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Announcements

• Midterm 2 is on April 9 during class

• Interim project report is due in 2 weeks on April 14
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Scaled Dot-Product Attention

• Determine “how much” should a token “attend” to other tokens

• When processing a word, which other words matter the most?

• Conceptually, each word produces three vectors:

• Query (Q): What am I looking for?

• Key (K): What do I contain?

• Value (V): What information do I provide?
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Figure 2: (left) Scaled Dot-Product Attention. (right) Multi-Head Attention consists of several
attention layers running in parallel.

of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3.2.1 Scaled Dot-Product Attention

We call our particular attention "Scaled Dot-Product Attention" (Figure 2). The input consists of
queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the
query with all keys, divide each by

→
dk, and apply a softmax function to obtain the weights on the

values.

In practice, we compute the attention function on a set of queries simultaneously, packed together
into a matrix Q. The keys and values are also packed together into matrices K and V . We compute
the matrix of outputs as:

Attention(Q,K, V ) = softmax(
QK

T

→
dk

)V (1)

The two most commonly used attention functions are additive attention [2], and dot-product (multi-
plicative) attention. Dot-product attention is identical to our algorithm, except for the scaling factor
of 1→

dk
. Additive attention computes the compatibility function using a feed-forward network with

a single hidden layer. While the two are similar in theoretical complexity, dot-product attention is
much faster and more space-efficient in practice, since it can be implemented using highly optimized
matrix multiplication code.

While for small values of dk the two mechanisms perform similarly, additive attention outperforms
dot product attention without scaling for larger values of dk [3]. We suspect that for large values of
dk, the dot products grow large in magnitude, pushing the softmax function into regions where it has
extremely small gradients 4. To counteract this effect, we scale the dot products by 1→

dk
.

3.2.2 Multi-Head Attention

Instead of performing a single attention function with dmodel-dimensional keys, values and queries,
we found it beneficial to linearly project the queries, keys and values h times with different, learned
linear projections to dk, dk and dv dimensions, respectively. On each of these projected versions of
queries, keys and values we then perform the attention function in parallel, yielding dv-dimensional

4To illustrate why the dot products get large, assume that the components of q and k are independent random
variables with mean 0 and variance 1. Then their dot product, q · k =

∑dk
i=1 qiki, has mean 0 and variance dk.
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Scaled Dot-Product Attention

• Compute product of Q and KT

• Get probabilities using softmax

• Scale the values (V) based on probabilities

• This is O(N2) in sequence length
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Challenges with long sequences

• Quadratic scaling in attention

• Both for compute and memory
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How can we reduce this time complexity?
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How can we reduce this time complexity?

• In practice, the attention matrix is sparse

• Can we identify the important tokens?
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Figure 2: (a) Attention Sparsity in pre-trained LLMs. (b) The distribution of accumulated attention scores with
respect to the corresponding word (red scatter) and the co-occurrence times of words in the data (gray curve).
The x-axis represents the word index in the vocabulary. (c) The performance comparison between the baseline
model with full KV and the model w.o. heavy hitter. (d) Comparison between the baseline model with full KV,
H2O with the local statistic, H2O with the global statistic, and the model with only the most recent KV (Local).
Apart from the baseline model, each model is evaluated with 20% KV cache budget.

2.1 Problem Formulation

We formally define the generative process with limited KV cache size. Denote attention query matrix
as Q → Rn→d and key matrix as K → Rn→d. Qi,↑ represents the i-th row of Q and K↓i,↑ represents
the first i rows of K. Let k denote the budget of space and k < n. For simplicity, KSi,↑ (→ Ri→d)
denotes a sub-matrix of K which selects Si rows from K. (For the non-selected rows [i]\Si, we put
all zeros in that row) Eviction policy is defined as:
Definition 2.1 (Eviction Policy, informal). Let Si↔1 denote the source set. Let Si denote the target
set. We defined the eviction policy g : Si↔1 ↑ Si such that

• |Si| = k (KV cache size is not changing over the time)

• |Si\Si↔1| ↓ 1 or equivalently |Si ↔ Si↔1| ↗ k ↘ 1 (we can evict at most 1 KV in the KV cache)

Then, we define the generative process with our eviction policy.
Definition 2.2 (The generative process with eviction policy, informal). Let k denote the size of the
KV cache. For each i → [n], for the i-th token, we have

• Let Si ≃ [n] denote the tokens in KV cache when predicting the i-th token.

• The information we have is a length-i vector oi := D↔1
i ·exp(Qi,↑(KSi,↑)

↗) (normalized attention)

– scalar Di := (exp(Qi,↑(KSi,↑)
↗)↘ 1[i]\Si

) · 1i (the evicted KV is set to 0, and we need to
subtract them when computing the normalization)

– Replacing Si by [i] in the above definition of oi and Di leads to standard generative process.

• The eviction policy (Definition 2.1) updates Si based on Si↔1 and their corresponding information.
Remark 2.3. Our goal is to find a KV cache eviction policy such that the output of the generative
process is similar or comparable to the original one without limiting the cache size.

3 Observations
We present two key empirical insights of LLMs that inspire the design of H2O, as follows.

3.1 Sparsity for Small Cache Size

Inspired by previous literature, which reveals the existence of attention sparsity in DistillBERT [35]
and bounded-norm self-attention heads [36]. We first show an observation on the sparsity of attention
in pre-trained LLMs. Then we discuss how it can potentially unlock the possibility of reducing
KV cache size without an accuracy drop. Given the normalized attention score Softmax(QK↗)
matrix that is calculated by the query matrix Q and the key matrix K, we set the threshold as one
percent of the maximum value in each row and calculates the corresponding sparsity.

Observation. We conduct zero-shot inference with the pre-trained OPT model on the validation
set of Wiki-Text-103. We plot the layer-wise sparsity within attention blocks and visualize the
normalized attention score matrix. The results are presented in Figure 2 (a). We observe that although
the LLMs are densely trained, the resulting attention score matrices are highly sparse, with a sparsity
over 95% in almost all layers.
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How can we reduce this time complexity?

• In practice, the attention matrix is sparse

• Can we identify the important tokens?

• Identify structured sparsity
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Figure 1: Upper plots illustrate symbolic plots of an attention map deploying different KV cache policies in
LLM generation. Lower right: contrasts their accuracy-memory trade-off. Left: the overview of H2O framework.

While there exists substantial literature on sparse attention approximation in training, they have
not seen wide adoption for alleviating KV cache bottleneck. First, most existing methods, e.g.,
Reformer [7] and Flash Attention [8], are designed to overcome the quadratic memory required by
attention mechanisms when modeling long sequences but still require a large cache size. Second,
variants like sparse transformer [9], low-rank based transformers [10, 11] or multi-query attention [12,
13, 5] can reduce the cache size, but directly applying them on pre-trained LLMs for generation
results in high miss rates and degrades the accuracy as shown in Figure 1. Finally, some recent
advances such as gisting tokens [14] can learn to compress the KV cache for documents, but their
expensive eviction policies are difficult to deploy during generation.

Therefore, an ideal KV cache should have (i) a small cache size to reduce memory footprint, (ii) a
low miss rate to maintain the performance and long-content generation ability of LLMs, and (iii)
a low-cost eviction policy to reduce the wall-clock time during generation. However, there are
three technical challenges. First, it is not immediately clear whether the size of the KV cache can
be restricted—each decoding step might, in principle, require access to all previous attention keys
and values. Second, identifying an optimal eviction policy that maintains generation accuracy is a
combinatorial problem1. Finally, even if an optimal policy can be brute-forced, it is infeasible for
deployment on real-world applications.

Fortunately, our preliminary exploration has yielded intriguing observations about the empirical
properties of LLMs. These findings pave the way for the potential design of an efficient KV cache.

Sparsity for small cache size: We observe that even when trained densely, the attention matrices of
LLMs are over 95% sparse at inference time (shown in Figure 2). This holds for a wide range of
pre-trained LLMs. Therefore, only 5% of the KV cache is sufficient for decoding the same output
token at each generation step, which suggests it may be possible to have up to a 20→ reduction in
KV cache size without an accuracy drop.

Heavy-Hitters for low miss rate: We discover that the accumulated attention scores of all tokens
in attention blocks adhere to a power-law distribution. It suggests that there exists a small set of
influential tokens that are critical during generation, named heavy-hitters (H2). H2 provides an
opportunity to step away from the combinatorial search problem and identify an eviction policy that
maintains accuracy.

Greedy algorithm for low-cost policy: we surprisingly find that retaining the H2 based on local
statistics at each decoding step—summing the attention scores of only the preceding tokens—is as
effective as considering the attention of future tokens (shown in Figure 2).

Based on the above, we first rigorously define the generative process of LLMs operating with a
size-constrained KV cache in Section 2.1. Then we propose Heavy-Hitter Oracle (H2O), a framework

1Belady’s Algorithm is optimal for standard cache, but not necessarily for KV cache.
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How can we reduce this time complexity?

• In practice, the attention matrix is sparse

• Can we identify the important tokens?

• Identify structured sparsity

• Or identify sparsity at runtime dynamically
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2.1 Problem Formulation

We formally define the generative process with limited KV cache size. Denote attention query matrix
as Q → Rn→d and key matrix as K → Rn→d. Qi,↑ represents the i-th row of Q and K↓i,↑ represents
the first i rows of K. Let k denote the budget of space and k < n. For simplicity, KSi,↑ (→ Ri→d)
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process is similar or comparable to the original one without limiting the cache size.

3 Observations
We present two key empirical insights of LLMs that inspire the design of H2O, as follows.

3.1 Sparsity for Small Cache Size

Inspired by previous literature, which reveals the existence of attention sparsity in DistillBERT [35]
and bounded-norm self-attention heads [36]. We first show an observation on the sparsity of attention
in pre-trained LLMs. Then we discuss how it can potentially unlock the possibility of reducing
KV cache size without an accuracy drop. Given the normalized attention score Softmax(QK↗)
matrix that is calculated by the query matrix Q and the key matrix K, we set the threshold as one
percent of the maximum value in each row and calculates the corresponding sparsity.

Observation. We conduct zero-shot inference with the pre-trained OPT model on the validation
set of Wiki-Text-103. We plot the layer-wise sparsity within attention blocks and visualize the
normalized attention score matrix. The results are presented in Figure 2 (a). We observe that although
the LLMs are densely trained, the resulting attention score matrices are highly sparse, with a sparsity
over 95% in almost all layers.
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How can this help?
• We could get away with computing fewer attention scores

• A small subset of tokens are the most important — follow a power law

• Reduce time complexity

• If we do not store all the values in the KV cache:

• Reduce memory requirements with increasing sequence length
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Figure 2: (a) Attention Sparsity in pre-trained LLMs. (b) The distribution of accumulated attention scores with
respect to the corresponding word (red scatter) and the co-occurrence times of words in the data (gray curve).
The x-axis represents the word index in the vocabulary. (c) The performance comparison between the baseline
model with full KV and the model w.o. heavy hitter. (d) Comparison between the baseline model with full KV,
H2O with the local statistic, H2O with the global statistic, and the model with only the most recent KV (Local).
Apart from the baseline model, each model is evaluated with 20% KV cache budget.
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