
W (3, r) ≥ eA(ln r)2

Expostion by William Gasarch
On my blog I stated that one could easily get W (3, r) ≥ r3/2. A com-

menter, who is unfortuantely anonymous, sketched a proof that W (3, r) ≥
eA(ln r)2 for some constant A. This note is an exposition of the proof. It is
not due to me and I doubt it was due to the commenter; I think it is well
known.

Behrend [1] showed the following:

Lemma 0.1 for all n, there is a 3-free subset of [n] of size ≥ ne−c
√

logn

where c is some positive constant.

Chandra-Furst-Lipton [2] showed the following with an easy probabilistic
argument.

Lemma 0.2 Let A ⊆ [n]. There exists r translations of A that cover [n]
where r = O(n logn

|A| ).

The following is easily derived Lemma 0.2:

Lemma 0.3 Let n ∈ N. Let A be a 3-free subset of [n]. For all n there exists
a 3-free r-coloring of [n] where r = O(n logn

|A| ).

Combining Lemma 0.1 with Lemma 0.3 we obtain the following:

Theorem 0.4 For all n ∈ N there is a 3-free coloring of [n] that uses r

colors where r = O((lnn)(ec
√
lnn)))

Proof: Apply Lemma 0.3 to the set A from Lemma 0.3. Note that

r = O
(

n log n

ne−c
√

logn

)
= O

(
log n

e−c
√

logn

)
= O((log n)(ec

√
logn)) = O((lnn)(ec

√
ln))

So we have that, for all n, there is a 3-free coloring with r colors where r
is as above. We want to invert this.

Fix r. Let n = eC(ln r)2 where C is a constant to be named later. Can [n]
be colored with r colors? Need

1



r ≥ B(lnn)(ec
√
lnn)

Note that

lnn = C(ln r)2.

c
√
lnn = c

√
C ln r = ln rc

√
C , so ec

√
lnn = rc

√
C

So need

r ≥ BC(ln r)2rc
√
C

Take C < 1
c2

to achieve his.
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