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CMSC 250
Discrete Structures

Counting



Counting Elements in a List

How many integers in the list from 1 to 107?

How many integers in the list from m to n?
(assuming m < n)

-n-m+1

— Can you prove this?
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Prove: # elements in list

Base case (List of size 1, x=y)
-y—Xx+1=y-y+ 1 (by substitution) = 1
IH (generic X, y=Kk [where x < k])

— Assume size of list xto k, isk—x + 1

IS
—Show size of list xtok + 1,is(k+1)—-x+1

— Prove
Split into two lists ...
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How many in list divisible by something

How many positive three digit integers are there?

— (this means only the ones that require 3 digits)
—~ 999 - 100 + 1 =900

How many three digit integers are divisible by 5?

— think about the definition of divisible by
X|y«< 3dkeZ y=kx andthen countthe k’s that work
100, 101, 102, 103, 104, 105, 106,... 994, 995, 996, 997, 998, 999

20*5 21%5 . 199%5
— count the integers between 20 and 199
- 199-20+1 =180

12 July 2007 Counting 4



Probability

likelihood of a specific event

Sample Space = set of all possible outcomes
Random = outcome of trial is unknown
Event = subset of sample space

Equal Probability Formula:

— Given a finite sample space S where all outcomes are
equally likely

— Select an event E from the sample space S
— The probability of event E from sample space S:

_ n(E)
P = n(s)
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Flipping Two Coins

Sample Space = {(H,H), (H,T), (T,H), (T, T)}

What do the following events represent?
— Probability of no heads

— Probability of at least one head

— Probability of same sides on the two coins

Compute the above probabilities

If flip two coins 100 times will you get 25-50-257
— Probability & actual outcomes often differ
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Standard Playing Cards

Values: 2,3,4,5,6,7,8,9,10,],Q,K,A
Suits: D(e), H(w), S(a), C(&)

Probability of drawing the Ace of Spades
Probability of drawing a Spade
Probability of drawing a face card
Probability of drawing a red face card

12 July 2007 Counting



Rolling Two Six-Sided Dice

Sample Space

— Ordered pairs
{(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),
(21 1)l(212)/(2I3)I(214)I(215)l(216)l

(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}
— Simplified
{11,12,13,14,15,16,
21,22,23,24,25,26,

61,62,63,64,65,66 }

Set representing rolling a 10?
The probability of rolling a 107?

Set representing rolling a pair?
Probability of rolling a pair?
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Multi-level Probability

If I toss a coin once — the probability of
Head = %

If I toss that coin 5 times
— The probability of all heads

1 | 1 | 1 | 1 | 1 L
2 2 2 2 2 2
— The probability of exactly 4 heads
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Combination Examples

Breakfast
— Main
— Fruit

Red, White, Blue marbles
— How can you arrange 10 of them

12 July 2007 Counting
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Multiplication Rule

1st step can be performed n, ways
2nd step can be performed n, ways

Kth step can be performed n, ways
Operation can be performed n,* n, *...* n,ways

Cartesian product n(A)=3, n(B)=2, n(C)=4
~ n(AxBxC) = 24
_ n(AxB) = 6, n((AxB)xC) = 24
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Tournament Play

Team A and Team B in “Best of 3” Tournament

Where they each have an equal likelihood of
winning each game

#1 i 2 #3
A%
.—'_i_f}f yiy
I G
T B
B .
\\k ?E
~B
— Do leaves add up to 1?

— Do we have to play 3 games?
— Do A and B have an equal chance of winning?
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What if A wins 2 of every 3 games?

Each line for A must have a 2/3
Each line for B must have a 1/3

1 i 2 3

i

<ﬁ if—'J—JB{%

T

R ;

\ \E’:
B

How likely is A to win the tournament?
How likely is B to win the tournament?
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Permutation Example

How many ways to take a picture?
— With 1 person?
— With 2 people?
— With 3 people?
— With 4 people?
— With 5 people?

Number of ways to arrange n objects
— n!
— 10" < n!
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Permutation Example

How many ways to rewrite CAT?
3l =6
cat, cta, act, atc, tca, tac

12 July 2007 Counting
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Multiplication Rule

If there are n steps to a decision, each
step having c(k) choices, the total number
of choices is:

fIc(i)
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Examples

Choose a PIN from a {0,1,2,3,4,A,B,C} keyboard
with PIN length 3

=8.-8.8=8 =512

Choose a PIN of the form #L# where

- # ¢ 40,1,2,...,.9}

-Le {0,1,2,...,9}

=10-26-10

Choose a 3-value PIN of digits and letters
=36-36- 36

— Without repeats

=36 3534
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Permutation Example

Hexadecimal numbers are made using digits:
0,1,2,3,4,5,6,7,8,9,A,B,C,D,E,F with subscript
16.

How many 5-digit long begin with a digit 3
through B, and end with a digit 5 through F?
- 9.16-16-16 - 11 = 405,504

How many 6-digit long begin with one of 4
through D, and end with a digit 2 through E?

—10-16-16-16-16 - 13 = 8,519,680

12 July 2007 Counting
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Probabilities with PINs

Number of 4 digit

PINs of (0,1,2,.)

— With repetition allowed =4 -4 -4 -4 = 256

— With no repetition

What is the proba
has no repeated c

What is the proba

allowed =4-3-2-1=24
nility that your 4 digit PIN
naracters?

nility that your 4 digit PIN

does have repeated characters?

Probability of the complement of an event

12 July 2007

P(E’) = P(E®) = 1 - P(E)
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Permutation Example

Consider strings of length »n over the set {q,b,c,d}.

How many strings contain at least one pair of
adjacent characters that are the same?

— Total number of length n is 4~

— No two adjacent =4-3 -3 -3 =4 . 31

— S0 4"—4 . 31

What is the probability that a random string of
length 10 contains at least one pair of adjacent
characters that are the same?

10 4 29 ?
_4 o4 :1—(§j =92.5%

410 4
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Difference Rule Formally
If A is a finite set and BcA, then
Nn(A - B) = n(A) — n(B)

One application:
probability of the complement of an event
P(E’) = P(E°) =1 - P(E)
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PINs with less specified length

Addition Rule
Assume it can be a 2, 3 or 4 length PIN

Partition the problem

— Number of 2 lengt
— Number of 3 lengt
— Number of 4 lengt

N PINs w/rep a
N PINs w/rep a

N PINs w/rep a

owed.
owed.

owed.

Il
—
(©))

A~ A~ D
|
(@)
AN

Number PINs if allowing length of 2, 3 or 4 = 336

12 July 2007
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Addition Rule Formally

IfFAAUA L UAU ... UA =A
and A, A, , A;,..., A are pairwise disjoint
(i.e. if these subsets form a partition of A)

n(A) = n(A,) + n(A,) + n(A;) + ... + n(A)
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Another example for
Multiplication Rule and Addition Rule

How many 3 digit integers are divisible by 57?

—How manyendina0? 9-10-1 =90
—How manyendinab? 9-10-1 =90

— These form a partition with the set of numbers
divisible by 5 so
90 + 90 = 180
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Where Multiplication Rule Doesn’t Work

People = {Angel, Bob, Carol, Dan}
Need to be appointed as

— President, vice-president, and treasurer
— Nobody can hold more than one office

— Angel doesn’t want to be president
— Only Bob and Dan want to be vice-president

Draw tree ...
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Where Multiplication Rule Doesn’t Work

P1 picks a card and doesn’t look at it
P2 picks a card

What are the chances P2 picked a red face
card?

Draw tree ...
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Inclusion/Exclusion Rule

If there are two sets:
n(A u B) = n(A) + n(B) — n(A N B)

If there are three sets:

Nn(AuBuC)=n(A) + n(B) + n(C)
-N(ANB)-n(ANC)-n(BnC)
+ N(ANnBNC)
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Inclusion/Exclusion Example

How many integers from 1 to 1000 are multiples
of 3, 5, or 8?
Sets
-A=3
-B=5
- C=5
N(ABC) =
n(A) + n(B) + n(C)
-nN(ANB)—-nNn(ANnC)—n(Bn C)
- n(ANnBnCQC)
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Permutation Example

How many ways to rewrite COMPUTER?
8! = 40320

computer, computre, compuetr, compuert, compurte, compuret, comptuer, compture, compteur,
compteru, comptrue, comptreu, compeutr, compeurt, competur, competru, comperut, compertu,
comprute, compruet, comprtue, comprteu, compreut, compretu, comupter, comuptre, comupetr,
comupert, comuprte, comupret, comutper, comutpre, comutepr, comuterp, comutrpe, comutrep,
comueptr, comueprt, comuetpr, comuetrp, comuerpt, comuertp, comurpte, comurpet, comurtpe,
comurtep, comurept, comuretp, comtpuer, comtpure, comtpeur, comtperu, comtprue, comtpreu,
comtuper, comtupre, comtuepr, comtuerp, comturpe, comturep, comtepur, comtepru, comteupr,
comteurp, comterpu, comterup, comtrpue, comtrpeu, comtrupe, comtruep, comtrepu, comtreup,
comeputr, comepurt, comeptur, comeptru, comeprut, comeprtu, comeuptr, comeuprt, comeutpr,
comeutrp, comeurpt, comeurtp, cometpur, cometpru, cometupr, cometurp, cometrpu, cometrup,
comerput, comerptu, comerupt, comerutp, comertpu, comertup, comrpute, comrpuet, comrptue,
comrpteu, comrpeut, comrpetu, comrupte, comrupet, comrutpe, comrutep, comruept, comruetp,
comrtpue, comrtpeu, comrtupe, comrtuep, comrtepu, comrteup, comreput, comreptu, comreupt,
comreutp, comretpu, comretup, copmuter, copmutre, copmuetr, copmuert, copmurte, copmuret,
copmtuer, copmture, copmteur, copmteru, copmtrue, copmtreu, copmeutr, copmeurt, copmetur,
copmetru, copmerut, copmertu, copmrute, copmruet, copmrtue, copmrteu, copmreut, copmretu,
copumter, copumtre, copumetr, copumert, copumrte, copumret, coputmer, coputmre, ...
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Permutation Example

How many to rewrite CO-M-P-U-T-E-R?
/! = 5040

COMPUTER, COMPUTRE, COMPUETR, COMPUERT, COMPURTE,

COMPURET, COMPTUER, COMPTURE, COMPTEUR, COMPTERU,
COMPTRUE, COMPTREU, COMPEUTR, COMPEURT, COMPETUR, ...

(COMPUTE, COUPUTRE, COMPLET, COMRJERT, CONPURTE, COMPURET, COMPTLER, COMPTLRE, COUPTELR, COUPTERY, COUSTRUE, COMPTREL, COMFEAT, CONFELRT, CONPETLR, COMPETRU, COMFERUT, COMSERTU, COUPRUTE, COMPRLET, COUGRTUE, COMPRTEL COMPRET, CONPRETU, COMJPTER, CCHUPTRE, COMAFETR, COMLPERT, COULRRIE, COMLGRET, COMUTPER, COMJTFRE, COMJTEP, COMTERS, COMJTRSE, COMTREP, COMLESTR, COLEPRT, COMLETSR, COWETRY, COMJSRPT, COMLESTY, COMARITE, COMRET, COMRTPE, COMLITEP, COMUREST, COMLRETP, COMTALER, COMTPLRE, COUTPELR, COUTPERY, COMTRRUE,

T o i S PR COMTELPR, COUTELRS, COMTER#), COUTERUY, COMTR COUTRER) COMTRELS COMERIT, o @ 1o, COELTRY, COMEL ) CONETRUR, COvET ‘COUETUR, COVETRIA, COME AU, COMERPUY, CONERPT, COMERUPT, U L5, COMRPUTE, COURPET, COLRITUE COMUTED T T ConmL

COURJEPT COURETS, COVRTRUE, COMRTPEL, CONRTLPE, COMRTUEP, COMRTERU, COVRTELF, COUREPUT. COUREPT COURELFT. CONREUTP, COMRETF, ONRETUF, CORVTER, COPPAJRE, COPLJETR, COPMLERT, COPWLRTE COPMURET, COPMTLER, COPUTURE COPUTELR, COFMTERU, COPYITRLE, COPTREL, COPMEUTR, COPMEURT, COPWETU, COPNETRU, COPUERUT COPUERT, COPVRUTE, COFVR T, COPNTLE, COPNITEL COPNIEUY, COPYRET COPMTER, COPUMTRE, COPUNETR, COPUVERT, COPUMRTE COPUVRET, COPUTER, COPUTYIE, COPUTEVR, COPUTERM, COPUTRNE, COPUTRE, COPUEVTR, COPUENRT, COPUETIR
IE, COPRTE, COPURENT: COPURETH, COPTMUER, COPTME, COPTELS oo CoPTELRI. RLE, CoPTR NG, COPTRUEN, COPTRENY, LAY, COPEMTIR, COPEMTR PELT, COPELT, P y
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CETMRE, COMERI, COTMEIL), COTVELPR, COTVELR, COVARY COTVERL COTIRALE COTHRPR, COTMRUPS, COTMRLED COTWRER, COTVRELP, COTA, COTPILRE, COTPER, COTAILR, COTPURLE, COTPOREL, COTANER, COTAARE,COTPLEI, COTPLERH,COTARVE, COTRREN,COTPEMR,COTPIN), COT L, COTELRY,COTSEA COTPUR, COTPUAR, COTAUEL, COTPRLPE,COTPRUC, COY RE COTTELN,COTMTAL,COTUMPAE, COTOEN, COTUNER, COTLPRIE, COTLAES, COTUE, COTUM, OO, COTUPERN,COTUMVE, COTUAEN, COMENPR, COTLEI, COTLEAK, COTUERY
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ECOMT UECOPRIV, LECOTHpR, UECOTHRS ECOTTVR, UECOTAR, UECOTRMS UECOTR ECCRNE:ECKRATY, ECORIT, UECORPT, ECORTY.UECORTF.UEHCOPTR., UEHCORT, UMCOTA, EMCOTRY. EICOR7, UEHCERTS ENFCOTR, UENPCORT,UEWFTCER, UEHPTRC, UENARCO, JEMFRTCD,EHTCOR, UEHTCORS EMTFCOR, UEMTHRCO, UEMTRCO?, TR, UBMRCIT: EMRCGTT UEHRPCOT, UCRPTC, EVRTCO, UENRTPCO, UERCGMTR., UEPCORRT, URCOT, EPCDTR. UEPCORHT, UERCORTH, EFMCOTY, LEFWCORT, EPHTCOR,UEAVTRC) ESMECDT EFURTCO, LEPTCOWR, UEFTCORN, EFTMCER,
UEPTVRCO] UEFTRCOM LEPTRNCD, LEPRCOMT,UEPRCOTI,UEPRMCOT,UEFRMTCO, EFRTCOH, UEPRTHCD, UETCOMPR, ETCONF, UETCORY, LTCOPRY, UETCCRP, UETCCRPT, UETICOPR, UETHCCRY UETHPEDR, ETHPRCD; LETVRCOP,ETHPCO, UETPCOMR, UETPCORY, UETPICOR, UETPHRCO, UETPRCOM, UETPRICO, LETRCOP, ETRCOPM,UETRMCOP, UETRMPCO; UETRPCY, UETRPUCO; UERCOMPT, UERCONTF, UERCOPT, LERCOPT, LERCOTP, UERCOTF,UERNCOPT, ERMCOTP, ERMPCOT, UERMPTCD; UERITCO?, ERITPCO) ERPCMT, UERFCOTY, UERPHCOT, UERPATCO, ERPTCON,UERPTICD, UERTCOP, LERTCOPY,

JERTHCO?, UERTHPCD, ERTPCON, LERTPHCO, URCCHPTE, URCOIPET. URCCMTE, URCONEPT, URCONETT, LRCOPVTE URCOPYET, LRCOPTE, URCOPTEH,URCOPENT, ) URCOTHFE, URCOTHEF LRCOTPE, |, LRCOTENP, URCOTEPY, URCOEMPT, URCOEMTY URCOEFT, RCOEPTN, RCOETI™, LFCOETPY 1 3 P RIICCEPT, URCCETF URHPCOTE,URMPCOET, URNPTCOE, LMPTECD, LPECOT, URHFETCO, URMTCOPE - LRITRCOE, RMTPECD, URNTECOR, URMTERCD, LRNECOPT, LRNECOTP URMEFCOT, URVEFTCO, URVETCOP, UVETFCD, LRPCONTE,
URPCOME, URPCOTIE, (RPCTEN, LRFCOENT, URFCOET,URPCOTE, URPMCOET, RPMTCOE, RPHTECD, LRPWECOT, RPHETCD, URPTCOME, URPTCOEH, URPTMCDE, URPTHECO, URPTECON, URPTEC), UFECORT. RPECOT, LRFENCOT, LRPENTCD, URPETCCM, URFETIC, TCOPE, URTCOEF, URTCOPLE, URTCOPE, TCOEWP, TCOEPN, LRTHCOPE, URTHCOEF, URTMPCOE, URTWPECO, LRTWECOF, LRTHEPC) URTFCOUE, URTFCOEN,TPNCDE,USTPNECD, UTPECCH,URTFENCO, URTECCHP, URTECOPY, RTEICOF, URTEMPCO, LRTEFCOM, LRTEPNCO URECOWPT, URECOTP LRECOPT, RECOPT, RECOTI, LRECOTPY,
UREHCOFT RGHCOTS RGHPCOT, LREVFTCD] UREHTCE, UREHTPC!LREFGOHT REPCOT REFMCOT, URGATCD! URETCON, UREFHCO! LRETCOMS URETCOP RETHCOR RETHPCD: RETRCIN, URETPD! TCOMPUE, TCOWPLA, DML, TCOMPER TCOWRUE, TCOUPRED. TCOUUFE, TCOMUAE: TCOMEP, TCOWRS TCOWIRP. TCOWIRP TCOVEFR TGOUEFU TCGHELY, TCOMELR, CONERP) TCONERF TGN, TCOWRPE TCOMRURE, TCOMRUES TCCMEGP. TOMRELF TCOPMIGY TCOPMRE, TCOPHER, TCOMMER TCOPURLE TCOMAE TCOMMER, TCORARE. TGO, TCOPURY, TCOMRIE,

TPUECON, TRUECORN, TPUENCOR, TRUEHRCD, TPUERCOU,TPUERCO, TFURCOLE, TRURCOEN, TURACOE, TRRVECD, TRRECON, TRUREM TRCCEN TRCDEUN.  TPRACOE, TPRMUCCE, TPRMUECD, TIRMECCU. THRNELCD, T 1, TRRUACOE, TPRUUECD, TPRUECON,
TPRUENCO] TPRECOM), TPRECOUM, | TREHCO, TrREUCON, TUMFERCO) TUnFRCOR 3 TUVECORF TUVEPCOR, TUMEPRCO) TUMERCDP, TUMERPCO, TUMRCDPE, TUWRCOEF, TUURPCCE, TUWRPECD,
TUARECOR, TUUREPCD) TURCOMER, TUPCOMRE, TUPCOEIT, TLEPHCOR, TUEPHRCD) TUEFRCON, TUEPRMCD, TUERCOMP,TUERCOPM,TUERMCOP, TUERWPCD, TLER FUCD) TURCOPE, TURCOVEF TURCOPHE,
TURCOPEY, TURCOENP TURCOEPM, TURHCOPE, TURHCCEP, TURNPCOE, URNPECO, TURVECOP, TLRVEFCD, TECORMUE TEC CORP, TECORUM, TECORUPY, TEMCOR, TEWCOPRU TEWCOUPR, TEWCOURP, TEWCGRPU, TENCORUP, TENPCOUR, TEMPCORU,
TENPUCOR, TEMPURCD) TEWPRCDU, TEMFRUCO, TENUCORR, TECORY, TEMLE TEUCOMPR, TEUCDIR?, TEUCOPHR, TEL UCOR, TEUCORSY, TEMCOPE, TEUWCORP, TEUMPCOR, TELWPRCO,TEUVRCOP TEUVRE e

CORUPMT ECORUPT, ECORUTMG, ECORUTP ECORTHR ECCRT EVCORT, EHCOARY ICOURTF, EMCOTPUR, EHCOTAR, EHcort ey mmr ENPUTCOR, EMPUTRCD, CAARCOT,ENPURTCD, EPTCOUR, ENPTCORY, EMPTUCOR,
EMPRCOT, ENFRUCOT, EVPRUTCD, EPRICOU, EPRTUCD, u MUCORTY, ENUFCOTR, EWUPCORT, EVUPT LPRCOT, EVLFRTCD) EFLTCOPR,EILTCORP, EMUTPCO MITRCOP, EVUTRECO, R PO, ER Fi ooy, EMTUCORS EMTUPCOR, EMTURRCD, EHTURCDP:EMTUR

| EVRCOPT, EVRCCLPT, ENRCDUTP, EVRCDTR, ENRCOTUP, EVRPCOUT. 4 FUCOT. EVRFUTCD y PO, EVRTCORY, ERTCOUP, EMTPCOU, RUT, EXCOMRIL, EFCOUATR, EFCOULY FCOTIJE, EFCOTIRU, EFCOTUMR, mmwu Emkumimm}r EPCORI, SORAT EFCGRUTY, PO
EPHCORT EFMUCOTR EUCORT. SMUTCOR, EPWTRCO, EFHURCDT, EFAUICD. FUTRCOU, ERVTRUCD, EPARCDL FURCOT. EMRUT ERLCORTH.  EPUMCORT, EPUMTCOE o, € e R CPCEMR EFTCOUR EPTUM iCoun

<o ECOT (R0 i  SEMCOTR REMCOTUP RENPCDUT, RENCOTL. RENLCOT, REWAJTC] REHPTC, REAPTICT, REMLCOFT, EMCOTS REMUcoT Hmucoe Feoun O REPAUTCD) REFMTCOL. REPTLCO! REAUDHT, REPUCOT.
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Factorial

How to write a factorial method?

long factorial(int number)

{

if (number <= 1)
return 1;
else return (number * factorial(--number));

12 July 2007 Counting
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Computing Combinations

List combinations(String str)
{ List combinations = new List();
if (str.length() == 1) combinations.add(str);
else
{ char[] strChars = str.toCharArray();
for (inti = 0; i < strChars.length; i++)
{ // get the sub part of the string to get more combinations
// sub part is original string minus the current ith character
char[] subStrChars = new char[strChars.length - 1];

// get subcombos
List subCombos = combinations(new String(subStrChars));

// add current char to beginning of other strings
for (int j = 0; j < subCombos.size(); j++)
combinations.add(new String(strChars[i] + subCombos.get(j).toString()));
by
by

return combinations;

12 July 2007 Counting
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Permutations

Different ways of arranging objects

— In a line or circle

— Without duplication/ all items distinguishable
— Note: order is taken into account

Number of linear permutations of N objects = N!
— N possible for 1t position * (N-1) for 2" * __ * (1) for last

Number of circular permutations of N objects =
(N-1)!
— Fix one person,

— Then (N-1) possible for next position * (N-2) for 2nd * _ *
(1) for last
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Theater Seating

6 people sit in a row with exactly 6 seats.
How many ways can they be seated together in the row?
6! =720

One is a doctor who must sit on the aisle.

How many ways can they be seated together in the row?
— Two aisles = 2 - 5! = 240
— One aisle = 5! = 120

6 people are 3 married couples. Each wants to sit
together with the husband on the left.

How many ways can they be seated together in the row?
31=6
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Permutations

What if just want 5-letter words from
COMPUTER?

—8.7-6-5.4
3!
(8—5)

12 July 2007 Counting
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r-Permutations

If there are n things in the set, and you want to
line-up only r of them.

n'
P(n,r)=,P,= ()

Example:
— Class = {Alice, Bob, Carol, Dan}

— Select a president and a vice president to represent
the class
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Combinations

Different ways of selecting objects

— Counting subsets

— Without duplication / all items distinguishable
— Note: order is not taken into account

Vn,re Z>wheren>r,
C(Ifl,l’):(njzp(nar)_ n!
r

r! (n—r)!r!

Examples:

— Class = {Alice, Bob, Carol, Dan}

Select two class representatives
Select three class representatives
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Combinations Example

Braille code is represented by
rectangular arrangement of six dots,

each of which is raised or flat.

Given that at [Basg ope &f dix gots L@
must be ratsed; haw: many’symbols @ ©®
can be repnesented?x L N 5 @

— [J {{ }L G‘+15U+20+15+6+1 63
@ . o

—26—1—@44‘4 6, 2

.. . o0 00 oo
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Harder Examples
selecting “class representatives”

Class = {Alice, Bob, Carol, Dan, Erin, Fred}

Select 2 - no restrictions
Select 2 — assuming Alice and Bob must stay together
Select 3 — no restrictions
Select 3 — assuming Alice and Bob must stay together

Select 3 — assuming Alice and Bob refuse to serve
together
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Different Types of Members

{ 4 4

4 4

4 4 4

— pink names are girls and blue names are boys

8 people in the set: 3 girls & 5 boys
per team of 2 girls and 3 boys

— Make a 5 mem
— Make a 5 mem
— Make a 5 mem
— Make a 5 mem

12 July 2007

per team t
per team t

per team t

nat
nat

nat

Counting

nas only one girl
nas no girls

nas at least one girl
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Student Council
(Counting Subsets of a Set)
A student council consists of:
— 3 Freshmen
— 4 Sophomores
— 4 Juniors
— 5 Seniors

How many committees of eight members
of the council contain at least one member
from each class?

12 July 2007 Counting 41



Student Council
(Counting Subsets of a Set)

. (16 16!
Total number of committees is: Lﬁl — =12.870

. T 81-8
Answer is total — number of committees with no
members from at least one class

Let A, A,, A;, A, be sets without freshmen, sophomores,
juniors, seniors

A; U A, U AU A, is the set with no members from at
least one class

NA, UALUA;UA)) =
N(A;) + N(A;) + N(A3) + N(A,) -
N(A; N A,)) = N(A;nA;) = N(A;n Ay) —
N(A, N A;) = N(A,n A)) = N(Asn Ay) +
N(ANANA) -
NA, N AN AN A)
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Combinations with Repetition

{a,b,C,d}

How many 3-combinations can I make without
repetition?

o :alblc] [albld] [alcld: [blcld]

How many 3-combinations can I make with
unlimited repetition allowed?

- [a,a,a] [a,a,b] [a,a,c] [a,a,d]

o :alblb] [alblc] [albld:
- [a,c,c] [a,cd] [ad,d
- :blblb] [blblc] [blbld]
o :bICIC: :blcld: bldld:
- [¢,cc] [ccd] [cdd] [dd,d]
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Combinations with Repetition

Is there an easy way to count these?
Reform problem to putting 3 marks in 4 categories

- a b C d

— X X X a,c,d

— XX X a,a,C]

— X XX a,d,d]

We can also represent this as:

— X][X[X a,c,d]

- XX]|X]| 3,a,C] 6) 6l

- X |XX :aldld: [ =——=20
Easy to solve in this form ... 3) 33

— How many words can you make from XXX| |
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r-Combinations w/ Repetitions

A large pile of coins consists of pennies, nickels,
dimes and quarters (at least 30 each)

How many different collections of 30 coins can

be chosen?[30+4_1] (33) 331
= = = = 5456
30 30)  3!-30!
If the different kinds of collections of 30 coins
are equally likely, what is the probability that a

combination contains at least four coins of each

type? (3o-4-4)+4-1\ (17) ( 17
30-4-4 ) (14) (31-141) 680

= = = =12.5%
5456 5456 5456 5456
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Permutation w/ Repeated Elements

What about NEEDLES
NE,E,DLE,S = /!

— NE,E,D
— NE,E,D
— NE,E,D

12 July 2007

E.S, NE,E.D
E.S, NE,E.,D

E,S, NEE,D

7!

6 3

Cou

E,S,
E,S

E,S

7!

nting
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Permutations w/ Repeated Elements

What about MISSISSIPPI?
MI,S,S,1,555,1,P,P,1,
11!

M (1), I(4), S (4), P(2)

11
11 41.41.2!

12 July 2007

Counting
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Permutations but of

indistinguishable items
Assume you have a set of 15 beads
— 3 Red
— 2 Black
— 4 Orange
— 6 Green

Select positions of R’s, then B’s, then O’s
then G’s

SIGIG s
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Combinations with Repitition

In general

— N — categories

— r — items to choose from

— Repetition allowed and order doesn’t count

xxx | |1
N v J \ v J

I n-1
(r+n—1)

Y
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Combinations w/ Repetition Example

A person giving a party wants to set out 15
assorted cans of soft drinks,

The store he shops at sells five different types of
soft drinks

— How many different selections of cans of 15 soft (15+5-1
drinks can he make? 15

— If root beer is one of the types, how many selections
include at least six cans of root beer? [9+5—1j

— If each selection is equally likely, what is the 9
probability a selection contains at least six cans of
root beer?
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Combinations w/ Repetition Example

There are 6 kinds of computers

How many ways to choose 257?

— XXXXXXXXXXXXXXXXXXXXXXXXX]|]|]|]]
— r — choose 25

— n — 6 categories

Assume one type is an iPAQ, how many ways
can you choose if exactly 10 must be iPAQs?

— Restate as 15 computers, 5 types

What if at least 10 must be iPAQs?
— Restate as 15 computers, 6 types

What are the chances that if we select 25 at
random, that exactly 10 will be iPAQs?

12 July 2007 Counting
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Probability with Combinations

Assume there are 32 people in the class
And that 7 will be chosen to get extra homework

What is the probability that you get extra
homework

Number of ways to select the “lucky 7~
Number of ways to select if “I get HW”

P(I get HW)
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Properties of r-Permutations
and proofs of those properties

P(n,1) = n
P(n,2) = n?—n
P(n,2) + P(n,1) = n?

P(n,n) = n!
P(n,n—-1) = n!

12 July 2007 Counting
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12 July 2007

Properties of Combinations
(Can you prove this?)
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Pascal’s Triangle

Counting

55



Binomial Theorem

(@]

N
>
+
X

—

™M

~~
>
+
X

N’

(X+y)"

Given any real numbers a and b
and any nonnegative integer n,
k=0

56

(n]ankbk
| k

)n

a+b

(

12 July 2007



Conditional Probability

Probability of B given that A is known to have
happened

P(ANB)
P(A)

P(BIA)=

If P(B) = P(B|A),
then event B is Independent of event A

12 July 2007 Counting
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