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Abstract

Selecting representatives based on voters’ preferences is a fundamental problem in social choice
theory. While cardinal utility functions offer a detailed representation of preferences, ordinal rankings
are often the only available information due to their simplicity and practical constraints. The metric
distortion framework addresses this issue by modeling voters and candidates as points in a metric space,
with distortion quantifying the efficiency loss from relying solely on ordinal rankings. Existing works
define the cost of a voter with respect to a candidate as their distance and set the overall cost as either the
sum (utilitarian) or maximum (egalitarian) of these costs across all voters. They show that deterministic
algorithms achieve a best-possible distortion of 3 for any metric when considering a single candidate.

This paper explores whether one can obtain a better approximation compared to an optimal candidate
by relying on a committee of k candidates (k > 1), where the cost of a voter is defined as its distance to the
closest candidate in the committee. We answer this affirmatively in the case of line metrics, demonstrating
that with O(1) candidates, it is possible to achieve optimal cost. Our results extend to both utilitarian and
egalitarian objectives, providing new upper bounds for the problem. We complement our results with
lower bounds for both the line and 2-D Euclidean metrics.

1 Introduction

One of the fundamental challenges in the social choice theory is to elect representatives based on voters’
preferences, ideally represented by cardinal utility functions that assign numerical values to each outcome.
However, in most real-world scenarios, voters only provide ordinal information, such as preference orders
among outcomes/candidates. This raises a natural question of how worse, if at all, a voting mechanism
performs given ordinal information than cardinal information. Procaccia and Rosenschein [29] introduced
the notion of distortion to measure such an efficiency loss — how different voting rules respond to the lack
of cardinal information. Many practical voting scenarios can be formulated by considering both voters and
candidates lying on a metric space (see [15]). The distance to candidate locations determines voters’ cardinal
preferences for candidates — voters rank candidates based on ascending distance, with the closest candidate
being the most preferable and the farthest candidate being the least preferable. The worst-case behavior of
any ordinal preference order-based voting rule/mechanism is captured by the notion of metric distortion,
introduced by Anshelevich et al. [3]. A voting mechanism, without access to the actual distances among
the set of voters and candidates, seeks to minimize a specific cost function, which depends on the distances.
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Distortion is defined in relation to this cost: For any voting mechanism f, its distortion is the worst-case ratio
(across all instances) of the cost of the solution produced by f compared to the optimal cost.

Given a single fixed candidate, the cost for a voter is defined as its distance from the given candidate. Then,
the overall cost is set to be an objective that combines these values across all the voters. Depending on the
specific context in the literature, the following two objectives have widely been considered: A utilitarian
objective, which aims to minimize the total individual costs for all voters, and an egalitarian cost, which
minimizes the maximum cost experienced by any voter. Different variants of the metric distortion problem
under the above objective functions have received significant attention, e.g. [22, 23, 20, 2, 24].

For the classical metric distortion problem, it is known that a distortion of 3 can be achieved for any metric.
Further, it is widely known that the candidate chosen by any deterministic method cannot achieve a distortion
factor of less than 3, even in a line metric. In other words, without knowing the exact distances, it is not
possible to obtain a better than 3-approximation to the optimal cost. This leads to an intriguing question: Can
we obtain a better approximation (distortion) by selecting more than one candidate? Specifically, assume
that the algorithm is allowed to choose k > 1 candidates, and we set the cost for each voter to be its distance
to the closest chosen candidate. Can we design an algorithm for which the overall cost (either utilitarian or
egalitarian) is at most « times the cost of an optimal candidate for some a < 3?

In this paper, we answer the above question affirmatively for the line metric. We not only attain better
distortion by allowing the selection of more than one candidate but, in fact, attain optimal cost with O(1)
candidates. We complement our upper-bound results with various lower-bound constructions showing
impossibility results in line and 2-D Euclidean metric.

Our work provides a bicriteria perspective to metric distortion, which, to our knowledge, has not been
considered before. The pursuit of improved bi-criteria approximation results for various classical optimization
problems has already been well-investigated in the literature. Indeed, when the metric is known, and the goal
is to pick k candidates that minimize the overall cost across voters, the election problem becomes an instance
of either the k-median or the k-center clustering (for the utilitarian and egalitarian objective, respectively).
For these problems, numerous (constant-factor) approximation algorithms are known which select up to O(k)
centers (instead of k centers), e.g. [18, 31, 1]. Therefore, it is quite natural to explore a similar question in the
metric distortion problem, where the underlying metric is not directly given.

Our work additionally extends the existing line of research on k-committee elections [17, 13, 7], which
also select a committee of k£ candidates and aim to minimize some loss function across all voters. The key
distinction is that we consider a single candidate as our baseline for calculating distortion, while these works
consider a baseline of k£ candidates (see Section 1.2). Specifically, for the utilitarian cost we consider (i.e., the
sum of distances of voters to their closest candidate in the committee), Caragiannis, Shah, and Voudouris [7]
show that the ratio of the cost for any deterministic method compared to the cost of an optimal committee can
be unbounded in the worst case. This result fails to suggest a choice of candidates, as all possible choices
are the same in the worst case. In contrast, we show that by choosing the right baseline, one can make a
meaningful distinction between different choices even though the underlying metric is unknown.

1.1 Our contribution

Our first result shows that when the underlying metric is a line, a committee of two candidates can achieve a
1-distortion of 1 under the sum-cost objective. Here, I-distortion refers to the worst-case ratio between the
cost of the selected committee and the cost of an optimal single-winner candidate. In fact, we will prove a
stronger result by showing that it is possible to output a list of 2 candidates that always contains an optimal
one. Formally, we prove the following theorem.



Theorem 1. There exists an algorithm for the 2-committee utilitarian election on the line metric that is
guaranteed to choose an optimum candidate in the elected committee. Consequently, the 1-distortion of the
algorithm is 1.

We further show that when the metric is not a line, one can obtain a distortion of 1 + %

Theorem 2. There exists an algorithm for the (m — 1)-committee utilitarian election on the general metric
that obtains a 1-distortion of, at most 1 + 2/(m — 1). Additionally, no algorithm can obtain a 1-distortion
better than 1 + 2/(m — 1) when choosing m — 1 candidates, even if the metric space is 2-D Euclidean.

Note that the above theorem immediately implies that no algorithm can find a set of size m — 1 guaranteed to
contain an optimum, even if the underlying metric is 2-D. We further study the max-cost objective, showing
that one can obtain 1-distortions of 1, 1.5, and 2 using sets of size four, three, and two, respectively.

Theorem 3. For any & € {2, 3,4}, there exists an algorithm for the k-committee egalitarian election on the
line metric, which obtains a 1-distortion of at most 3 — k/2. Furthermore, there is no algorithm that can obtain
a 1-distortion better than 3 — k/2.

For the max-cost objective, even though there exists an algorithm that selects one candidate with a distortion
of 3, we show that no algorithm can achieve a 1-distortion better than 3, even when choosing a committee of
m — 1 candidates.

Theorem 4. There is no algorithm for the (m — 1)-committee egalitarian election on 2-D Euclidean metric
such that can obtain a 1-distortion better than 3.

It is important to note that the obtained lower bounds apply to deterministic algorithms.

Objective Metric Space Committee Size (Out of ;1) Lower-Bound Upper-Bound

D >2 1 1
Sum 1 3[3] 3[20]
2D m—1 1+ -2 1+ -2
> 4 1 1
1D 3 1.5 1.5
Max 2 ) )
1 3 3
2D m—1 3 3

Table 1: State-of-the-Art; Blue colored bounds are results of this paper

Our approach to the problem involves many novel techniques that we believe are of independent interest.
Most notably, for the line metric, we propose an algorithm that essentially finds the order of candidates and
voters. Specifically, we identify the order for all the candidates in a set of core candidates, which has the
following property: If ¢; is a core candidate and c; is not, then all voters prefer ¢; to c;. We additionally find
the order of all voters with the minor caveat that we may potentially have ties for voters who have the same
exact preference for all core candidates. We refer to Section 3 for more details.



1.2 Related works

Since its introduction, the metric distortion framework has remained central in investigating the performance
of single-winner voting. Gkatzelis, Halpern, and Shah [20] showed the existence of a deterministic mechanism
with a 3-distortion factor, settling a long-standing open question, a simpler proof of which was later given by
Kizilkaya and Kempe [25]. Although a distortion factor of 3 is unavoidable for any deterministic mechanism,
an intriguing question arises about whether randomization could surpass this 3-factor barrier. In fact, it
was conjectured that a randomized mechanism could achieve a distortion of 2. However, Charikar and
Ramakrishnan [9], and Pulyassary and Swamy [30] independently established the non-existence of such a
randomized mechanism, refuting the conjecture. The quest of breaking below 3-factor using randomization
remained. Charikar ef al. [10] recently answered this positively by developing a randomized mechanism
with a 2.753-distortion factor. On a different line of work, Anshelevich et al. [4] demonstrate that when the
threshold approval set of each voter is known — containing all candidates whose cost is within an appropriately
chosen factor of the voter’s cost for their most preferred candidate — a distortion of 1 + V2 can be achieved.

In the k-commiittee election problem (the single-winner election being a special case with k = 1), the aim is
to select k candidates from a pool of m candidates based on ordinal preferences provided by n voters. For any
mechanism f, its distortion is defined as the worst-case ratio (across all instances) of the cost of the solution
produced by f compared to the optimal cost. When the cost for a voter is considered as the sum of distances
to all committee members, Goel, Hulett, and Krishnaswamy [21] showed that the problem reduces to the
single-winner election.

On the other hand, Caragiannis, Shah, and Voudouris [7] considered a general cost function — each voter’s cost
is the distance to the g-th (for some integer g > 1) nearest committee member. They identified a trichotomy:
For g < k/3, the distortion is unbounded; for g € (k/3, k/2], it is ®(n); and for g > k/2, the problem reduces
to the single-winner election. As an immediate corollary, for the 2-committee election, with each voter’s
cost being its distance to the nearest committee member (i.e., ¢ = 1), we get a distortion of ®(n). Further,
with the same cost function, for the k-committee election when k > 3, the distortion is unbounded (even for
line metric). However, when the positions of candidates are known, for k = m — 1, Chen, Li, and Wang [11]
demonstrated that single-vote rules achieve a distortion of 3 and provided a matching lower bound.

One of the most basic versions — where both voters and candidates are positioned on a real line — has already
garnered significant attention in computational social choice theory. If we know the locations of the voters
and candidates on this real line, a straightforward dynamic programming approach can solve the k-committee
election problem optimally in O(nklog n) time. Strict preference profiles, with voters and candidates on a
real line (also known as 1-D Euclidean), exhibit many intriguing properties, including being single-peaked
and single-crossing [5, 28, 16]. Given a preference profile and the order of voters, deciding whether it is 1-D
Euclidean can be done in polynomial time [12]. Furthermore, if the input preference order is consistent with
1-D Euclidean, [12] provides an efficient construction of a mapping realizing that.

Another closely related question to the problem of optimal candidate selection is the facility location
problem [27], where the goal is to place facilities at locations in a metric space to minimize the cost of serving
agents. Unlike the candidate selection problem, where candidates are restricted to a fixed set, facilities in the
facility location problem can be placed anywhere in the space [19].

A related solution concept to the matroid we propose is the Condorcet winning set: a set of candidates
such that no other candidate is preferred by at least half the voters over every member of the set [14]. The
Condorcet dimension, defined as the minimum cardinality of a Condorcet winning set, is known to be at most
logarithmic in the number of candidates. Caragiannis et al. [6] partially reaffirm this logarithmic bound when
considering committee-selected alternatives. In the metric ranking framework, Lassota et al. [26] recently



demonstrated that the Condorcet dimension is at most three under the Manhattan or £, norms. Independently
and concurrently, Charikar et al. [8] showed that Condorcet sets of size six always exist.

2 Preliminaries

Metric space. Let us consider a domain X and a distance function d : X X X — R. We call (X, d) a metric
space if the distance function d satisfies the following properties:

o Positive definite: For all x,y € X, d(x,y) > 0, and d(x,y) = 0iff x = y.
e Symmetry: For all x,y € X, d(x,y) = d(y, x).
o Triangle inequality: For all x,y,z € X, d(x,y) < d(x,z) + d(z,y).

In this paper, we consider

e Line metric (1-D Euclidean metric): The domain is X = R, and for any two points p, g € R, their
distance is d(p,q) = |p — q|.

e 2-D Euclidean metric: The domain is X = R?, and for any two points p = (py, Py, q = (qxqy) € R2,

.. . 2\1/2
their distance is d(p, q) = llp — 4qll, := ((px — qx)2 + (py — qy) ) .

Election. An election instance & = (V,C,>) consists of a set V = {vq,...,v,} of n voters and a set
C ={c1,...,cn} of m candidates. Each voter v; € V has a linear order >; over the candidates, where c¢; >; ¢
indicates that voter v; prefers c¢; over cx. We refer to >; as the ordinal preference of voter v;. Furthermore,
>={>1,...,>,} is called the preference profile of the voters. Additionally, the j-th candidate in the ordinal

preference of voter v; is denoted by >; ;.

We consider the voters and candidates to lie in the same metric space (X, d). For ease of exposition, we
extend the notion of distance d to be defined directly on the set of voters and candidates instead of the points
they occupy in the underlying space X. We say a (distance) metric d is consistent with an election instance
&= (V,C,>), denoted as d > &, when for any voter v;, ¢; >; ¢ if d(v;, ¢;) < d(v;, ci).

Social cost. Let us consider an election instance & = (V, C, >), and a distance metric d > &. Let I = (&, d)
denote the instance & with d being its underlying distance metric. For any subset of candidates S € C, and
avoter v € V, we use d(v,S) to denote the distance between the voter v to its nearest neighbor in §, i.e.,
d(v,S) := min.es d(v, ¢). In this paper, we focus on the following two social costs:

e Sum-cost (Utilitarian objective): For any subset of candidates S C C, its sum-cost, denoted by
costy(S, 1) is defined as costs(S, 1) := X,y d(v, S).

e Max-cost (Egalitarian objective): For any subset of candidates S C C, its max-cost, denoted by
cost,,(S, ) is defined as cost,,(S, ) := max,cy d(v, S).

When it is clear from the context, we drop I and simply use cost(S) and cost,,(S).

Voting rule and distortion. A (deterministic) voting rule (also referred to as mechanism) f is a function that
maps an election instance & to a subset of candidates S. We use algorithms and mechanisms interchangeably
throughout this paper. In this paper, we are interested in comparing the cost of voting rules that selects
k-committees with the cost of an optimal single candidate. We call a single candidate cop; optimal if

cost(copt) = min cost(c).
ceC



Throughout the paper we use OPT = cost(cop) to refer to the cost of an optimal single candidate.

To capture how good a voting rule is in the worst case, the notion of distortion is used. For any voting rule f,
its distortion, or more specifically, /-distortion is defined as

t(f(&
1-distortion(f) := supsup cost(f(&)
& avs  OPT

where the cost function cost in the above definition could be either cost; or cost,, depending on the context.
In other words, the 1-distortion compares the cost of the mechanism to the cost of an optimal candidate in the
worst case.

3 Line metric election: the order of candidates and voters

In this section, we present an algorithm designed to determine the order of candidates and voters for any
line metric election instance & = (V, C, >) based on the voters’ preference profile. This step is essential for
establishing the upper bounds discussed in Section 4. Moreover, this approach may prove useful for future
research, as it offers a general method for obtaining the total order of candidates and voters as explained in
the following.

This algorithm focuses on a specific subset of candidates with properties useful for the purposes of this paper
and potential future work on the line metric distortion.

Definition 5 (Core). In an election & = (V,C, >), a subset A C C is called a core if for any voter v;, any
candidate c; € A, and any candidate ¢, € C \ A, we have ¢; >; c.

The algorithm introduced in this section determines the order only for a subset C*, referred to as the
determined candidates, rather than for all candidates. It expands C* iteratively and establishes the order of
candidates within C*. By the end of the algorithm, C* forms a core subset of candidates.

Additionally, for some voters with similar preferences, it may be impossible to distinguish whether they
are on the right or left; thus, they are considered to be at the same point. These properties of the voter and
candidate order retrieved by the algorithm are accounted for in the analysis and other sections of this paper.
Overall, obtaining the order of voters and candidates with this level of accuracy remains significant for the
intended purposes.

The algorithm consists of three parts. The first part, called SpLITLINE, involves dividing the line into two halves
and determining whether each candidate occurs on the left or right side (some of them remain undetermined).
The second part, denoted as SORTCANDIDATES, finds the order of candidates in each half and merges the sorted
lists to obtain a total ordering. The final part, referred to as SORTVOTERS, determines the voters’ ordering
based on the retrieved order of candidates. Algorithm 1 demonstrates how these three components contribute
to sorting the candidates and voters.

SpuiTLINE.  In this part, we first find a pivot to split the line at that point. To achieve this, we introduce
the following definitions. We arbitrarily choose the first voter as the pivot voter, associated with two pivot
candidates as follows.

Definition 6 (Pivot Voter and Candidates). The voter v; is called the pivot voter. Additionally, the two nearest
candidates to the pivot voter are called the pivot candidates. Without loss of generality, assume that c; and ¢,
are the two nearest candidates to the pivot voter v, with ¢ positioned to the left of ¢;. Note that c; and ¢;
may both be on the same side of v;.



Algorithm 1 Sort candidates and voters
Input: Election instance &.
Output: Sequence S ¢ where is the order of determined candidates and sequence S y the order of voters.

1: function SorTCANDIATESANDVOTERS(E = (V, C, >))
2 (L,R) « SpLITLINE(E)

3: S ¢ <« SoRTCANDIDATES(>1, L, R)

4 Sv < SortVoters(E, S ¢)

5 return (S¢,Svy)

Finally, the point where the line is split is defined as follows:

Definition 7 (Pivot Point). The midpoint of the line segment between the two pivot candidates is called
the pivot point, denoted by p. Let L and R be the subsets of candidates on the left and right sides of p,
respectively.

Finally, We aim to determine whether a candidate belongs to L or R. Therefore, we formally define determined
and undetermined candidates as follows:

Definition 8. A candidate is determined if it is known whether the candidate belongs to L or R based on
Definition 7. Otherwise, the candidate is undetermined. Let C* = L U R be the set of determined candidates

Initially, based on Definition 6, we know that ¢; € L and ¢, € R. Thus, C* = {cy, cp}. Through several
iterations, we expand L and R by adding as many candidates as possible. Therefore, at the end of each
iteration we update C* such that C* = L U R again. We also ensure that C* always forms a consecutive subset
of candidates on the line. The process for determining new candidates in each iteration is as follows:

If there exists a voter v; such that two candidates ¢ and c; satisfy ¢x >; ¢;, where c; € C* but ¢, ¢ C*, then
we can determine c’s membership as follows:

e If both ¢; and ¢; are closer to v; than ¢}, then ¢, belongs to the opposite side of ¢;.
e Otherwise, c; belongs to the same side as the candidate in {cy, ¢} that is closer to v;.

Algorithm 2 is pseudocode for the function DETERMINE, which determines a candidate if the above conditions
hold and adds it to the corresponding set. Algorithm 3 determines as many candidates as possible in each
iteration while maintaining the succession of the determined candidates (see 3.1 for proofs). We call these
candidates C,,,,. At the end of the iteration, it merges Cy,,, into C*. It is important to note that we do not add
each point immediately to C*; instead, we merge them all at the end. This approach ensures that C* remains
a consecutive list of candidates, which is crucial for our analysis.

The output of this function is L and R, which represent the determined candidates on the left and right sides
of the pivot point p, respectively.

SorTCanpmares. The goal of this part is to sort the candidates in L and R. We know that L lies to the left of
P, and R lies to the right of p, where p is the midpoint of the segment connecting the two nearest candidates
of v (see Definitions 6 and 7). Consequently, in the ordinal preference of v, candidates in L with higher
preferences are positioned to the right of those with lower preferences. Similarly, candidates in R with higher
preferences are positioned to the left of those with lower preferences. By combining these two observations,
we can sort the candidates based on their positions along the line. Algorithm 4 presents the pseudocode for
this approach.



Algorithm 2 Determine a candidate with a determined candidate in a voter’s ordinal preference

Input: Ordinal preference of voter v;, denoted >;; candidates c; and ¢, where ¢, >; ¢}, ¢; is determined
but ¢, is not; two sets L and R containing currently determined candidates on the left and right sides of the p,
respectively; and pivot candidates, ¢ and c;.

Output: Updated sets L and R including candidate cy.

1: function DETERMINE(>;, ¢}, ¢k, L, R, ¢1, ¢2)

2 if ¢ >; cx A ¢y >; ¢, then

3 Add ¢ to L if ¢; € R, otherwise add ¢, to R
4: else

5 Add ¢ to L if ¢1 >; ¢y, otherwise add ¢, to R
6 return (L, R)

Algorithm 3 Determine Candidates
Input: Election instance &.
Output: Two subsets L and R of candidates, where candidates are on the left or right of the pivot point p.

1: function SpLITLINE(E = (V, C, >))
2 L« {c}

3 R « {cy}

4: C* «{c1, ¢}

5: repeat
6

7

8

9

Cnew — 0

while (v, cj,cp) : ek >icj A € C* A cj € Det do
(L, R) < DETERMINE(>;, Ck, Cj, L, R, c1,¢2)

: Chew < Crew U {ci}

10: C* «— C* U Cpey

11: until C,,,, = 0

12: return (L, R)

SorrVoters. This part focuses on sorting voters given the sorted determined candidates. The key observation
is that a voter who prefers one candidate over another tends to be closer to the candidate they prefer more.
Consequently, we have a method to compare two voters. For a pair of voters v; and v;, assume k is the
smallest index where the ordinal preferences of v; and v; differ. v; is on the left side of v; if >; is on the left
side of > ;. If >; ; and > are not determined, assuming v; and v; are at the same position does not affect the
further analysis (see Sections 3.1).

It is important to note that the voter sorting process, denoted as SorTVoters(&E = (V, C, >), S ¢), takes the
election and the sorted determined candidates as input and outputs Sy, a sequence of all voters in the order
determined by the above approach.

In the next subsection, we provide a detailed proof demonstrating why the mentioned algorithm functions
correctly.

3.1 Analysis

In this part, we focus on showing that we correctly calculated the order of candidates and voters. As mentioned
earlier, this approach does not determine the exact order of all candidates or accurately rank all voters. First,
recall that the algorithm returns the sequence S ¢ as the order of candidates (Line 3). This sequence contains



Algorithm 4 Sort determined candidates
Input: Preference order of v, denoted as >;, L and R, candidates on the left and the right side of pivot p.
Output: Sequence S ¢, sorted candidates in L and R by their position left to right.

1: function SORTCANDIDATES(>1, L, R)
2 S ¢ is an empty sequence of candidates.
3 for ¢; in > do

4 if ¢; € L then

5: Add ¢; to the left of S¢.
6 else if ¢; € R then

7 Add ¢; to the right of S¢.
8

return S ¢

the set of determined candidates, denoted as C* = L U R. Additionally, in Line 4 of Algorithm 1, we calculate
the order of voters based on S ¢. As previously noted, this sequence is not entirely accurate due to limited
available information. The following definition formalizes this order.

Definition 9. For a subset of candidates A C C, the order of voters with respect to A is a sequence S of voters
from left to right, such that there is a tie between voters v; and v; if and only if their ordinal preferences over
the candidates in A are identical.

Now, we can formally introduce the main theorem implied by the mentioned algorithm:

Theorem 10. Let (R, d) be the line metric. For an election & = (V, C, >) such that d > &, SORTCANDIATESAND-
Vorers correctly identifies:

1. the subset C* = L U R which is a core subset of candidates,
2. the order of C* candidates, denoted as S ¢,
3. and the order of voters with respect to C*, denoted as Sy .
For the remainder of this section, all lemmas consider a specific line metric election instance.

The following lemma demonstrates that a prefix of a voter’s ordinal preference forms a consecutive subse-
quence of candidates.

Lemma 11. For any voter v; € V and 1 < k < m, the k most preferred candidates of voter v; form a
consecutive subsequence of candidates.

Proof. Assume the condition does not hold for a voter v; and some k. Since any single candidate forms
a consecutive subsequence, we must have k > 2. Let A denote the k most preferred candidates of v;. By
assumption, there exist two candidates c;, ¢, € A such that a candidate ¢,, € C \ A lies between them.

Assume without loss of generality that ¢; is to the left of ¢,, and ¢, is to the right of ¢,,. Further, suppose v; is
located to the left of ¢,,. Since ¢, ¢ A, we must have ¢, >,, ¢,,. However, since the candidates are arranged

in a line, it follows that ¢,, >, ¢,, which is a contradiction (illustrated in Figure 1). O
cy Cm ¢,
@ @ @

14

Figure 1: This figure is the illustration of the succession of nearest of any voter.



According to Lemma 11, we have:
Corollary 12. c; and c; are consecutive.

Next, recalling the definitions of determined and undetermined candidates (8), the following lemma formally
proves that the function DETERMINE in Algorithm 2 correctly determines an undetermined candidate.

Lemma 13. Assume that C* is a consecutive subset of determined candidates, including c; and c¢;. If there
exists a voter v; and candidates ¢; € C* and ¢ ¢ C* such that ¢; >; ¢}, then the function DETERMINE correctly
determines cy.

Proof. Let us consider two cases regarding the positioning of ¢y, ¢», and ¢ in the ordinal preference of v;.
Case 1: Both ¢; and ¢; are positioned before ¢ in the ordinal preference of v;.

Without loss of generality, we can assume that c; is in R. We use proof by contradiction to show that ¢y is in
L. Assume that ¢; is in R. Consider the prefix of the ordinal preference of v; ending with ¢;. By Lemma 11,
they must form a consecutive set of candidates. Therefore, ¢; must be on the right side of ¢;. However, since
C* consists of consecutive candidates, ¢ would necessarily be positioned on the right side of ¢;. Because of
the contradiction we can conclude ¢ is in L (Illustrated in Figure 2)

Cq p 2 Ck Cj
X o : > o ®
\ \ |
\ \ \
Ck Cy p 2 Cj

v ® = : = =
\ \ |

Figure 2: For a voter v;, if we have ¢; >; ¢k, ¢2 >; ¢, and ¢ >; ¢, then ¢ and ¢; cannot both be in the same
side of p. The figure above illustrates this contradiction, while the one below shows that they can be on
opposite sides.

Case 2: At least one of ¢| and c¢; is positioned after ¢ in the ordinal preference of v;.

Without loss of generality, assume that ¢; precedes ¢; in the ordinal preference of v;. Consider the prefix
of the ordinal preference of v; that contains ¢; and ¢, but not ¢;. By Lemma 11, this prefix must form a
consecutive sequence of candidates, meaning ¢, cannot lie between ¢ and c;. If ¢y were in R, ¢, would
lie between c; and ¢, as c; and ¢, are consecutive. This contradiction implies that ¢ is in L (Illustrated in
Figure 3).

c p c Ck

X 01 t 02 ®
Ck C] p (&)
V4 ® . f O

Figure 3: For a voter v;, if we have c¢; >; ¢ and ¢ >; ¢, then ¢ is in L. The figure above illustrates that if ¢
were in R, then ¢, would be in the consecutive subsequence of ¢ and ¢; which is a contradiction. On the
other hand, the one below shows that ¢; must be in L.
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As explained in Lemma 13, determining a new candidate works if the current set of C* is consecutive.
Therefore, in the following Lemma we show that in the beginineg of each iteration, C* is a consecutive
subsequence of candidates.

Lemma 14. In Algorithm 3, in the beginning of each iteration (Line 5), all determined candidates, denoted
as C*, form a consecutive subsequence of all candidates.
Proof. Let C; be the set of determined candidates in the beginning of i-th iteration. We prove that for any i,

C ;“ is a consecutive subsequence. C *f = {c1, ¢} satisfies the condition. (Corollary 12).

In the (i — 1)-th iteration (i > 2), For any voter v;, let last; be the least preferred candidate of v; in C_,. Then
by Lemma 13, by the end of iteration i — 1 any candidate ¢, such that ¢; >, last; is determined. We call this
set of candidates Pj; note that C;_, C P;. As P; is a prefix of the ordinal preference of v;, by Lemma 11, P;
is a consecutive subsequence of candidates. Also P; contains ¢y and ¢, because {c1, 2} C C;.“_ | € Pj.

Since C; = C;_; U Cyey (Line 10) and Cy,,, = J (P \ C;_)), we have C; = |J; P;. Observe however that a
union of intersecting intervals is always an interval; this can be seen from an easy inductive argument. Since
P; all contain {cy, c2}, it follows that C; is a consecutive subsequence as well. O
Next, we show that C* is a core subset of candidates.

Lemma 15. By the end of the algorithm, C* is core. i.e. For any voter v;, candidate c; € C*, ¢; ¢ C*, we

have c; >; c.

Proof. Assume otherwise that ¢, >; ¢;. Then, we can determine ¢ using c; and voter v; according to Lemma
13, and consequently, Algorithm 3 cannot have terminated at this point. Therefore, c; >; ¢; for any voter
Vi. O

We now demonstrate that the function SORTCANDIDATES in Algorithm 4 returns the determined candidates in
sorted order from left to right.

Lemma 16. Function SorRTCANDIDATES correctly sorts determined candidates, denoted as C* = L U R from
left to right.

Proof. Recall that sets L and R contain determined candidates (Definition 8). Now, consider the ordinal
preference of vy. For any pair of candidates ¢;, ¢; € L, we show that d(c;, c1) < d(cj,cy) if ¢; >1 c;.

There are two cases:

e (] is on the right side of v;; we have:
d(ci,cy) —d(cj,c1) = d(ci,v1) —d(c1,v1) — d(cj,vy) + d(cy,v1)
=d(ci,v1) —d(cj,v1)
e (; is on the left side of v;; we have:

d(C[,Cl) - d(Cj, Cl) = d(C,‘, Vl) + d(C], Vl) - d(Cj, Vl) - d(Cl, Vl)
=d(c;,v1) —d(cj,v1)
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Therefore, we have:
d(ci,c1) < d(cj,c1) © d(ci,vy) <d(cj,v1)

Based on the definition of ordinal preference, we have d(c;,vi) < d(cj,v1) if ¢; >1 ¢j. Consequently
d(C,‘,Cl) < d(Cj,Cl) ifC,‘ >1 Cj.

Similarly, for any pair of candidates c;, c; € R, we can show that d(c;, c2) < d(cj,c2) if ¢; > c;.

The function SORTCANDIDATES processes candidates according to >, adding them to the left of S ¢ if they are
in L and to the right otherwise. Therefore, S ¢ contains candidates in the correct order from left to right. O

Next, we show the correctness of function SORTVOTERS.

Lemma 17. function SortVoteRrs finds the order of voters with respect to determined candidates.

Proof. By Lemma 16, we have the order of a determined candidates. Assume that for candidate c¢;, order,, is
the index of ¢; from left to right. As SpLiTLINE determines a prefix for each candidate, for a voter v;, we let
sequence sorted; = orders.,,orders,, . ..order.,, where k is the number of determined candidates. Now, we
can compare voters’ sorted sequences lexicographically. A voter with smaller sorted is on the left side of a
voter with larger sorted. It is important to highlight that this approach may result in ties among some voters
in the ordering. O

By Lemmas 15, 16, and 17, we have Theorem 10 proved.

4 Line metric upper bounds

4.1 Sum-cost objective

In this section, we study the sum objective, where the cost of a set of candidates is defined as the sum of the
distance of voters to the candidate set. We consider the line metric, where voters and candidates are located
on the real line, and utilize the orderings obtained in Section 3 to present upper bounds on distortion. We start
by showing that it is possible to choose a set of three candidates, such that an optimal candidate is always
chosen. We then improve this by showing that we can always omit one of the three selected candidates,
resulting in a shortlist of size two that includes an optimal candidate. We note that this not only shows a
distortion of two based on our distortion metric, but it also ensures that the actual optimal single candidate is
included in the selected list.

First, we identify the optimal single candidate when candidates and voters are positioned on the real line. In
the following proofs, we often refer to the median voter. When the number of voters is even, we can consider
either of the middle two candidates as the median.

Lemma 18. When considering the sum of distances objective and the candidates and voters are located on
the real line, one of the candidates directly to the right or left of the median voter will be an optimal candidate.

Proof. Assume, without loss of generality, that there exists a candidate ¢; who is the first candidate to the
left of the median voter v. Consider any candidate c to the left of ¢;. As we move from c to ¢;, all voters to
the right of v (including v) will experience a reduction in their distance to the candidates by the difference
between ¢ and c¢;, while the distance for other voters can increase by at most the same amount. Since v is the
median voter, there are at least as many voters to the right of v (including v) as there are to its left (excluding
v). Therefore, the total cost cannot increase when moving from c to ¢;, implying that the cost of ¢; is at most
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the cost of c. Similarly, if a candidate ¢, directly to the right of v exists, any candidate farther to the right will
have a distance that is at least as great. Hence, either ¢; or ¢, will be an optimal candidate that minimizes the
total cost. O

Next, we show that we can select three candidates to ensure an optimal candidate, which is immediately to
the left or right of the median voter is selected.

Lemma 19. There exists a voting rule for 3-committee election on the line metric such that the resulting
committee includes an optimal candidate.

Proof. First, we can determine the order of a subset of candidates C* and all voters based on the algorithms
in Section 3. Additionally, by Lemma 15, any candidate ¢ ¢ C* cannot be an optimal candidate, since ¢
will be farther from all voters than any candidate in C*. Thus, we can ignore the candidates outside C* and
proceed with the remaining candidates.

Now, we consider the median voter v in the ordering of voters. We note that there might be a tie between
multiple voters for this position, but we will only utilize the voter’s closest candidate, which will be the same
for all tied voters.

After identifying the median voter, we consider v’s closest candidate c. This candidate will be either the one
immediately to the left or the right of the median voter v. Next, we use the ordering of the candidates to
find the candidates c; to the left of ¢ and ¢, to the right of c. We claim that the set {c, ¢;, ¢,} is guaranteed to
include an optimal candidate: if c is to the left of the median voter, then ¢, will be the first candidate to the
right of the median, and one of ¢ or ¢, will be an optimal candidate by Lemma 18. Similarly, if c is to the
right of the median, one of ¢ or ¢; will be an optimal candidate. Therefore, the set {c, ¢;, c,} will contain an
optimal candidate.

Finally, we note that candidates ¢; and ¢, might not exist. In such cases, the candidates to the left and right of
v are still selected, if they exist.

]
Next, we show that we can omit either ¢; or ¢,, choosing only two candidates, while still including an optimal
candidate.
Theorem 20. There exists a voting rule for 2-committee election on the line metric such that the resulting

committee includes an optimal candidate.

Proof. By Lemma 19, we can select three candidates that include an optimal candidate. Let c1, ¢, and c3
denote these candidates from left to right. We then define the sets Vi, V,, and V3 as the sets of voters who
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Vi | V2 Pv3
Vi %) V3

Figure 4: A figure illustrating three candidates ¢y, c3, and c¢3 along with the possible locations of voters
closest to each candidate, Vi, V,, and V3. Voters vy, vo and v3 show examples of voters in each set.

prefer the corresponding candidate to the other two, as illustrated in Figure 4. Thus, we can state that

costy(c) = Z d(v,c)

veV

= > dv,c)+ Y dv,c)+ Y dw,c2)
veV) veV, VEV3

< Z dv,cy) + Z dv,c) + Z (d(v,c3) +d(ca, c3)) (Triangle Inequality)
VeV, veV, veVs

< D dv, )+ ) dw,c3)+ Y (dv,e3) + dlea, e3)) (Vrev, d(v,¢2) < d(v, c3))
veV veV, veV3

= > (d(v,c3) = d(es,c2) + Y dv,e3) + D (dv,e3) +d(e2,¢3))
vev, veV, veVs

(Vvev, d(v, c2) = d(v, c3) — d(c2, c3))

costy(c3) — Vil - d(c2, c3) +|V3] - d(ca, c3)
costy(c3) + (IVa| = [Vil) - d(ca, c3).

Similarly, we can show that cost(cp) < costy(cy) + (|Vi| = |V3|) - d(cz, c1). Now, depending on whether
Vil < |V3] or not, we can see that either cost (cy) < costy(cy) or cost(cr) < costy(csz). So we can
disregard one of ¢ and c3 based on this and still find the optimum, as ¢, is guaranteed to be a better candidate
than the discarded one. O

Corollary 21. There exists a voting rule for 2-committee election on the line metric with 1-distortion of 1.

2
m—1

Finally, we show that for a general metric, it is possible to achieve a 1-distortion of 1 + when choosing

k = m — 1 candidates.

Theorem 22. There exists a voting rule choosing m — 1 out of m candidates achieving a 1-distortion of
1+ % for the sum-cost objective.

Proof. For each voter v, let first, be their closest candidate. Then, we claim that the voting rule that chooses
the m — 1 candidates appearing most frequently in first achieves the desired distortion. For a given instance,
let C be the set of candidates selected by this algorithm and ¢, be the optimal single candidate. If cop € C,
then we get a 1-distortion of 1 and we are done. Otherwise, C includes every candidate except for cqpe. Now,
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we can bound the optimal cost OPT in this instance as

OPT = Z d(Copts V)

i€[n]
= Z d(copt’ V) + Z d(copt, V)
veV veV
Sirst,=cop Sirst, #copt
> Z d(copt, V) + Z dC,v). (first, € C if first, # 0)
veV veV
Sirst,=copt Sirst, #copt

Let v’ be the voter closest to cop such that first, # o. Then, we can use this to state that

OPT > Z d(Coptr V)

VeV
ﬁrstt,:#com

’
2 § d(copta V)
veV
Sirst, #copt

m—
>

-n - d(Copt V') (first, = cop for at most n% voters based on choice of C)

and therefore

1
2 d(copV') < OPT. (1)
m -1
Now, we can bound the cost of C as follows:
cost,(C) = Y d(C,v)
veV
= > dCwv+ Y dCy)
veV veV
Sirst,=copt Sirst, #copt
< DL @(copv) +dlcop ) +dCV) + > d(C,v) (Triangle inequality)
veV veV
Sirst,=cop Sirst, #copt
< Z (d(copt, v) + d(copt, V') + d(Copt, V') + Z d(C,v)  (first, # cop and first,, € C)
veV veV
Sirst,=copt first,#o
< OPT + Z 2d(copts V) (Previous upper bound for OPT)
veV
Sirst,=copt
=O0PT+2- %d(copt, V) (first, = cop for at most 2 voters)
<1+ 1)OPT (By Equation 1)
m —
O

4.2 Max-cost objective

Next, we focus on the max objective, where the cost of a set of candidates is the maximum distance of
any voter from the set. We show that selecting four candidates is sufficient for achieving a distortion of 1
compared to the single optimal candidate. In addition, we show that we can achieve distortion factors of 3/2
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and 2 by selecting three or two candidates respectively. We note that in different parts of this section, we refer
to the leftmost and rightmost voters v; and v, which we identify using the algorithms in Section 3. While the
orderings in that section may have ties, we are only concerned with the most preferred candidate of each
voter, which will be the same for tied voters.

We begin by determining a lower bound for the optimal cost OPT when only one candidate is selected.

Lemma 23. Let v; and v, be the leftmost and rightmost candidates respectively. If the distance between v,
and v, is d (i.e., d = d(v;,v,)), then the cost for the optimal single candidate OPT satisfies OPT > %.

Proof. Let cop be an optimal candidate. The distance between v; and cop is d(v;, copt), and the distance
between v, and cop 18 d(vy, copr)- By the triangle inequality:

d(vy, Copt) +d(vy, Copt) >d.

Thus,

RN

max(d(vi, Copt), d(vy, Copt)) =

Therefore, OPT > %’.

O

Based on the algorithms in Section 3, we can determine the order of candidates in C* and the voters. We
denote the leftmost voter as v; and the rightmost voter as v,. Similarly, we denote the closest candidate to v;
as ¢; and the closest candidate to v, as c,.

Now, we show that if there are no candidates between v; and v,, a distortion of 1 can be achieved with 2
candidates.

Lemma 24. If there are no candidates placed between v; and v,, a distortion of 1 can be achieved by selecting
¢; and ¢,

Proof. In this case, the voters are next to each other in a block, with ¢; being the first candidate immediately
to the left of all voters and ¢, being the first candidate immediately to the right of all voters. Therefore, by
selecting ¢; and c,, we ensure that the closest candidate to each voter is included. Therefore, the cost of this
set is at most that of the single optimal candidate, and a distortion factor of 1 is achieved compared to this
benchmark. O

From now on, we assume at least one candidate is located between v; and v,. This implies that the optimal
single candidate cqpy is also between v; and v,, as any candidate outside the interval has a cost of at least
d(Vl, Vr)-

Next, we show that selecting two candidates is sufficient to achieve a distortion of 2 compared to the optimal
single candidate.

We first prove the following lemma for the left-most and right-most voters, denoted v; and v,.

Lemma 25. If the distance between v; and v, is d, then for every voter v, either d(v, v;) < OPT or d(v, v,) <
OPT.
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Figure 5: Illustration of the candidates ¢; and c,, and the voters v; and v,, demonstrating why choosing these
candidates does not achieve a distortion of 1

Proof. Since v is a voter between v; and v, (recall v; is the left-most and v, is the right-most voter), we have:
dv;,v) +d(v,v,) =d.

Thus, either d(v;,v) < % ord(v,v,) < ‘5].

4 < OPT. Therefore, we conclude:

By Lemma 23, 7 <

d d
d(v;,v) < 3 <OPT, or d(v,v,) < — <OPT.

[\

Now, we show that it’s possible to select two candidates and achieve a distortion of 2.
Theorem 26. Let v; and v, be the leftmost and rightmost voters, and ¢; and ¢, the closest candidates to v; and

vr. Then, set {c;, c,} has a cost at most twice the optimal single candidate.

Proof. Since c; is closest to v; and we know d(v;, cope) < OPT, it follows that:
d(vy, c;) < d(vy, copt) < OPT.

Similarly, d(v,, ¢,) < OPT.

For any voter v, by Lemma 25, either d(v, v;) < OPT or d(v, v,) < OPT. Without loss of generality, assume that
d(v,v;) < OPT. Then:
d(v,c)) <d,v)) +d(v;,c;) < OPT + OPT = 2 - OPT.

Similarly, in the other case:
dw,c) <2-0PT.
Thus, for every voter, the distance to the closest candidate in {c;, ¢,} is at most 2 - OPT. Hence, this selection
achieves a distortion of 2.
O
Figure 5 illustrates how the closest candidates to v; and v, lying outside the interval between them leads to

a distortion factor larger than 1. Specifically, if ¢; is to the left of v; or ¢, is to the right of v,, some voters
between v; and v, might be further than OPT from both ¢; and ¢, .

On the other hand, if the candidates c¢; and ¢, are placed between v; and v,, as shown in Figure 6, this selection
would achieve a distortion of 1. In this case, the following property holds for any voter v:

d(v,c;)) < max(d(v,v;),0PT) and d(v,c,) < max(d(v,v,), OPT)

as ¢; lies between v; and cop and ¢, lies between v, and copy.
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Figure 6: Illustration of the candidates ¢; and ¢, positioned between the voters v; and v,. In this case, we
achieve the optimal answer instead of a two approximation.

By Lemma 25, we know that for every voter v, either d(v, v;) < OPT or d(v, v,) < OPT. Combining these, it
follows that:
d(v,c)) < OPT or d(v,c,) < OPT.

To improve the distortion factor, we attempt to include the leftmost and rightmost candidates that lie between
the first and last voters by selecting more candidates. We first demonstrate that introducing an additional
candidate allows us to achieve a distortion of 3/2 and then show that selecting two additional candidates
guarantees a distortion of 1.

Theorem 27. There exists a voting rule to select three candidates that achieves a distortion of 3/2 compared
to the optimal single candidate.

Proof. Let v; and v, be the leftmost and rightmost voters, and ¢; and ¢, their closest candidates. Using the
ordering of the candidates, let ¢ be the candidate immediately to the left of ¢,. We claim that the set {c;, ¢, c}.}
achieves a distortion of 3/2. First, we note that any voter to the left of ¢; or the right of ¢/ has their closest
candidate included in this set. Now, one of ¢, or ¢, must be the rightmost candidate between v; and v,. Let
this be candidate c;. We already know that any voter outside the interval between ¢; and ¢ has their closest
candidate included. In addition, we have

d(cy, c;) < d(ep,vy) + d(vy, Copt) + d(Copts c;) < 30PT.

Therefore, the minimum distance of any voter in this interval to endpoints ¢y, ¢; is at most 30PT/2. So, the
maximum distance of any voter to the candidates is at most 3/20PT and we achieve a distortion of 3/2. O

Finally, we show that selecting four candidates allows us to achieve a distortion of 1.

Theorem 28. There exists a voting rule to select four candidates that achieves a distortion of 1 compared to
the optimal single candidate.

Proof. We again consider the leftmost and rightmost voters v; and v, and their closest candidates ¢; and c,. In
addition, we choose candidate c; to the right of ¢; and ¢ to the left of ¢, based on the ordering of candidates.
Now, one of ¢; and c; will be the first candidate to the right of v;: if ¢; is to the right of v;, it must be the first
such candidate. Otherwise, it is the first candidate to the left of v;, so c; is to the right of v;. Let this candidate
be ¢; and define c; similarly. Now, any voter v to the left of ¢; has their closest candidate included in the
set, as v is either between ¢; and c; , so one of these two is v’s closest candidate, or v is to the left of ¢;, in
which case ¢; must be v’s closest candidate. Similarly, the closest candidate to each voter to the right of c). is
selected.

Next, since both ¢; and ¢, are between v; and v, and d(v;, v;) < 20PT, we have d(c;, ¢;) < 20PT. Therefore,
any voter between ¢; and ¢, has a distance of at most OPT to the closer candidate in {c], c;}. As every voter is
either between ¢} and ¢; or outside the interval ¢}, c;, the distance of each voter to the closest candidate in our
selected set is at most OPT and we get a distortion of 1. O
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5 Lower Bound on Distortion Factor

5.1 Lower bound for sum-cost

In this section, we provide lower bounds for distortion in k-committee election when considering the sum-cost
objective. First, we extend the lower bound of [7] to show that achieving bounded distortion is not possible
for general k even if we allow to select w(k) candidates. Furthermore, the lower bound holds for the line
metric. Next, we show that for general metrics, it is not possible to achieve a distortion of 1 when compared
to the single optimal candidate if at least one candidate is not selected. We argue about this lower bound
using instances in the two-dimensional plane (2-D Euclidean metric), showing that using the line metric
space is crucial to our positive results.

Theorem 29. For k > 3, there exists an instance for the k-committee election (with respect to the sum-cost)
where any algorithm choosing at most [’%l'll_l%lj — 1 candidates has unbounded distortion when compared to
an optimal choice of k candidates.

Proof. Leta = [’izl'l and b = I_I%IJ. We consider an instance of the problem with ab candidates located on a
line. We partition these candidates into a groups C1,C», ..., C, of size b each. Let the j-th candidate in set
Ci be c¢; j. We consider a voter v; ; for each such candidate and set the preferences of voter v; ; as follows:

e For any two candidates ¢y y and ¢;» j» with i’ < i, ¢y j > ¢ j if i"” > iand ¢;» j» > ¢y j otherwise.
This means that in voter v; ;’s preference order, each set C; occupies a consecutive segment, with
Ci>Ci.1>...>Cy > Ciy1 > ... > C,. (By the notation, C, > Cy, we mean every candidate in the
group Cj is preferred over any candidate in the group C,.)

e With C;, the voter v; ;’s preference order is

Cij > Ci j-1 > ... >Ci1 > Ci j+1 > ... > Cip.
e The preference of voter v; ; for candidates in Cy is in increasing order of j if i’ > i and decreasing order
of jif’ < i.
Now, we show that any deterministic algorithm ALG choosing at mostab — 1 = f%'l[%] — 1 candidates will
have unbounded distortion when compared to an optimal choice of @ + b — 1 = k candidates. As ab — 1 < ab,
at least one candidate c;- j+ is not chosen by ALG in this instance. Then, consider arbitrary constants £ > 2 and

&> 0. Now, for any i # i* € [a] and j € [b], we place candidate ¢; ; and voter v; ; in point 3+ &35 if i # i
and point £3' + 377 if i = j*.

Next, we first show that this placing respects the voters’ preference orders. We can see that for each
i € [a], j € [b], the distance of voter v; ; to any candidate in C;y is at least

3 3 - 12203 - 1203 +£—1> (3
while the voter’s distance to any candidate in C; is at most
03+ 1 -3 <13

Therefore, any candidate in Cy is closer to v; ; than any candidate in C;;1. In addition, the distance of this
voter to any candidate in C; is at most 1, while its distance to the closest candidate in C;_; is at least

3 1 >203 1> 0> 1.
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Now, since candidate groups C’ are ordered left to right on the line based on increasing i’, and voter v; ; is on
the same point as ¢; j, we can say

Ci>Ci_1>...>C1>Ciy1>...>C,

holds for voter v; ;. The preference for candidates within each Cy where i’ # i will also be consistent with the
ordering, as they are all to the left or right of v; ;. Finally, within C;, the candidates c; j are ordered left to
right in increasing order of j’, with voter v; ; coinciding with candidate c; j. Since the distance of v; ; to v; 1 is
less than its distance to v; j;1, the preference order for v; ; is as desired.

Now, we compare the cost of our algorithm and an optimal solution, choosing at most a+ b — 1 = k candidates.
Since the algorithm does not choose ¢;- j-, v;= j+ has a cost of at least 3/7b=1 > 37 from its closest candidate.
So the cost of ALG is at least 377, On the other hand, we can consider choosing every candidate in C;:, along
with ¢; for every i # i* € [a]. For each voter v; ;, if i = i*, this choice has a cost of 0 as ¢; ; is chosen, and if
i # i*, its distance to c; | is at most £3/70 < . So, the total cost is at most (@ — 1)be, and onlya+b—-1=k
candidates are selected. Now, the distortion will be at least

3—b
(a - 1be

which can be arbitrarily increased to take any value by proper choice of €.

O

Remark 30. We note that this instance has a recursive structure with two levels that can be generalized to
more levels. In a generalization with ¢ levels, we can define each voter and candidate using a sequence of £
indices with values in [a]. Then, a voter v;, _;,’s preference order for candidates c;,, . j, is determined by the
first index where sequences iy, ..., i¢ and ji,..., je defer. If this index is different for two candidates, the one
with more matching indices is preferred, and if both differ with the voter at the same index i, the same pattern
of preferencei >i—1>...>1>i+1> ... > aisused. Then, suppose Cito it is a candidate not chosen by
an algorithm selecting at most a’ — 1 candidates. In that case, we can place the candidates and voters with a
similar recursive structure such that the set of candidates {Cq,...,i”;_l,i,,l,...,l | re[ll,ir €lal\{i;}} U {c,-T,_._,,-;}
has as a multiple of € as its total cost. In contrast, the closest candidate except Cit,iz 1O Vi e has a constant
distance to it not dependent on &. This leads to an unbounded distortion when comparing any algorithm
selecting at most a’ — 1 candidates to the optimal selection of £(a — 1) + 1 candidates. In particular, choosing
a = 2 and ¢ = [log, k + 17, we can show that any algorithm for selecting k candidates cannot achieve an
unbounded distortion when compared to the optimal selection of [log,(k + 1)] + 1 candidates.

Next, We construct an example in a two-dimensional plane, where picking even m — 1 candidates out of
m candidates won’t guarantee that an optimal candidate is chosen. Furthermore, we provide construction
of such an instance so that if we consider the distance to the closest candidate among the m — 1 selected
candidates for each voter, we still get a distortion of at least 1 + % — ¢, for any given & > 0, compared to the
optimal single candidate.

Theorem 31. Any deterministic algorithm for the (m — 1)-committee election problem (with respect to the
sum-cost) that, given voters’ preference orderings on m candidates, selects at most m — 1 candidates must
have a 1-distortion factor of at least 1 + % — g, for any € > 0.

Proof. We consider a family of m + 1 instances Iy, Iy, - - - , I,, with m voters {v,v2,- -+ ,v,,} and m candidates
{c1,c2,- -+ ,cm} Oon a two-dimensional plane. In terms of voters” and candidates’ locations on the plane, each
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(b) I;: Instance with voter v3 and candidate ¢; moved

Figure 7: Figures of the lower bound instances. In (a), all candidates are located on the line x = —¢, with
voters with matching y-coordinates on the line x = 0. In (b), voter v3 and candidate c3 are moved to the line
x = ¢, while keeping the same y-coordinate.

of these instances is distinct. However, in terms of voters’ preference orders on candidates (i.e., ordinal
information), Iy, I, - - , I, are the same. To be more specific, let us describe these instances.

Let £ = 3/e — 1. We first describe the instance /. For each i € [m], the candidate c; is located at the
point (—f, 2i=1y 2’”). For each i € [m], the voter v; is located at the point (0, 2i=1y 2’”). (See Figure 7.) It is
straightforward to observe that, for each i € [m], the preference order of the voter v; is

Ci > Ci_1 > ++>C1 >Cjt] > Cigp >+ > Cpy.

Next, for each j € [m], we define the instance I; as follows: For each i # j € [m], the locations of the
candidate ¢; and the voter v; are the same as that in the instance /y. Both the candidate c¢; and the voter v; are
located at the point (é’, 2i=1y 2’”). (See Figure 7.) It is easy to observe that for any voter v; (where i # j), the
distance to any candidate c¢; remains the same (as in /p). Since the locations of other candidates remain the
same, the preference order for any voter v; (where i # j) remains the same as in /p. Let us now consider the
voter v;. Note that its closest candidate is c;, and the distance to any other candidate c¢; remains the same as in
Iy. Thus, the preference order of the voter v; is

Cj>Cj1 > "">Cl >Cjr1 >Cjp2> """ >Cnp

which is the same as that in /.

Let us now consider any arbitrary deterministic algorithm ALG that selects at most m — 1 candidates. Now,
suppose given the preference orders of voters as in Iy (the same as in Iy, -- , I,), ALG selects a set C of
candidates where |C| < m — 1. Suppose ¢ ¢ C, for some k € [m]. Now, consider the instance I;. Note, since
voters’ preference orders, i.e., ordinal information, are the same as in /y, ALG also selects the set C for the
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instance I;. Then

cost,(C, Iy) = Z d(v;, C)

i€[m]

225+2€=(m+1)€.

ik
On the other hand, selecting only the candidate ¢, for the instance /; would lead to the cost of

costy(ci, ) = Y Ibi—eda < ) €+ D =m=1(+1)
i€[m] i#k
and thus the optimal cost OPT(I) < (m — 1) (£ + 1).

Hence, the distortion factor of ALG on the instance Iy is

costy(C, Iy)
OPT(Iy)
(m+ 1)t

T (m-1D({+1)

:(Hmz—l)(l_fil)

—-& (since £ =3/e—1).

1-distortion(ALG) =

Next, we generalize our lower bound to any algorithm that picks at most r candidates.

5.2 Lower bounds for the max-cost

In this section, we provide lower bounds on the distortion for the committee election problem when consider-
ing the max-objective. In the 2-D Euclidean space, we show that even when choosing m — 1 candidates out of
m, we cannot guarantee a distortion of less than 3, matching the distortion achieved by simple algorithms
when selecting only one candidate. In addition, we provide lower bounds when considering the line metric,
showing that our algorithms that select at most k = 2 and k = 3 candidates, respectively, achieve tight bounds
in terms of distortion.

We first show that any deterministic algorithm choosing at most k < m candidates (out of m candidates)
cannot achieve a distortion strictly lower than 3 when compared to a single optimal candidate, even when the
candidates and voters are located in the two-dimensional plane.

Theorem 32. Any deterministic algorithm for the k-committee election (with respect to the max-cost) that,
selects at most k < m candidates out of m candidates, must have a 1-distortion of at least 3 — & for any € > 0.

Proof. We proceed similarly to Theorem 31, using a family of instances Iy, Iy, . . . , I,;, on the two-dimensional
plane, such that the voters’ ordinal preferences are the same in all of these instances, but the locations and
distances of candidates and voters vary. In each instance, we have m voters {v{,vy,...,v,} and m candidates
{er, e, 0m)
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Let £ = 3/e— 1. We use the same instance I, as in Theorem 31, where for each i € [m], candidate c; is located
at (—=¢, 2171 /2™) and voter v; is located at (0, 2/~!/2™). Then, for each i € [m], voter v; will have the ordinal
preference

Ci>Ci—1 > *>C1 >Ciy] > Ciyx2 > *** > Cpy.

in instance Iy.

Next, we define instance I; for each j € [m]. For each i € [m] \ {j}, v; and ¢; will remain in the same location
as in Ip. Meanwhile, candidate c; is moved to (¢, 2/=1/2™) and voter v jto (2¢, 27=1/2™)_ 1t can be seen that
for any i # j, the distance of voter v; to candidate c; will be unchanged compared to /o, and therefore the
voter’s ordinal preference will remain the same. For voter j, its closest candidate will remain c;. In addition,
its preference for the other candidates will remain unchanged. Therefore, voter v;’s ordinal preference will
remain the same as in /j too and all voters’ ordinal preferences are identical in Iy and /;. An example of these
instances is illustrated in Figure 8.

Now, consider an arbitrary deterministic algorithm ALG that selects k < m candidates. Since k < m, when
running ALG on Iy, there exists a candidate c; that is not in the set of selected candidates C. Now, consider
the algorithm’s performance on /;. Since the voter’s ordinal preferences are the same in Iy and /;, and ALG
operates using only this information, its output on /; must be the same as in Iy and therefore it does not select
c¢j. Now, we can lower bound the cost of ALG with respect to the max objective as

cost,(C, Ip) > d(v;,C)
> 3¢. (Since c; ¢ C)

On the other hand, if we only select ¢;, we get
cost,,(c;, Ip) = max||v; — ¢;
m( J 0) ielm] H i ]||2
<{+1.

This shows that the optimal cost OPT,,(/;) < ¢ + 1. Finally, combining these two, we get that the distortion of
ALG on instance [} is at least

cost,,(C, Iy)
OPT,,,(I)
3¢

2_
C+1

1-distortion(ALG) >

=3 _—¢. (523/8_1)
O

Next, we show that our upper bounds for the line metric are tight by proving matching lower bounds. We
begin with the case k = 2.

Theorem 33. Any deterministic algorithm for the 2-committee election (with respect to the max-cost) when
voters and candidates are located on a line must have a 1-distortion of at least 2 — ¢ for any £ > 0.
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(b) I: Instance with voter v3 and candidate ¢; moved

Figure 8: Figures of the lower bound instances for the max objective. In (a), all candidates are located on the
line x = —¢, with voters with matching y-coordinates on the line x = 0. In (b), candidate c¢3 is moved to the
line x = ¢, and voter v3 is moved to the line x = 2¢ while keeping the same y-coordinates.

Proof. We consider the following instance with three voters {v{, vy, v3} and three candidates {cy, c2, c3}. Let
the preferences of voters be as follows:

Vi:ClL >C)y>C3
Vy i€y >C1 > C3

V3 :C3 > Cy) > (.

Next, we consider three possible placements for the voters and candidates that respect the above (desired)
preference order of voters, as shown in Figure 9. In all instances, v; is located at point —1, and v3 at point
1. In the first instance, v; is located at 0.5. Candidates c1, ¢, c3 are located at points 0,1 — g and 1 + /2
respectively. It is easy to see that the voters’ preferences in this instance match our desired orders. Now, we
can see that in this instance, c; has a distance of at most 1 to every voter, while both ¢, and c3 have a distance
of at least 2 — & from v;. Therefore, not choosing c¢; will lead to a distortion of at least 2 — ¢.

In the second instance, we place v, and ¢; at point 0, ¢; at point —2 + &, and c3 at point 2 — £/2. Again, we
can see that the voters’ preferences will follow the desired orders. In this instance, ¢, has a distance of at
most 1 from all voters, while v, is at a distance of at least 2 — & from the other candidates. Therefore, not
choosing ¢, will lead to a distortion of at least 2 — &.

Finally, in the third instance, we place c¢; at point —1, ¢, and v, at point —1 + ¢ and c3 at point 0. This
placement will also respect the desired preference orders for each voter. Additionally, since c3 has a distance
of at most 1 from all voters and v3 has a distance of at least 2 — & from the other candidates, not choosing c3
leads to a distortion of at least 2 — &.

Now, since these instances cannot be distinguished based on the voters’ ordinal preferences, and not choosing
any of the candidates leads to a distortion of at least 2 —&, any deterministic algorithm selecting two candidates
cannot achieve a distortion better than 2 — &.
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(a) First instance: Choosing ¢, achieves a cost of 1, while the other two candidates have a distances of at least 2 — & to v;.
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(b) Second instance: Choosing ¢, achieves a cost of 1, while the other two candidates have a distance of at least 2 — ¢ to v,.
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(c) Third instance: Choosing c3 achieves a cost of 1, while the other two candidates have a distances of at least 2 — & to v;.

Figure 9: Possible locations of the voters and candidates in the lower bound instance for k = 2.

Lastly, we provide a tight lower bound for the case k = 3.

Theorem 34. Any deterministic algorithm for the 3-committee election (with respect to the max-cost) when
voters and candidates are located on a line must have a 1-distortion of at least 3/2 — ¢ for any & > 0.

Proof. We consider instances {I}, I, I3, 14} each with four voters {v{, v2, v3, v4} and four candidates {c, ¢, c3, c4}
such that the preferences of voters are as follows in every instance:

Vi:iCl >Cy>C3>C4
Vi€ >C1>C3>C4
V3 :C3>C4q4 > C)>C1

V4 :.Cq4 > C3>Cp>C1.

For instance I;, we choose the location of voters and candidates so that candidate ¢; has a distance of at most
2 to each voter, while voter v; has a distance of at least 3 — 2& to every candidate except c;. This leads to a
distortion of at least 3/2 — ¢ for any deterministic algorithm ALG, as these instances cannot be distinguished
based on ordinal preferences, and at least one candidate c; is not chosen in instance /; by ALG. These instances
are shown in Figure 10.

In instance I, we have voters vi, v, v3, v4 located at points =2, 1 — &,2 — g, 2 and candidates cy, ¢, ¢3, ¢4
located at points 0, 1,2 — g, 2 respectively. It can be seen that the ordinal preference of each voter in this
instance matches the desired ordering. Now, c; has a distance of at most 2 to every voter in this instance,
while vy is at a distance of at least 3 from every candidate except c;. So, if ¢ is not chosen, we get a distortion
of at least 3/2.

In instance I, we have voters vy, 2, v3, v4 located at points -2, —1 — &,2 — &, 2 and candidates cy, ¢3, ¢3, ¢4
located at points —4+¢&, 0, 2—¢&, 2 respectively. Once again, we can see that the ordering for voters’ preferences
is respected:

dvi,c1)=2-e<d(vy,c0) =2<d(vy,c3) =4—-e<dvi,cy) =4
dvy, ) =1+e<d(vy,c;)=3-2e<d(vy,c3)=3<dvi,cq) =3+¢
d(vi,c3) =0<d(vs,cq) =e<d(vz,cr) =2 —e<d(vz,c1) =6 —2¢
d(vg,cq) =0 <d(vg,c3) =€ <d(vg,c3) =2 <d(vg,c1) =6—¢.
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(a) I,: Choosing c; achieves a cost of 2, while the other candidates have a distances of at least 3 to v;.
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(b) I: Choosing ¢, achieves a cost of 2, while the other candidates have a distances of at least 3 to v,.

Figure 10: Possible locations of the voters and candidates in the lower bound instance for k = 3.

In addition, since c; is at a distance of at most 2 from every voter and every candidate except c; has a distance
of at least 3 — 2¢ from v;, not choosing ¢; leads to a distortion of at least 3/2 — &.

Based on the symmetry in voters’ preferences between cy, ¢y and c4, c3, we create mirror versions of /; and /I,
as I, and I5 respectively, so that not choosing c4 or c3 would lead to a distortion of at least 3/2 — . Therefore,
since any deterministic algorithm must omit one of the candidates, we cannot achieve a distortion of better
than 3/2 — ¢ in this case. O
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