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Counting Elements in a List

� How many integers in the list from 1 to 10?

� How many integers in the list from m to n?

(assuming m ≤ n)

– n – m + 1

– Can you prove this?
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Prove: # elements in list

� Base case (List of size 1, x=y)

– y – x + 1 = y – y + 1 (by substitution) = 1

� IH (generic x, y=k [where x ≤ k])

– Assume size of list x to k, is k – x + 1

� IS

– Show size of list x to k + 1, is (k + 1) – x + 1

– Prove

� Split into two lists …
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How many in list divisible by something

� How many positive three digit integers are there?

– (this means only the ones that require 3 digits)

– 999 – 100 + 1 = 900

� How many three digit integers are divisible by 5?

– think about the definition of divisible by

x | y ↔ ∃ k ∈Z, y = kx and then count the k’s that work

100, 101, 102, 103, 104, 105, 106,… 994, 995, 996, 997, 998, 999

20*5                              21*5      … 199*5

– count the integers between 20 and 199

– 199 – 20 + 1 = 180 



12 July 2007 Counting 5

Probability
likelihood of a specific event

� Sample Space = set of all possible outcomes

� Random = outcome of trial is unknown

� Event = subset of sample space

� Equal Probability Formula:

– Given a finite sample space S where all outcomes are 
equally likely

– Select an event E from the sample space S

– The probability of event E from sample space S:
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Flipping Two Coins

� Sample Space = {(H,H), (H,T), (T,H), (T,T)}

� What do the following events represent?
– Probability of no heads

– Probability of at least one head

– Probability of same sides on the two coins

� Compute the above probabilities

� If flip two coins 100 times will you get 25-50-25?
– Probability & actual outcomes often differ 
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Standard Playing Cards

� Values: 2,3,4,5,6,7,8,9,10,J,Q,K,A

� Suits: D(♦), H(♥), S(♠), C(♣)

� Probability of drawing the Ace of Spades

� Probability of drawing a Spade

� Probability of drawing a face card

� Probability of drawing a red face card
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Rolling Two Six-Sided Dice
� Sample Space

– Ordered pairs
{(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6),
…

(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}

– Simplified
{11,12,13,14,15,16,
21,22,23,24,25,26,
…

61,62,63,64,65,66}

� Set representing rolling a 10?
� The probability of rolling a 10?

� Set representing rolling a pair?
� Probability of rolling a pair?
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Multi-level Probability

� If I toss a coin once – the probability of 
Head = ½

� If I toss that coin 5 times 

– The probability of all heads 

– The probability of exactly 4 heads 
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Combination Examples

� Breakfast

– Main

– Fruit

� Red, White, Blue marbles

– How can you arrange 10 of them

– __   __   __   __   __   __   __   __   __   __

– 3 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 3 = 310
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Multiplication Rule

� 1st step can be performed n1 ways

� 2nd step can be performed n2 ways

� …

� Kth step can be performed nk ways

� Operation can be performed n1* n2 *…* nk ways 

� Cartesian product   n(A)=3, n(B)=2, n(C)=4

– n(AxBxC) = 24

– n(AxB) = 6, n((AxB)xC) = 24
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Tournament Play

� Team A and Team B in “Best of 3” Tournament
� Where they each have an equal likelihood of 

winning each game

– Do leaves add up to 1?
– Do we have to play 3 games?
– Do A and B have an equal chance of winning?
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What if A wins 2 of every 3 games?

� Each line for A must have a 2/3 

� Each line for B must have a 1/3

� How likely is A to win the tournament?

� How likely is B to win the tournament?
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Permutation Example

� How many ways to take a picture?

– With 1 person?

– With 2 people?

– With 3 people?

– With 4 people?

– With 5 people?

� Number of ways to arrange n objects

– n!

– 10n < n!
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Permutation Example

� How many ways to rewrite CAT?

� 3! = 6

� cat, cta, act, atc, tca, tac
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Multiplication Rule

� If there are n steps to a decision, each 
step having c(k) choices, the total number 
of choices is:
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Examples

� Choose a PIN from a {0,1,2,3,4,A,B,C} keyboard 
with PIN length 3
= 8 ⋅ 8 ⋅ 8 = 83 = 512 

� Choose a PIN of the form #L# where
– # ∈ {0,1,2,…,9}

– L ∈ {0,1,2,…,9}

= 10 ⋅ 26 ⋅ 10

� Choose a 3-value PIN of digits and letters
= 36 ⋅ 36 ⋅ 36

– Without repeats

= 36 ⋅ 35 ⋅ 34
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Permutation Example

� Hexadecimal numbers are made using digits: 
0,1,2,3,4,5,6,7,8,9,A,B,C,D,E,F with subscript 
16.

� How many 5-digit long begin with a digit 3 
through B, and end with a digit 5 through F?

– 9 ⋅ 16 ⋅ 16 ⋅ 16 ⋅ 11 = 405,504

� How many 6-digit long begin with one of 4 
through D, and end with a digit 2 through E?

– 10 ⋅ 16 ⋅ 16 ⋅ 16 ⋅ 16 ⋅ 13 = 8,519,680
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Probabilities with PINs

� Number of 4 digit PINs of (0,1,2,.)
– With repetition allowed = 4 ⋅ 4 ⋅ 4 ⋅ 4 = 256

– With no repetition allowed = 4 ⋅ 3 ⋅ 2 ⋅ 1 = 24

� What is the probability that your 4 digit PIN 
has no repeated characters?

� What is the probability that your 4 digit PIN 
does have repeated characters?

� Probability of the complement of an event

P(E’) = P(Ec) = 1 – P(E)



12 July 2007 Counting 20

Permutation Example

� Consider strings of length n over the set {a,b,c,d}.

� How many strings contain at least one pair of 
adjacent characters that are the same?
– Total number of length n is 4n

– No two adjacent = 4 ⋅ 3 ⋅ 3 ⋅ 3 = 4 ⋅ 3n-1

– So 4n – 4 ⋅ 3n-1

� What is the probability that a random string of 
length 10 contains at least one pair of adjacent 
characters that are the same?
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Difference Rule Formally

� If A is a finite set and B⊆A, then

n(A – B) = n(A) – n(B)

� One application:

probability of the complement of an event

P(E’) = P(Ec) = 1 - P(E)
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PINs with less specified length
Addition Rule

� Assume it can be a 2, 3 or 4 length PIN

� Partition the problem
– Number of 2 length PINs w/rep allowed: 4 ⋅ 4 = 16

– Number of 3 length PINs w/rep allowed: 4 ⋅ 4 ⋅ 4 = 64

– Number of 4 length PINs w/rep allowed: 4 ⋅ 4 ⋅ 4 ⋅ 4 = 256

� Number PINs if allowing length of 2, 3 or 4 = 336
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Addition Rule Formally

� If A1∪ A2 ∪ A3 ∪ … ∪ Ak =A

and A1, A2 , A3,…,Ak are pairwise disjoint

(i.e. if these subsets form a partition of A)

� n(A) = n(A1) + n(A2) + n(A3) + … + n(Ak)
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Another example for
Multiplication Rule and Addition Rule

� How many 3 digit integers are divisible by 5?

– How many end in a 0?  9 ⋅ 10 ⋅ 1 = 90

– How many end in a 5?  9 ⋅ 10 ⋅ 1 = 90

– These form a partition with the set of numbers 
divisible by 5 so
� 90 + 90 = 180
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Where Multiplication Rule Doesn’t Work

� People = {Angel, Bob, Carol, Dan}

� Need to be appointed as 

– President, vice-president, and treasurer 

– Nobody can hold more than one office

– Angel doesn’t want to be president

– Only Bob and Dan want to be vice-president

� Draw tree …
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Where Multiplication Rule Doesn’t Work

� P1 picks a card and doesn’t look at it

� P2 picks a card

� What are the chances P2 picked a red face 
card?

� Draw tree …
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Inclusion/Exclusion Rule

� If there are two sets:

n(A ∪ B) = n(A) + n(B) – n(A ∩ B)

� If there are three sets:

n(A ∪ B ∪ C) = n(A) + n(B) + n(C)

– n(A ∩ B) – n(A ∩ C) – n(B ∩ C)

+ n(A ∩ B ∩ C)
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Inclusion/Exclusion Example

� How many integers from 1 to 1000 are multiples 
of 3, 5, or 8?

� Sets

– A = 3

– B = 5

– C = 5

� n(A B C) = 

n(A) + n(B) + n(C)

– n(A ∩ B) – n(A ∩ C) – n(B ∩ C)

– n(A ∩ B ∩ C)
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Permutation Example

� How many ways to rewrite COMPUTER?

� 8! = 40320
computer, computre, compuetr, compuert, compurte, compuret, comptuer, compture, compteur, 

compteru, comptrue, comptreu, compeutr, compeurt, competur, competru, comperut, compertu, 
comprute, compruet, comprtue, comprteu, compreut, compretu, comupter, comuptre, comupetr, 
comupert, comuprte, comupret, comutper, comutpre, comutepr, comuterp, comutrpe, comutrep, 
comueptr, comueprt, comuetpr, comuetrp, comuerpt, comuertp, comurpte, comurpet, comurtpe, 
comurtep, comurept, comuretp, comtpuer, comtpure, comtpeur, comtperu, comtprue, comtpreu, 
comtuper, comtupre, comtuepr, comtuerp, comturpe, comturep, comtepur, comtepru, comteupr, 
comteurp, comterpu, comterup, comtrpue, comtrpeu, comtrupe, comtruep, comtrepu, comtreup, 
comeputr, comepurt, comeptur, comeptru, comeprut, comeprtu, comeuptr, comeuprt, comeutpr, 
comeutrp, comeurpt, comeurtp, cometpur, cometpru, cometupr, cometurp, cometrpu, cometrup, 
comerput, comerptu, comerupt, comerutp, comertpu, comertup, comrpute, comrpuet, comrptue, 
comrpteu, comrpeut, comrpetu, comrupte, comrupet, comrutpe, comrutep, comruept, comruetp, 
comrtpue, comrtpeu, comrtupe, comrtuep, comrtepu, comrteup, comreput, comreptu, comreupt, 
comreutp, comretpu, comretup, copmuter, copmutre, copmuetr, copmuert, copmurte, copmuret, 
copmtuer, copmture, copmteur, copmteru, copmtrue, copmtreu, copmeutr, copmeurt, copmetur, 
copmetru, copmerut, copmertu, copmrute, copmruet, copmrtue, copmrteu, copmreut, copmretu, 
copumter, copumtre, copumetr, copumert, copumrte, copumret, coputmer, coputmre, …
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Permutation Example

� How many to rewrite CO-M-P-U-T-E-R?

� 7! = 5040
� COMPUTER, COMPUTRE, COMPUETR, COMPUERT, COMPURTE, 

COMPURET, COMPTUER, COMPTURE, COMPTEUR, COMPTERU, 
COMPTRUE, COMPTREU, COMPEUTR, COMPEURT, COMPETUR, …

� COMPUTER, COMPUTRE, COMPUETR, COMPUERT, COMPURTE, COMPURET, COMPTUER, COMPTURE, COMPTEUR, COMPTERU, COMPTRUE, COMPTREU, COMPEUTR, COMPEURT, COMPETUR, COMPETRU, COMPERUT, COMPERTU, COMPRUTE, COMPRUET, COMPRTUE, COMPRTEU, COMPREUT, COMPRETU, COMUPTER, COMUPTRE, COMUPETR, COMUPERT, COMUPRTE, COMUPRET, COMUTPER, COMUTPRE, COMUTEPR, COMUTERP, COMUTRPE, COMUTREP, COMUEPTR, COMUEPRT, COMUETPR, COMUETRP, COMUERPT, COMUERTP, COMURPTE, COMURPET, COMURTPE, COMURTEP, COMUREPT, COMURETP, COMTPUER, COMTPURE, COMTPEUR, COMTPERU, COMTPRUE, 
COMTPREU, COMTUPER, COMTUPRE, COMTUEPR, COMTUERP, COMTURPE, COMTUREP, COMTEPUR, COMTEPRU, COMTEUPR, COMTEURP, COMTERPU, COMTERUP, COMTRPUE, COMTRPEU, COMTRUPE, COMTRUEP, COMTREPU, COMTREUP, COMEPUTR, COMEPURT, COMEPTUR, COMEPTRU, COMEPRUT, COMEPRTU, COMEUPTR, COMEUPRT, COMEUTPR, COMEUTRP, COMEURPT, COMEURTP, COMETPUR, COMETPRU, COMETUPR, COMETURP, COMETRPU, COMETRUP, COMERPUT, COMERPTU, COMERUPT, COMERUTP, COMERTPU, COMERTUP, COMRPUTE, COMRPUET, COMRPTUE, COMRPTEU, COMRPEUT, COMRPETU, COMRUPTE, COMRUPET, COMRUTPE, COMRUTEP, 
COMRUEPT, COMRUETP, COMRTPUE, COMRTPEU, COMRTUPE, COMRTUEP, COMRTEPU, COMRTEUP, COMREPUT, COMREPTU, COMREUPT, COMREUTP, COMRETPU, COMRETUP, COPMUTER, COPMUTRE, COPMUETR, COPMUERT, COPMURTE, COPMURET, COPMTUER, COPMTURE, COPMTEUR, COPMTERU, COPMTRUE, COPMTREU, COPMEUTR, COPMEURT, COPMETUR, COPMETRU, COPMERUT, COPMERTU, COPMRUTE, COPMRUET, COPMRTUE, COPMRTEU, COPMREUT, COPMRETU, COPUMTER, COPUMTRE, COPUMETR, COPUMERT, COPUMRTE, COPUMRET, COPUTMER, COPUTMRE, COPUTEMR, COPUTERM, COPUTRME, COPUTREM, COPUEMTR, COPUEMRT, COPUETMR, 
COPUETRM, COPUERMT, COPUERTM, COPURMTE, COPURMET, COPURTME, COPURTEM, COPUREMT, COPURETM, COPTMUER, COPTMURE, COPTMEUR, COPTMERU, COPTMRUE, COPTMREU, COPTUMER, COPTUMRE, COPTUEMR, COPTUERM, COPTURME, COPTUREM, COPTEMUR, COPTEMRU, COPTEUMR, COPTEURM, COPTERMU, COPTERUM, COPTRMUE, COPTRMEU, COPTRUME, COPTRUEM, COPTREMU, COPTREUM, COPEMUTR, COPEMURT, COPEMTUR, COPEMTRU, COPEMRUT, COPEMRTU, COPEUMTR, COPEUMRT, COPEUTMR, COPEUTRM, COPEURMT, COPEURTM, COPETMUR, COPETMRU, COPETUMR, COPETURM, COPETRMU, COPETRUM, COPERMUT, COPERMTU, 
COPERUMT, COPERUTM, COPERTMU, COPERTUM, COPRMUTE, COPRMUET, COPRMTUE, COPRMTEU, COPRMEUT, COPRMETU, COPRUMTE, COPRUMET, COPRUTME, COPRUTEM, COPRUEMT, COPRUETM, COPRTMUE, COPRTMEU, COPRTUME, COPRTUEM, COPRTEMU, COPRTEUM, COPREMUT, COPREMTU, COPREUMT, COPREUTM, COPRETMU, COPRETUM, COUMPTER, COUMPTRE, COUMPETR, COUMPERT, COUMPRTE, COUMPRET, COUMTPER, COUMTPRE, COUMTEPR, COUMTERP, COUMTRPE, COUMTREP, COUMEPTR, COUMEPRT, COUMETPR, COUMETRP, COUMERPT, COUMERTP, COUMRPTE, COUMRPET, COUMRTPE, COUMRTEP, COUMREPT, COUMRETP, COUPMTER, 
COUPMTRE, COUPMETR, COUPMERT, COUPMRTE, COUPMRET, COUPTMER, COUPTMRE, COUPTEMR, COUPTERM, COUPTRME, COUPTREM, COUPEMTR, COUPEMRT, COUPETMR, COUPETRM, COUPERMT, COUPERTM, COUPRMTE, COUPRMET, COUPRTME, COUPRTEM, COUPREMT, COUPRETM, COUTMPER, COUTMPRE, COUTMEPR, COUTMERP, COUTMRPE, COUTMREP, COUTPMER, COUTPMRE, COUTPEMR, COUTPERM, COUTPRME, COUTPREM, COUTEMPR, COUTEMRP, COUTEPMR, COUTEPRM, COUTERMP, COUTERPM, COUTRMPE, COUTRMEP, COUTRPME, COUTRPEM, COUTREMP, COUTREPM, COUEMPTR, COUEMPRT, COUEMTPR, COUEMTRP, COUEMRPT, COUEMRTP, 
COUEPMTR, COUEPMRT, COUEPTMR, COUEPTRM, COUEPRMT, COUEPRTM, COUETMPR, COUETMRP, COUETPMR, COUETPRM, COUETRMP, COUETRPM, COUERMPT, COUERMTP, COUERPMT, COUERPTM, COUERTMP, COUERTPM, COURMPTE, COURMPET, COURMTPE, COURMTEP, COURMEPT, COURMETP, COURPMTE, COURPMET, COURPTME, COURPTEM, COURPEMT, COURPETM, COURTMPE, COURTMEP, COURTPME, COURTPEM, COURTEMP, COURTEPM, COUREMPT, COUREMTP, COUREPMT, COUREPTM, COURETMP, COURETPM, COTMPUER, COTMPURE, COTMPEUR, COTMPERU, COTMPRUE, COTMPREU, COTMUPER, COTMUPRE, COTMUEPR, COTMUERP, COTMURPE, 
COTMUREP, COTMEPUR, COTMEPRU, COTMEUPR, COTMEURP, COTMERPU, COTMERUP, COTMRPUE, COTMRPEU, COTMRUPE, COTMRUEP, COTMREPU, COTMREUP, COTPMUER, COTPMURE, COTPMEUR, COTPMERU, COTPMRUE, COTPMREU, COTPUMER, COTPUMRE, COTPUEMR, COTPUERM, COTPURME, COTPUREM, COTPEMUR, COTPEMRU, COTPEUMR, COTPEURM, COTPERMU, COTPERUM, COTPRMUE, COTPRMEU, COTPRUME, COTPRUEM, COTPREMU, COTPREUM, COTUMPER, COTUMPRE, COTUMEPR, COTUMERP, COTUMRPE, COTUMREP, COTUPMER, COTUPMRE, COTUPEMR, COTUPERM, COTUPRME, COTUPREM, COTUEMPR, COTUEMRP, COTUEPMR, COTUEPRM, 
COTUERMP, COTUERPM, COTURMPE, COTURMEP, COTURPME, COTURPEM, COTUREMP, COTUREPM, COTEMPUR, COTEMPRU, COTEMUPR, COTEMURP, COTEMRPU, COTEMRUP, COTEPMUR, COTEPMRU, COTEPUMR, COTEPURM, COTEPRMU, COTEPRUM, COTEUMPR, COTEUMRP, COTEUPMR, COTEUPRM, COTEURMP, COTEURPM, COTERMPU, COTERMUP, COTERPMU, COTERPUM, COTERUMP, COTERUPM, COTRMPUE, COTRMPEU, COTRMUPE, COTRMUEP, COTRMEPU, COTRMEUP, COTRPMUE, COTRPMEU, COTRPUME, COTRPUEM, COTRPEMU, COTRPEUM, COTRUMPE, COTRUMEP, COTRUPME, COTRUPEM, COTRUEMP, COTRUEPM, COTREMPU, COTREMUP, COTREPMU, 
COTREPUM, COTREUMP, COTREUPM, COEMPUTR, COEMPURT, COEMPTUR, COEMPTRU, COEMPRUT, COEMPRTU, COEMUPTR, COEMUPRT, COEMUTPR, COEMUTRP, COEMURPT, COEMURTP, COEMTPUR, COEMTPRU, COEMTUPR, COEMTURP, COEMTRPU, COEMTRUP, COEMRPUT, COEMRPTU, COEMRUPT, COEMRUTP, COEMRTPU, COEMRTUP, COEPMUTR, COEPMURT, COEPMTUR, COEPMTRU, COEPMRUT, COEPMRTU, COEPUMTR, COEPUMRT, COEPUTMR, COEPUTRM, COEPURMT, COEPURTM, COEPTMUR, COEPTMRU, COEPTUMR, COEPTURM, COEPTRMU, COEPTRUM, COEPRMUT, COEPRMTU, COEPRUMT, COEPRUTM, COEPRTMU, COEPRTUM, COEUMPTR, COEUMPRT, 
COEUMTPR, COEUMTRP, COEUMRPT, COEUMRTP, COEUPMTR, COEUPMRT, COEUPTMR, COEUPTRM, COEUPRMT, COEUPRTM, COEUTMPR, COEUTMRP, COEUTPMR, COEUTPRM, COEUTRMP, COEUTRPM, COEURMPT, COEURMTP, COEURPMT, COEURPTM, COEURTMP, COEURTPM, COETMPUR, COETMPRU, COETMUPR, COETMURP, COETMRPU, COETMRUP, COETPMUR, COETPMRU, COETPUMR, COETPURM, COETPRMU, COETPRUM, COETUMPR, COETUMRP, COETUPMR, COETUPRM, COETURMP, COETURPM, COETRMPU, COETRMUP, COETRPMU, COETRPUM, COETRUMP, COETRUPM, COERMPUT, COERMPTU, COERMUPT, COERMUTP, COERMTPU, COERMTUP, COERPMUT, 
COERPMTU, COERPUMT, COERPUTM, COERPTMU, COERPTUM, COERUMPT, COERUMTP, COERUPMT, COERUPTM, COERUTMP, COERUTPM, COERTMPU, COERTMUP, COERTPMU, COERTPUM, COERTUMP, COERTUPM, CORMPUTE, CORMPUET, CORMPTUE, CORMPTEU, CORMPEUT, CORMPETU, CORMUPTE, CORMUPET, CORMUTPE, CORMUTEP, CORMUEPT, CORMUETP, CORMTPUE, CORMTPEU, CORMTUPE, CORMTUEP, CORMTEPU, CORMTEUP, CORMEPUT, CORMEPTU, CORMEUPT, CORMEUTP, CORMETPU, CORMETUP, CORPMUTE, CORPMUET, CORPMTUE, CORPMTEU, CORPMEUT, CORPMETU, CORPUMTE, CORPUMET, CORPUTME, CORPUTEM, CORPUEMT, CORPUETM, 
CORPTMUE, CORPTMEU, CORPTUME, CORPTUEM, CORPTEMU, CORPTEUM, CORPEMUT, CORPEMTU, CORPEUMT, CORPEUTM, CORPETMU, CORPETUM, CORUMPTE, CORUMPET, CORUMTPE, CORUMTEP, CORUMEPT, CORUMETP, CORUPMTE, CORUPMET, CORUPTME, CORUPTEM, CORUPEMT, CORUPETM, CORUTMPE, CORUTMEP, CORUTPME, CORUTPEM, CORUTEMP, CORUTEPM, CORUEMPT, CORUEMTP, CORUEPMT, CORUEPTM, CORUETMP, CORUETPM, CORTMPUE, CORTMPEU, CORTMUPE, CORTMUEP, CORTMEPU, CORTMEUP, CORTPMUE, CORTPMEU, CORTPUME, CORTPUEM, CORTPEMU, CORTPEUM, CORTUMPE, CORTUMEP, CORTUPME, CORTUPEM, CORTUEMP, 
CORTUEPM, CORTEMPU, CORTEMUP, CORTEPMU, CORTEPUM, CORTEUMP, CORTEUPM, COREMPUT, COREMPTU, COREMUPT, COREMUTP, COREMTPU, COREMTUP, COREPMUT, COREPMTU, COREPUMT, COREPUTM, COREPTMU, COREPTUM, COREUMPT, COREUMTP, COREUPMT, COREUPTM, COREUTMP, COREUTPM, CORETMPU, CORETMUP, CORETPMU, CORETPUM, CORETUMP, CORETUPM, MCOPUTER, MCOPUTRE, MCOPUETR, MCOPUERT, MCOPURTE, MCOPURET, MCOPTUER, MCOPTURE, MCOPTEUR, MCOPTERU, MCOPTRUE, MCOPTREU, MCOPEUTR, MCOPEURT, MCOPETUR, MCOPETRU, MCOPERUT, MCOPERTU, MCOPRUTE, MCOPRUET, MCOPRTUE, MCOPRTEU, 
MCOPREUT, MCOPRETU, MCOUPTER, MCOUPTRE, MCOUPETR, MCOUPERT, MCOUPRTE, MCOUPRET, MCOUTPER, MCOUTPRE, MCOUTEPR, MCOUTERP, MCOUTRPE, MCOUTREP, MCOUEPTR, MCOUEPRT, MCOUETPR, MCOUETRP, MCOUERPT, MCOUERTP, MCOURPTE, MCOURPET, MCOURTPE, MCOURTEP, MCOUREPT, MCOURETP, MCOTPUER, MCOTPURE, MCOTPEUR, MCOTPERU, MCOTPRUE, MCOTPREU, MCOTUPER, MCOTUPRE, MCOTUEPR, MCOTUERP, MCOTURPE, MCOTUREP, MCOTEPUR, MCOTEPRU, MCOTEUPR, MCOTEURP, MCOTERPU, MCOTERUP, MCOTRPUE, MCOTRPEU, MCOTRUPE, MCOTRUEP, MCOTREPU, MCOTREUP, MCOEPUTR, MCOEPURT, MCOEPTUR, 
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EMPRCOTU, EMPRUCOT, EMPRUTCO, EMPRTCOU, EMPRTUCO, EMUCOPTR, EMUCOPRT, EMUCOTPR, EMUCOTRP, EMUCORPT, EMUCORTP, EMUPCOTR, EMUPCORT, EMUPTCOR, EMUPTRCO, EMUPRCOT, EMUPRTCO, EMUTCOPR, EMUTCORP, EMUTPCOR, EMUTPRCO, EMUTRCOP, EMUTRPCO, EMURCOPT, EMURCOTP, EMURPCOT, EMURPTCO, EMURTCOP, EMURTPCO, EMTCOPUR, EMTCOPRU, EMTCOUPR, EMTCOURP, EMTCORPU, EMTCORUP, EMTPCOUR, EMTPCORU, EMTPUCOR, EMTPURCO, EMTPRCOU, EMTPRUCO, EMTUCOPR, EMTUCORP, EMTUPCOR, EMTUPRCO, EMTURCOP, EMTURPCO, EMTRCOPU, EMTRCOUP, EMTRPCOU, EMTRPUCO, EMTRUCOP, EMTRUPCO, 
EMRCOPUT, EMRCOPTU, EMRCOUPT, EMRCOUTP, EMRCOTPU, EMRCOTUP, EMRPCOUT, EMRPCOTU, EMRPUCOT, EMRPUTCO, EMRPTCOU, EMRPTUCO, EMRUCOPT, EMRUCOTP, EMRUPCOT, EMRUPTCO, EMRUTCOP, EMRUTPCO, EMRTCOPU, EMRTCOUP, EMRTPCOU, EMRTPUCO, EMRTUCOP, EMRTUPCO, EPCOMUTR, EPCOMURT, EPCOMTUR, EPCOMTRU, EPCOMRUT, EPCOMRTU, EPCOUMTR, EPCOUMRT, EPCOUTMR, EPCOUTRM, EPCOURMT, EPCOURTM, EPCOTMUR, EPCOTMRU, EPCOTUMR, EPCOTURM, EPCOTRMU, EPCOTRUM, EPCORMUT, EPCORMTU, EPCORUMT, EPCORUTM, EPCORTMU, EPCORTUM, EPMCOUTR, EPMCOURT, EPMCOTUR, EPMCOTRU, EPMCORUT, 
EPMCORTU, EPMUCOTR, EPMUCORT, EPMUTCOR, EPMUTRCO, EPMURCOT, EPMURTCO, EPMTCOUR, EPMTCORU, EPMTUCOR, EPMTURCO, EPMTRCOU, EPMTRUCO, EPMRCOUT, EPMRCOTU, EPMRUCOT, EPMRUTCO, EPMRTCOU, EPMRTUCO, EPUCOMTR, EPUCOMRT, EPUCOTMR, EPUCOTRM, EPUCORMT, EPUCORTM, EPUMCOTR, EPUMCORT, EPUMTCOR, EPUMTRCO, EPUMRCOT, EPUMRTCO, EPUTCOMR, EPUTCORM, EPUTMCOR, EPUTMRCO, EPUTRCOM, EPUTRMCO, EPURCOMT, EPURCOTM, EPURMCOT, EPURMTCO, EPURTCOM, EPURTMCO, EPTCOMUR, EPTCOMRU, EPTCOUMR, EPTCOURM, EPTCORMU, EPTCORUM, EPTMCOUR, EPTMCORU, EPTMUCOR, EPTMURCO, 
EPTMRCOU, EPTMRUCO, EPTUCOMR, EPTUCORM, EPTUMCOR, EPTUMRCO, EPTURCOM, EPTURMCO, EPTRCOMU, EPTRCOUM, EPTRMCOU, EPTRMUCO, EPTRUCOM, EPTRUMCO, EPRCOMUT, EPRCOMTU, EPRCOUMT, EPRCOUTM, EPRCOTMU, EPRCOTUM, EPRMCOUT, EPRMCOTU, EPRMUCOT, EPRMUTCO, EPRMTCOU, EPRMTUCO, EPRUCOMT, EPRUCOTM, EPRUMCOT, EPRUMTCO, EPRUTCOM, EPRUTMCO, EPRTCOMU, EPRTCOUM, EPRTMCOU, EPRTMUCO, EPRTUCOM, EPRTUMCO, EUCOMPTR, EUCOMPRT, EUCOMTPR, EUCOMTRP, EUCOMRPT, EUCOMRTP, EUCOPMTR, EUCOPMRT, EUCOPTMR, EUCOPTRM, EUCOPRMT, EUCOPRTM, EUCOTMPR, EUCOTMRP, EUCOTPMR, 
EUCOTPRM, EUCOTRMP, EUCOTRPM, EUCORMPT, EUCORMTP, EUCORPMT, EUCORPTM, EUCORTMP, EUCORTPM, EUMCOPTR, EUMCOPRT, EUMCOTPR, EUMCOTRP, EUMCORPT, EUMCORTP, EUMPCOTR, EUMPCORT, EUMPTCOR, EUMPTRCO, EUMPRCOT, EUMPRTCO, EUMTCOPR, EUMTCORP, EUMTPCOR, EUMTPRCO, EUMTRCOP, EUMTRPCO, EUMRCOPT, EUMRCOTP, EUMRPCOT, EUMRPTCO, EUMRTCOP, EUMRTPCO, EUPCOMTR, EUPCOMRT, EUPCOTMR, EUPCOTRM, EUPCORMT, EUPCORTM, EUPMCOTR, EUPMCORT, EUPMTCOR, EUPMTRCO, EUPMRCOT, EUPMRTCO, EUPTCOMR, EUPTCORM, EUPTMCOR, EUPTMRCO, EUPTRCOM, EUPTRMCO, EUPRCOMT, EUPRCOTM, 
EUPRMCOT, EUPRMTCO, EUPRTCOM, EUPRTMCO, EUTCOMPR, EUTCOMRP, EUTCOPMR, EUTCOPRM, EUTCORMP, EUTCORPM, EUTMCOPR, EUTMCORP, EUTMPCOR, EUTMPRCO, EUTMRCOP, EUTMRPCO, EUTPCOMR, EUTPCORM, EUTPMCOR, EUTPMRCO, EUTPRCOM, EUTPRMCO, EUTRCOMP, EUTRCOPM, EUTRMCOP, EUTRMPCO, EUTRPCOM, EUTRPMCO, EURCOMPT, EURCOMTP, EURCOPMT, EURCOPTM, EURCOTMP, EURCOTPM, EURMCOPT, EURMCOTP, EURMPCOT, EURMPTCO, EURMTCOP, EURMTPCO, EURPCOMT, EURPCOTM, EURPMCOT, EURPMTCO, EURPTCOM, EURPTMCO, EURTCOMP, EURTCOPM, EURTMCOP, EURTMPCO, EURTPCOM, EURTPMCO, ETCOMPUR, 
ETCOMPRU, ETCOMUPR, ETCOMURP, ETCOMRPU, ETCOMRUP, ETCOPMUR, ETCOPMRU, ETCOPUMR, ETCOPURM, ETCOPRMU, ETCOPRUM, ETCOUMPR, ETCOUMRP, ETCOUPMR, ETCOUPRM, ETCOURMP, ETCOURPM, ETCORMPU, ETCORMUP, ETCORPMU, ETCORPUM, ETCORUMP, ETCORUPM, ETMCOPUR, ETMCOPRU, ETMCOUPR, ETMCOURP, ETMCORPU, ETMCORUP, ETMPCOUR, ETMPCORU, ETMPUCOR, ETMPURCO, ETMPRCOU, ETMPRUCO, ETMUCOPR, ETMUCORP, ETMUPCOR, ETMUPRCO, ETMURCOP, ETMURPCO, ETMRCOPU, ETMRCOUP, ETMRPCOU, ETMRPUCO, ETMRUCOP, ETMRUPCO, ETPCOMUR, ETPCOMRU, ETPCOUMR, ETPCOURM, ETPCORMU, ETPCORUM, 
ETPMCOUR, ETPMCORU, ETPMUCOR, ETPMURCO, ETPMRCOU, ETPMRUCO, ETPUCOMR, ETPUCORM, ETPUMCOR, ETPUMRCO, ETPURCOM, ETPURMCO, ETPRCOMU, ETPRCOUM, ETPRMCOU, ETPRMUCO, ETPRUCOM, ETPRUMCO, ETUCOMPR, ETUCOMRP, ETUCOPMR, ETUCOPRM, ETUCORMP, ETUCORPM, ETUMCOPR, ETUMCORP, ETUMPCOR, ETUMPRCO, ETUMRCOP, ETUMRPCO, ETUPCOMR, ETUPCORM, ETUPMCOR, ETUPMRCO, ETUPRCOM, ETUPRMCO, ETURCOMP, ETURCOPM, ETURMCOP, ETURMPCO, ETURPCOM, ETURPMCO, ETRCOMPU, ETRCOMUP, ETRCOPMU, ETRCOPUM, ETRCOUMP, ETRCOUPM, ETRMCOPU, ETRMCOUP, ETRMPCOU, ETRMPUCO, ETRMUCOP, 
ETRMUPCO, ETRPCOMU, ETRPCOUM, ETRPMCOU, ETRPMUCO, ETRPUCOM, ETRPUMCO, ETRUCOMP, ETRUCOPM, ETRUMCOP, ETRUMPCO, ETRUPCOM, ETRUPMCO, ERCOMPUT, ERCOMPTU, ERCOMUPT, ERCOMUTP, ERCOMTPU, ERCOMTUP, ERCOPMUT, ERCOPMTU, ERCOPUMT, ERCOPUTM, ERCOPTMU, ERCOPTUM, ERCOUMPT, ERCOUMTP, ERCOUPMT, ERCOUPTM, ERCOUTMP, ERCOUTPM, ERCOTMPU, ERCOTMUP, ERCOTPMU, ERCOTPUM, ERCOTUMP, ERCOTUPM, ERMCOPUT, ERMCOPTU, ERMCOUPT, ERMCOUTP, ERMCOTPU, ERMCOTUP, ERMPCOUT, ERMPCOTU, ERMPUCOT, ERMPUTCO, ERMPTCOU, ERMPTUCO, ERMUCOPT, ERMUCOTP, ERMUPCOT, ERMUPTCO, 
ERMUTCOP, ERMUTPCO, ERMTCOPU, ERMTCOUP, ERMTPCOU, ERMTPUCO, ERMTUCOP, ERMTUPCO, ERPCOMUT, ERPCOMTU, ERPCOUMT, ERPCOUTM, ERPCOTMU, ERPCOTUM, ERPMCOUT, ERPMCOTU, ERPMUCOT, ERPMUTCO, ERPMTCOU, ERPMTUCO, ERPUCOMT, ERPUCOTM, ERPUMCOT, ERPUMTCO, ERPUTCOM, ERPUTMCO, ERPTCOMU, ERPTCOUM, ERPTMCOU, ERPTMUCO, ERPTUCOM, ERPTUMCO, ERUCOMPT, ERUCOMTP, ERUCOPMT, ERUCOPTM, ERUCOTMP, ERUCOTPM, ERUMCOPT, ERUMCOTP, ERUMPCOT, ERUMPTCO, ERUMTCOP, ERUMTPCO, ERUPCOMT, ERUPCOTM, ERUPMCOT, ERUPMTCO, ERUPTCOM, ERUPTMCO, ERUTCOMP, ERUTCOPM, ERUTMCOP, 
ERUTMPCO, ERUTPCOM, ERUTPMCO, ERTCOMPU, ERTCOMUP, ERTCOPMU, ERTCOPUM, ERTCOUMP, ERTCOUPM, ERTMCOPU, ERTMCOUP, ERTMPCOU, ERTMPUCO, ERTMUCOP, ERTMUPCO, ERTPCOMU, ERTPCOUM, ERTPMCOU, ERTPMUCO, ERTPUCOM, ERTPUMCO, ERTUCOMP, ERTUCOPM, ERTUMCOP, ERTUMPCO, ERTUPCOM, ERTUPMCO, RCOMPUTE, RCOMPUET, RCOMPTUE, RCOMPTEU, RCOMPEUT, RCOMPETU, RCOMUPTE, RCOMUPET, RCOMUTPE, RCOMUTEP, RCOMUEPT, RCOMUETP, RCOMTPUE, RCOMTPEU, RCOMTUPE, RCOMTUEP, RCOMTEPU, RCOMTEUP, RCOMEPUT, RCOMEPTU, RCOMEUPT, RCOMEUTP, RCOMETPU, RCOMETUP, RCOPMUTE, RCOPMUET, 
RCOPMTUE, RCOPMTEU, RCOPMEUT, RCOPMETU, RCOPUMTE, RCOPUMET, RCOPUTME, RCOPUTEM, RCOPUEMT, RCOPUETM, RCOPTMUE, RCOPTMEU, RCOPTUME, RCOPTUEM, RCOPTEMU, RCOPTEUM, RCOPEMUT, RCOPEMTU, RCOPEUMT, RCOPEUTM, RCOPETMU, RCOPETUM, RCOUMPTE, RCOUMPET, RCOUMTPE, RCOUMTEP, RCOUMEPT, RCOUMETP, RCOUPMTE, RCOUPMET, RCOUPTME, RCOUPTEM, RCOUPEMT, RCOUPETM, RCOUTMPE, RCOUTMEP, RCOUTPME, RCOUTPEM, RCOUTEMP, RCOUTEPM, RCOUEMPT, RCOUEMTP, RCOUEPMT, RCOUEPTM, RCOUETMP, RCOUETPM, RCOTMPUE, RCOTMPEU, RCOTMUPE, RCOTMUEP, RCOTMEPU, RCOTMEUP, RCOTPMUE, 
RCOTPMEU, RCOTPUME, RCOTPUEM, RCOTPEMU, RCOTPEUM, RCOTUMPE, RCOTUMEP, RCOTUPME, RCOTUPEM, RCOTUEMP, RCOTUEPM, RCOTEMPU, RCOTEMUP, RCOTEPMU, RCOTEPUM, RCOTEUMP, RCOTEUPM, RCOEMPUT, RCOEMPTU, RCOEMUPT, RCOEMUTP, RCOEMTPU, RCOEMTUP, RCOEPMUT, RCOEPMTU, RCOEPUMT, RCOEPUTM, RCOEPTMU, RCOEPTUM, RCOEUMPT, RCOEUMTP, RCOEUPMT, RCOEUPTM, RCOEUTMP, RCOEUTPM, RCOETMPU, RCOETMUP, RCOETPMU, RCOETPUM, RCOETUMP, RCOETUPM, RMCOPUTE, RMCOPUET, RMCOPTUE, RMCOPTEU, RMCOPEUT, RMCOPETU, RMCOUPTE, RMCOUPET, RMCOUTPE, RMCOUTEP, RMCOUEPT, RMCOUETP, 
RMCOTPUE, RMCOTPEU, RMCOTUPE, RMCOTUEP, RMCOTEPU, RMCOTEUP, RMCOEPUT, RMCOEPTU, RMCOEUPT, RMCOEUTP, RMCOETPU, RMCOETUP, RMPCOUTE, RMPCOUET, RMPCOTUE, RMPCOTEU, RMPCOEUT, RMPCOETU, RMPUCOTE, RMPUCOET, RMPUTCOE, RMPUTECO, RMPUECOT, RMPUETCO, RMPTCOUE, RMPTCOEU, RMPTUCOE, RMPTUECO, RMPTECOU, RMPTEUCO, RMPECOUT, RMPECOTU, RMPEUCOT, RMPEUTCO, RMPETCOU, RMPETUCO, RMUCOPTE, RMUCOPET, RMUCOTPE, RMUCOTEP, RMUCOEPT, RMUCOETP, RMUPCOTE, RMUPCOET, RMUPTCOE, RMUPTECO, RMUPECOT, RMUPETCO, RMUTCOPE, RMUTCOEP, RMUTPCOE, RMUTPECO, RMUTECOP, 
RMUTEPCO, RMUECOPT, RMUECOTP, RMUEPCOT, RMUEPTCO, RMUETCOP, RMUETPCO, RMTCOPUE, RMTCOPEU, RMTCOUPE, RMTCOUEP, RMTCOEPU, RMTCOEUP, RMTPCOUE, RMTPCOEU, RMTPUCOE, RMTPUECO, RMTPECOU, RMTPEUCO, RMTUCOPE, RMTUCOEP, RMTUPCOE, RMTUPECO, RMTUECOP, RMTUEPCO, RMTECOPU, RMTECOUP, RMTEPCOU, RMTEPUCO, RMTEUCOP, RMTEUPCO, RMECOPUT, RMECOPTU, RMECOUPT, RMECOUTP, RMECOTPU, RMECOTUP, RMEPCOUT, RMEPCOTU, RMEPUCOT, RMEPUTCO, RMEPTCOU, RMEPTUCO, RMEUCOPT, RMEUCOTP, RMEUPCOT, RMEUPTCO, RMEUTCOP, RMEUTPCO, RMETCOPU, RMETCOUP, RMETPCOU, RMETPUCO, 
RMETUCOP, RMETUPCO, RPCOMUTE, RPCOMUET, RPCOMTUE, RPCOMTEU, RPCOMEUT, RPCOMETU, RPCOUMTE, RPCOUMET, RPCOUTME, RPCOUTEM, RPCOUEMT, RPCOUETM, RPCOTMUE, RPCOTMEU, RPCOTUME, RPCOTUEM, RPCOTEMU, RPCOTEUM, RPCOEMUT, RPCOEMTU, RPCOEUMT, RPCOEUTM, RPCOETMU, RPCOETUM, RPMCOUTE, RPMCOUET, RPMCOTUE, RPMCOTEU, RPMCOEUT, RPMCOETU, RPMUCOTE, RPMUCOET, RPMUTCOE, RPMUTECO, RPMUECOT, RPMUETCO, RPMTCOUE, RPMTCOEU, RPMTUCOE, RPMTUECO, RPMTECOU, RPMTEUCO, RPMECOUT, RPMECOTU, RPMEUCOT, RPMEUTCO, RPMETCOU, RPMETUCO, RPUCOMTE, RPUCOMET, RPUCOTME, 
RPUCOTEM, RPUCOEMT, RPUCOETM, RPUMCOTE, RPUMCOET, RPUMTCOE, RPUMTECO, RPUMECOT, RPUMETCO, RPUTCOME, RPUTCOEM, RPUTMCOE, RPUTMECO, RPUTECOM, RPUTEMCO, RPUECOMT, RPUECOTM, RPUEMCOT, RPUEMTCO, RPUETCOM, RPUETMCO, RPTCOMUE, RPTCOMEU, RPTCOUME, RPTCOUEM, RPTCOEMU, RPTCOEUM, RPTMCOUE, RPTMCOEU, RPTMUCOE, RPTMUECO, RPTMECOU, RPTMEUCO, RPTUCOME, RPTUCOEM, RPTUMCOE, RPTUMECO, RPTUECOM, RPTUEMCO, RPTECOMU, RPTECOUM, RPTEMCOU, RPTEMUCO, RPTEUCOM, RPTEUMCO, RPECOMUT, RPECOMTU, RPECOUMT, RPECOUTM, RPECOTMU, RPECOTUM, RPEMCOUT, RPEMCOTU, 
RPEMUCOT, RPEMUTCO, RPEMTCOU, RPEMTUCO, RPEUCOMT, RPEUCOTM, RPEUMCOT, RPEUMTCO, RPEUTCOM, RPEUTMCO, RPETCOMU, RPETCOUM, RPETMCOU, RPETMUCO, RPETUCOM, RPETUMCO, RUCOMPTE, RUCOMPET, RUCOMTPE, RUCOMTEP, RUCOMEPT, RUCOMETP, RUCOPMTE, RUCOPMET, RUCOPTME, RUCOPTEM, RUCOPEMT, RUCOPETM, RUCOTMPE, RUCOTMEP, RUCOTPME, RUCOTPEM, RUCOTEMP, RUCOTEPM, RUCOEMPT, RUCOEMTP, RUCOEPMT, RUCOEPTM, RUCOETMP, RUCOETPM, RUMCOPTE, RUMCOPET, RUMCOTPE, RUMCOTEP, RUMCOEPT, RUMCOETP, RUMPCOTE, RUMPCOET, RUMPTCOE, RUMPTECO, RUMPECOT, RUMPETCO, RUMTCOPE, 
RUMTCOEP, RUMTPCOE, RUMTPECO, RUMTECOP, RUMTEPCO, RUMECOPT, RUMECOTP, RUMEPCOT, RUMEPTCO, RUMETCOP, RUMETPCO, RUPCOMTE, RUPCOMET, RUPCOTME, RUPCOTEM, RUPCOEMT, RUPCOETM, RUPMCOTE, RUPMCOET, RUPMTCOE, RUPMTECO, RUPMECOT, RUPMETCO, RUPTCOME, RUPTCOEM, RUPTMCOE, RUPTMECO, RUPTECOM, RUPTEMCO, RUPECOMT, RUPECOTM, RUPEMCOT, RUPEMTCO, RUPETCOM, RUPETMCO, RUTCOMPE, RUTCOMEP, RUTCOPME, RUTCOPEM, RUTCOEMP, RUTCOEPM, RUTMCOPE, RUTMCOEP, RUTMPCOE, RUTMPECO, RUTMECOP, RUTMEPCO, RUTPCOME, RUTPCOEM, RUTPMCOE, RUTPMECO, RUTPECOM, RUTPEMCO, 
RUTECOMP, RUTECOPM, RUTEMCOP, RUTEMPCO, RUTEPCOM, RUTEPMCO, RUECOMPT, RUECOMTP, RUECOPMT, RUECOPTM, RUECOTMP, RUECOTPM, RUEMCOPT, RUEMCOTP, RUEMPCOT, RUEMPTCO, RUEMTCOP, RUEMTPCO, RUEPCOMT, RUEPCOTM, RUEPMCOT, RUEPMTCO, RUEPTCOM, RUEPTMCO, RUETCOMP, RUETCOPM, RUETMCOP, RUETMPCO, RUETPCOM, RUETPMCO, RTCOMPUE, RTCOMPEU, RTCOMUPE, RTCOMUEP, RTCOMEPU, RTCOMEUP, RTCOPMUE, RTCOPMEU, RTCOPUME, RTCOPUEM, RTCOPEMU, RTCOPEUM, RTCOUMPE, RTCOUMEP, RTCOUPME, RTCOUPEM, RTCOUEMP, RTCOUEPM, RTCOEMPU, RTCOEMUP, RTCOEPMU, RTCOEPUM, RTCOEUMP, 
RTCOEUPM, RTMCOPUE, RTMCOPEU, RTMCOUPE, RTMCOUEP, RTMCOEPU, RTMCOEUP, RTMPCOUE, RTMPCOEU, RTMPUCOE, RTMPUECO, RTMPECOU, RTMPEUCO, RTMUCOPE, RTMUCOEP, RTMUPCOE, RTMUPECO, RTMUECOP, RTMUEPCO, RTMECOPU, RTMECOUP, RTMEPCOU, RTMEPUCO, RTMEUCOP, RTMEUPCO, RTPCOMUE, RTPCOMEU, RTPCOUME, RTPCOUEM, RTPCOEMU, RTPCOEUM, RTPMCOUE, RTPMCOEU, RTPMUCOE, RTPMUECO, RTPMECOU, RTPMEUCO, RTPUCOME, RTPUCOEM, RTPUMCOE, RTPUMECO, RTPUECOM, RTPUEMCO, RTPECOMU, RTPECOUM, RTPEMCOU, RTPEMUCO, RTPEUCOM, RTPEUMCO, RTUCOMPE, RTUCOMEP, RTUCOPME, RTUCOPEM, 
RTUCOEMP, RTUCOEPM, RTUMCOPE, RTUMCOEP, RTUMPCOE, RTUMPECO, RTUMECOP, RTUMEPCO, RTUPCOME, RTUPCOEM, RTUPMCOE, RTUPMECO, RTUPECOM, RTUPEMCO, RTUECOMP, RTUECOPM, RTUEMCOP, RTUEMPCO, RTUEPCOM, RTUEPMCO, RTECOMPU, RTECOMUP, RTECOPMU, RTECOPUM, RTECOUMP, RTECOUPM, RTEMCOPU, RTEMCOUP, RTEMPCOU, RTEMPUCO, RTEMUCOP, RTEMUPCO, RTEPCOMU, RTEPCOUM, RTEPMCOU, RTEPMUCO, RTEPUCOM, RTEPUMCO, RTEUCOMP, RTEUCOPM, RTEUMCOP, RTEUMPCO, RTEUPCOM, RTEUPMCO, RECOMPUT, RECOMPTU, RECOMUPT, RECOMUTP, RECOMTPU, RECOMTUP, RECOPMUT, RECOPMTU, RECOPUMT, 
RECOPUTM, RECOPTMU, RECOPTUM, RECOUMPT, RECOUMTP, RECOUPMT, RECOUPTM, RECOUTMP, RECOUTPM, RECOTMPU, RECOTMUP, RECOTPMU, RECOTPUM, RECOTUMP, RECOTUPM, REMCOPUT, REMCOPTU, REMCOUPT, REMCOUTP, REMCOTPU, REMCOTUP, REMPCOUT, REMPCOTU, REMPUCOT, REMPUTCO, REMPTCOU, REMPTUCO, REMUCOPT, REMUCOTP, REMUPCOT, REMUPTCO, REMUTCOP, REMUTPCO, REMTCOPU, REMTCOUP, REMTPCOU, REMTPUCO, REMTUCOP, REMTUPCO, REPCOMUT, REPCOMTU, REPCOUMT, REPCOUTM, REPCOTMU, REPCOTUM, REPMCOUT, REPMCOTU, REPMUCOT, REPMUTCO, REPMTCOU, REPMTUCO, REPUCOMT, REPUCOTM, 
REPUMCOT, REPUMTCO, REPUTCOM, REPUTMCO, REPTCOMU, REPTCOUM, REPTMCOU, REPTMUCO, REPTUCOM, REPTUMCO, REUCOMPT, REUCOMTP, REUCOPMT, REUCOPTM, REUCOTMP, REUCOTPM, REUMCOPT, REUMCOTP, REUMPCOT, REUMPTCO, REUMTCOP, REUMTPCO, REUPCOMT, REUPCOTM, REUPMCOT, REUPMTCO, REUPTCOM, REUPTMCO, REUTCOMP, REUTCOPM, REUTMCOP, REUTMPCO, REUTPCOM, REUTPMCO, RETCOMPU, RETCOMUP, RETCOPMU, RETCOPUM, RETCOUMP, RETCOUPM, RETMCOPU, RETMCOUP, RETMPCOU, RETMPUCO, RETMUCOP, RETMUPCO, RETPCOMU, RETPCOUM, RETPMCOU, RETPMUCO, RETPUCOM, RETPUMCO, RETUCOMP, 
RETUCOPM, RETUMCOP, RETUMPCO, RETUPCOM, RETUPMCO
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Factorial

� How to write a factorial method?

long factorial(int number)

{

if (number <= 1)

return 1;

else return (number * factorial(--number));

}
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Computing Combinations
List combinations(String str)

{ List combinations = new List();

if (str.length() == 1) combinations.add(str);

else

{ char[] strChars = str.toCharArray();

for (int i = 0; i < strChars.length; i++)

{ // get the sub part of the string to get more combinations

// sub part is original string minus the current ith character

char[] subStrChars = new char[strChars.length - 1];

// get subcombos

List subCombos = combinations(new String(subStrChars));

// add current char to beginning of other strings

for (int j = 0; j < subCombos.size(); j++)

combinations.add(new String(strChars[i] + subCombos.get(j).toString()));

}

}

return combinations;

}
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Permutations

� Different ways of arranging objects
– In a line or circle

– Without duplication/ all items distinguishable

– Note: order is taken into account

� Number of linear permutations of N objects = N!
– N possible for 1st position * (N-1) for 2nd * …* (1) for last

� Number of circular permutations of N objects = 
(N-1)!
– Fix one person, 

– Then (N-1) possible for next position * (N-2) for 2nd * …* 
(1) for last
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Theater Seating
� 6 people sit in a row with exactly 6 seats.
� How many ways can they be seated together in the row?
� 6! = 720

� One is a doctor who must sit on the aisle.
� How many ways can they be seated together in the row?

– Two aisles = 2 ⋅ 5! = 240
– One aisle = 5! = 120

� 6 people are 3 married couples.  Each wants to sit 
together with the husband on the left.

� How many ways can they be seated together in the row?
� 3! = 6
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Permutations

� What if just want 5-letter words from 
COMPUTER?

= 8 ⋅ 7 ⋅ 6 ⋅ 5 ⋅ 4

( )!58

!8

−
=
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r-Permutations

� If there are n things in the set, and you want to 
line-up only r of them.

� Example: 
– Class = {Alice, Bob, Carol, Dan}
– Select a president and a vice president to represent 
the class
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PrnP nr

−
==
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Combinations

� Different ways of selecting objects
– Counting subsets
– Without duplication / all items distinguishable
– Note: order is not taken into account

� Examples:
– Class = {Alice, Bob, Carol, Dan}

� Select two class representatives
� Select three class representatives
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Combinations Example

� Braille code is represented by 
rectangular arrangement of six dots, 
each of which is raised or flat.

� Given that at least one of six dots 
must be raised, how many symbols 
can be represented?

= 

= 26 – 1 = 64 – 1 = 63

63161520156
6

6

5

6

4

6

3

6

2

6

1

6
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Harder Examples 
selecting “class representatives”

� Class = {Alice, Bob, Carol, Dan, Erin, Fred}

� Select 2 – no restrictions
� Select 2 – assuming Alice and Bob must stay together
� Select 3 – no restrictions
� Select 3 – assuming Alice and Bob must stay together
� Select 3 – assuming Alice and Bob refuse to serve 

together
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Different Types of Members

� {Alice, Bob, Carol, Dan, Erin, Fred, George, Harry}

– pink names are girls and blue names are boys

� 8 people in the set: 3 girls & 5 boys

– Make a 5 member team of 2 girls and 3 boys

– Make a 5 member team that has only one girl

– Make a 5 member team that has no girls

– Make a 5 member team that has at least one girl
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Student Council
(Counting Subsets of a Set)

� A student council consists of:

– 3 Freshmen

– 4 Sophomores

– 4 Juniors

– 5 Seniors

� How many committees of eight members 
of the council contain at least one member 
from each class?
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Student Council
(Counting Subsets of a Set)

� Total number of committees is: 

� Answer is total – number of committees with no 
members from at least one class

� Let A1, A2, A3, A4 be sets without freshmen, sophomores, 
juniors, seniors

� A1 ∪ A2 ∪ A3 ∪ A4 is the set with no members from at 
least one class

� N(A1 ∪ A2 ∪ A3 ∪ A4) = 

N(A1) + N(A2) + N(A3) + N(A4) –

N(A1 ∩ A2) – N(A1 ∩ A3) – N(A1 ∩ A4) –

N(A2 ∩ A3) – N(A2 ∩ A4) – N(A3 ∩ A4) +

N(Ai ∩ Aj ∩ Ak) –

N(A1 ∩ A2 ∩ A3 ∩ A4) 
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Combinations with Repetition

� {a,b,c,d}
� How many 3-combinations can I make without 

repetition?
– [a,b,c]  [a,b,d]  [a,c,d]  [b,c,d]

� How many 3-combinations can I make with 
unlimited repetition allowed?
– [a,a,a]  [a,a,b]  [a,a,c]  [a,a,d]
– [a,b,b]  [a,b,c]  [a,b,d]
– [a,c,c]  [a,c,d]  [a,d,d]
– [b,b,b]  [b,b,c]  [b,b,d]
– [b,c,c]  [b,c,d]  [b,d,d]
– [c,c,c]  [c,c,d]  [c,d,d]  [d,d,d]
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Combinations with Repetition

� Is there an easy way to count these?
� Reform problem to putting 3 marks in 4 categories

– a b c d
– x x x [a,c,d]
– xx x [a,a,c]
– x xx [a,d,d]

� We can also represent this as:
– X||X|X [a,c,d]
– XX||X| [a,a,c]
– X|||XX [a,d,d]

� Easy to solve in this form …
– How many words can you make from XXX|||
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r-Combinations w/ Repetitions

� A large pile of coins consists of pennies, nickels, 
dimes and quarters (at least 30 each)

� How many different collections of 30 coins can 
be chosen?

� If the different kinds of collections of 30 coins 
are equally likely, what is the probability that a 
combination contains at least four coins of each 
type?
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Permutation w/ Repeated Elements

� What about NEEDLES

� NE1E2DLE3S

– NE1E2DLE3S, NE1E3DLE2S,

– NE2E1DLE3S, NE2E3DLE1S

– NE3E1DLE2S, NE3E2DLE1S

!3

!7

6

!7
==

!7=
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Permutations w/ Repeated Elements

� What about MISSISSIPPI?

� MI1S1S2I2S3S4I3P1P2I4
� 11!

� M (1), I (4), S (4), P(2)

!2!4!4!1

!11

⋅⋅⋅
=
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Permutations but of 
indistinguishable items

� Assume you have a set of 15 beads

– 3 Red 

– 2 Black

– 4 Orange

– 6 Green

� Select positions of R’s, then B’s, then O’s 
then G’s
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Combinations with Repitition

� In general

– n – categories

– r – items to choose from

– Repetition allowed and order doesn’t count


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r       n - 1
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Combinations w/ Repetition Example

� A person giving a party wants to set out 15 
assorted cans of soft drinks,

� The store he shops at sells five different types of 
soft drinks

– How many different selections of cans of 15 soft 
drinks can he make?

– If root beer is one of the types, how many selections 
include at least six cans of root beer?

– If each selection is equally likely, what is the 
probability a selection contains at least six cans of 
root beer?
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Combinations w/ Repetition Example

� There are 6 kinds of computers
� How many ways to choose 25?

– x x x x x x x x x x x x x x x x x x x x x x x x x | | | | | 
– r – choose 25
– n – 6 categories

� Assume one type is an iPAQ, how many ways 
can you choose if exactly 10 must be iPAQs?
– Restate as 15 computers, 5 types

� What if at least 10 must be iPAQs?
– Restate as 15 computers, 6 types

� What are the chances that if we select 25 at 
random, that exactly 10 will be iPAQs?
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Probability with Combinations

� Assume there are 32 people in the class

� And that 7 will be chosen to get extra homework

� What is the probability that you get extra 
homework

� Number of ways to select the “lucky 7”

� Number of ways to select if “I get HW”

� P(I get HW) 
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Properties of r-Permutations
and proofs of those properties

� P(n,1) = n

� P(n,2) = n2 – n

� P(n,2) + P(n,1) = n2

� P(n,n) = n!

� P(n,n–1) = n!
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Properties of Combinations
(Can you prove this?)
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Pascal’s Triangle
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Binomial Theorem

� (x+y)2

� (x+y)3

� …

� (x+y)n

�Given any real numbers a and b 
and any nonnegative integer n,
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Conditional Probability

� Probability of B given that A is known to have 
happened

� If P(B) = P(B|A),

then event B is Independent of event A
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