to an output,
where the query, keys, values, and output are all vectors. The output is computed as a weighted sum

3

• Relies entirely on attention

• Enables highly parallel computation

• Encoder stacks: MHSA + FFN

• Decoder stacks
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Scaled Dot-Product Attention

• Determine “how much” should a token “attend” to other tokens

• When processing a word, which other words matter the most?

• Conceptually, each word produces three vectors:

• Query (Q): What am I looking for?

• Key (K): What do I contain?

• Value (V): What information do I provide?
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Scaled Dot-Product Attention Multi-Head Attention

Figure 2: (left) Scaled Dot-Product Attention. (right) Multi-Head Attention consists of several
attention layers running in parallel.

of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3.2.1 Scaled Dot-Product Attention

We call our particular attention "Scaled Dot-Product Attention" (Figure 2). The input consists of
queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the
query with all keys, divide each by

→
dk, and apply a softmax function to obtain the weights on the

values.

In practice, we compute the attention function on a set of queries simultaneously, packed together
into a matrix Q. The keys and values are also packed together into matrices K and V . We compute
the matrix of outputs as:

Attention(Q,K, V ) = softmax(
QK

T

→
dk

)V (1)

The two most commonly used attention functions are additive attention [2], and dot-product (multi-
plicative) attention. Dot-product attention is identical to our algorithm, except for the scaling factor
of 1→

dk
. Additive attention computes the compatibility function using a feed-forward network with

a single hidden layer. While the two are similar in theoretical complexity, dot-product attention is
much faster and more space-efficient in practice, since it can be implemented using highly optimized
matrix multiplication code.

While for small values of dk the two mechanisms perform similarly, additive attention outperforms
dot product attention without scaling for larger values of dk [3]. We suspect that for large values of
dk, the dot products grow large in magnitude, pushing the softmax function into regions where it has
extremely small gradients 4. To counteract this effect, we scale the dot products by 1→

dk
.

3.2.2 Multi-Head Attention

Instead of performing a single attention function with dmodel-dimensional keys, values and queries,
we found it beneficial to linearly project the queries, keys and values h times with different, learned
linear projections to dk, dk and dv dimensions, respectively. On each of these projected versions of
queries, keys and values we then perform the attention function in parallel, yielding dv-dimensional

4To illustrate why the dot products get large, assume that the components of q and k are independent random
variables with mean 0 and variance 1. Then their dot product, q · k =

∑dk
i=1 qiki, has mean 0 and variance dk.

4

The animal didn’t cross the street because it was too tired
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Matrix multiplies in attention
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Scaled Dot-Product Attention

15

Scaled Dot-Product Attention Multi-Head Attention

Figure 2: (left) Scaled Dot-Product Attention. (right) Multi-Head Attention consists of several
attention layers running in parallel.

of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3.2.1 Scaled Dot-Product Attention

We call our particular attention "Scaled Dot-Product Attention" (Figure 2). The input consists of
queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the
query with all keys, divide each by

→
dk, and apply a softmax function to obtain the weights on the

values.

In practice, we compute the attention function on a set of queries simultaneously, packed together
into a matrix Q. The keys and values are also packed together into matrices K and V . We compute
the matrix of outputs as:

Attention(Q,K, V ) = softmax(
QK

T

→
dk

)V (1)

The two most commonly used attention functions are additive attention [2], and dot-product (multi-
plicative) attention. Dot-product attention is identical to our algorithm, except for the scaling factor
of 1→

dk
. Additive attention computes the compatibility function using a feed-forward network with

a single hidden layer. While the two are similar in theoretical complexity, dot-product attention is
much faster and more space-efficient in practice, since it can be implemented using highly optimized
matrix multiplication code.

While for small values of dk the two mechanisms perform similarly, additive attention outperforms
dot product attention without scaling for larger values of dk [3]. We suspect that for large values of
dk, the dot products grow large in magnitude, pushing the softmax function into regions where it has
extremely small gradients 4. To counteract this effect, we scale the dot products by 1→

dk
.

3.2.2 Multi-Head Attention

Instead of performing a single attention function with dmodel-dimensional keys, values and queries,
we found it beneficial to linearly project the queries, keys and values h times with different, learned
linear projections to dk, dk and dv dimensions, respectively. On each of these projected versions of
queries, keys and values we then perform the attention function in parallel, yielding dv-dimensional

4To illustrate why the dot products get large, assume that the components of q and k are independent random
variables with mean 0 and variance 1. Then their dot product, q · k =

∑dk
i=1 qiki, has mean 0 and variance dk.
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Figure 2: (left) Scaled Dot-Product Attention. (right) Multi-Head Attention consists of several
attention layers running in parallel.

of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3.2.1 Scaled Dot-Product Attention

We call our particular attention "Scaled Dot-Product Attention" (Figure 2). The input consists of
queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the
query with all keys, divide each by

→
dk, and apply a softmax function to obtain the weights on the

values.

In practice, we compute the attention function on a set of queries simultaneously, packed together
into a matrix Q. The keys and values are also packed together into matrices K and V . We compute
the matrix of outputs as:
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)V (1)

The two most commonly used attention functions are additive attention [2], and dot-product (multi-
plicative) attention. Dot-product attention is identical to our algorithm, except for the scaling factor
of 1→

dk
. Additive attention computes the compatibility function using a feed-forward network with

a single hidden layer. While the two are similar in theoretical complexity, dot-product attention is
much faster and more space-efficient in practice, since it can be implemented using highly optimized
matrix multiplication code.

While for small values of dk the two mechanisms perform similarly, additive attention outperforms
dot product attention without scaling for larger values of dk [3]. We suspect that for large values of
dk, the dot products grow large in magnitude, pushing the softmax function into regions where it has
extremely small gradients 4. To counteract this effect, we scale the dot products by 1→

dk
.

3.2.2 Multi-Head Attention

Instead of performing a single attention function with dmodel-dimensional keys, values and queries,
we found it beneficial to linearly project the queries, keys and values h times with different, learned
linear projections to dk, dk and dv dimensions, respectively. On each of these projected versions of
queries, keys and values we then perform the attention function in parallel, yielding dv-dimensional

4To illustrate why the dot products get large, assume that the components of q and k are independent random
variables with mean 0 and variance 1. Then their dot product, q · k =
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queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the
query with all keys, divide each by

→
dk, and apply a softmax function to obtain the weights on the

values.

In practice, we compute the attention function on a set of queries simultaneously, packed together
into a matrix Q. The keys and values are also packed together into matrices K and V . We compute
the matrix of outputs as:

Attention(Q,K, V ) = softmax(
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The two most commonly used attention functions are additive attention [2], and dot-product (multi-
plicative) attention. Dot-product attention is identical to our algorithm, except for the scaling factor
of 1→
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. Additive attention computes the compatibility function using a feed-forward network with

a single hidden layer. While the two are similar in theoretical complexity, dot-product attention is
much faster and more space-efficient in practice, since it can be implemented using highly optimized
matrix multiplication code.

While for small values of dk the two mechanisms perform similarly, additive attention outperforms
dot product attention without scaling for larger values of dk [3]. We suspect that for large values of
dk, the dot products grow large in magnitude, pushing the softmax function into regions where it has
extremely small gradients 4. To counteract this effect, we scale the dot products by 1→

dk
.

3.2.2 Multi-Head Attention

Instead of performing a single attention function with dmodel-dimensional keys, values and queries,
we found it beneficial to linearly project the queries, keys and values h times with different, learned
linear projections to dk, dk and dv dimensions, respectively. On each of these projected versions of
queries, keys and values we then perform the attention function in parallel, yielding dv-dimensional

4To illustrate why the dot products get large, assume that the components of q and k are independent random
variables with mean 0 and variance 1. Then their dot product, q · k =

∑dk
i=1 qiki, has mean 0 and variance dk.
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Figure 1: (left) Transformer architecture and training objectives used in this work. (right) Input
transformations for fine-tuning on different tasks. We convert all structured inputs into token
sequences to be processed by our pre-trained model, followed by a linear+softmax layer.

3.3 Task-specific input transformations

For some tasks, like text classification, we can directly fine-tune our model as described above.
Certain other tasks, like question answering or textual entailment, have structured inputs such as
ordered sentence pairs, or triplets of document, question, and answers. Since our pre-trained model
was trained on contiguous sequences of text, we require some modifications to apply it to these tasks.
Previous work proposed learning task specific architectures on top of transferred representations [44].
Such an approach re-introduces a significant amount of task-specific customization and does not
use transfer learning for these additional architectural components. Instead, we use a traversal-style
approach [52], where we convert structured inputs into an ordered sequence that our pre-trained
model can process. These input transformations allow us to avoid making extensive changes to the
architecture across tasks. We provide a brief description of these input transformations below and
Figure 1 provides a visual illustration. All transformations include adding randomly initialized start
and end tokens (hsi, hei).

Textual entailment For entailment tasks, we concatenate the premise p and hypothesis h token
sequences, with a delimiter token ($) in between.

Similarity For similarity tasks, there is no inherent ordering of the two sentences being compared.
To reflect this, we modify the input sequence to contain both possible sentence orderings (with a
delimiter in between) and process each independently to produce two sequence representations hm

l
which are added element-wise before being fed into the linear output layer.

Question Answering and Commonsense Reasoning For these tasks, we are given a context
document z, a question q, and a set of possible answers {ak}. We concatenate the document context
and question with each possible answer, adding a delimiter token in between to get [z; q; $; ak]. Each
of these sequences are processed independently with our model and then normalized via a softmax
layer to produce an output distribution over possible answers.

4 Experiments

4.1 Setup

Unsupervised pre-training We use the BooksCorpus dataset [71] for training the language model.
It contains over 7,000 unique unpublished books from a variety of genres including Adventure,
Fantasy, and Romance. Crucially, it contains long stretches of contiguous text, which allows the
generative model to learn to condition on long-range information. An alternative dataset, the 1B
Word Benchmark, which is used by a similar approach, ELMo [44], is approximately the same size

4
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing
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to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L

@O
⇥W

>

and I
>⇥ @L

@O
, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L
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)

10: Retrieve Ik,j and Wj,i from cache
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 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L
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14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing

to synchronize their weights by issuing all-reduces on their
gradients after every batch.

B. Three-dimensional Tensor Parallelism
Next, we describe how each GPU group, composed of

Gtensor GPUs, parallelizes the work within their copy of the
neural network. Each GPU group processes the batch shard
assigned to them. Tensor parallelism refers to parallelizing the
computation within every layer of the neural network across
GPUs. We first describe the parallelization of a single layer
using our approach. We use the fully-connected (FC) or Linear
layer as an example.

Let us first look at the serial computation in an FC layer.
Each FC layer computes one half-precision matrix multiplica-
tion in the forward pass and two half-precision matrix multipli-
cations in the backward pass. The inputs to the matrix-multiply
(MM) kernel in the forward pass are the input activation, I , and
the layer’s weight matrix, W . The output of the MM operation
is the output activation, O. This is illustrated in Figure 1. In
the backward pass, there are two MM operations, @L
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and I
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, where L is the training loss. Thus, parallelizing

an FC layer requires parallelizing these three MM operations
across multiple GPUs.
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Fig. 1: Computation in the forward pass of a fully-connected
(FC) layer with input I and layer weights W . The output, O
is a matrix multiplication of I and W . We assume I 2 Rm⇥k,
W 2 Rk⇥n, and O 2 Rm⇥n.

In order to parallelize a single matrix-multiply computation
across several GPUs, we adapt Agarwal et al.’s 3D parallel
matrix multiplication algorithm [5]. As noted in Section III-A,
we need to exploit Gtensor GPUs for tensor parallelism within
each group. Since Agarwal’s algorithm uses a virtual 3D grid
of processes, we first organize the Gtensor GPUs further into a
virtual three-dimensional (3D) grid of dimensions Gx⇥Gy ⇥
Gz . As an example, we show a topology of eight GPUs with
Gx = Gy = Gz = 2 in Figure 2. Additionally, we use gi,j,k

to refer to a GPU in the grid.
Now let us discuss how we use Agarwal’s algorithm to

distribute input activations, I , and weights, W , onto this 3D
grid of GPUs. We do 2D decompositions of both I and W into
sub-blocks and map them to orthogonal planes of the 3D grid.
For example, in Figure 2, we observe that W is partitioned
along the X and Y -axes, and replicated along the Z-axis. This
means that GPUs groups in each XY plane have a copy of
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Fig. 2: Parallelization of an FC layer with Agarwal’s 3D
parallel matrix multiplication algorithm [5] on eight GPUs
organized in a 2 ⇥ 2 ⇥ 2 topology. We use Gx, Gy , and Gz

to refer to the number of GPUs along the three dimensions of
the virtual grid topology.

W . The I matrix on the other hand is partitioned along the X

and Z-axes, and replicated along the Y -axis. Once each GPU
has a unique sub-block of I and W, it can compute a portion
of the O matrix, which can be aggregated across GPUs in the
Y direction using all-reduces.

In our adapted version of Agarwal’s algorithm, instead of
replicating W along the Z-axis, we further shard W along
the Z-axis and denote these sub-shards as Ŵ . This is done
to save memory as the set of GPUs along the Z-axis will
only have to store the gradients and optimizer states of
unique shards of the weights. We now discuss how we adapt
Agarwal’s algorithm to work with sharded weight matrices
in the forward and the backward passes of our 3D tensor
parallel algorithm. We illustrate the forward pass in function
TENSOR_PARALLEL_FORWARD_PASS of Algorithm 1 from
the perspective of GPU gi,j,k.

Algorithm 1 Our 3D tensor parallelism for gi,j,k in a Gx ⇥
Gy ⇥Gz grid. We highlight all communication operations in
blue.

1: function TENSOR PARALLEL FORWARD PASS(Ik,j , Ŵj,i)

2: Wj,i = ALL-GATHERz(Ŵj,i)

3: Ôk,i = Ik,j ⇥Wj,i

4: Ok,i  ALL-REDUCEy(Ôk,i)
5: // Cache Ik,j and Wj,i for the backward pass
6: return Ok,i

7: end function
8:
9: function TENSOR PARALLEL BACKWARD PASS( @L

@Ok,i
)

10: Retrieve Ik,j and Wj,i from cache

11: @L

@Ik,j
 ALL-REDUCEx( @L

@Ok,i
⇥W

>
j,i)

12: @L

@Ŵj,i
 REDUCE-SCATTERz(I>k,j ⇥ @L

@Ok,i
)

13: return @L

@Ik,j
, @L

@Ŵj,i

14: end function

The inputs to this function are Ik,j and Ŵj,i i.e. the shards
of I and W mapped to GPU gi,j,k by our algorithm. Since we
have performed an extra sharding of W along the Z-axis, we
first bring back the full required sub-block of W by issuing




