Cut and Choose Misc.
Exposition by William Gasarch

1 Introduction

We investigate some aspects of two-person cake cutting. For this exposition
the term protocol means 2-person cake cutting protocol.

2 e-Proportional Super Cheat Proof

Def 2.1 A protocol is super cheat proof if even if Alice (or Bob) knows Bob
(or Alice’s) tastes, cheating may lead to a worse outcome for her.

Obtaining this seems very hard. Hence we weaken another property.

Def 2.2 A protocol is e-proportional if each player gets within e of %

Theorem 2.3 For all L there is a a %—pmportional super cheat proof proto-
col. The number of cuts is O(L?).

Proof:

1. Alice cuts the cake pie into 2L pieces. (Evenly, so each piece is i)
(Later I will point out why we use 5-.) This takes O(L) cuts.

2. Bob cuts each piece into 2L pieces. (Evenly. If both players played
honestly then each piece is < 5-.)

3. Alice and Bob write down privately and simultaneously what each piece
is worth to them. They reveal these numbers.

4. Let the pieces be pi,...,pm. Let Va(p;) be how much Alice values
piece p;. Let Vg(p;) be how much Bob values piece p;.

5. Alice and Bob reorder the pieces:

e Let ¢ = p1.
e Assume that ¢, ..., q. are already defined.
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; Valg) < Z V()

i=1
then Alice and Bob find a piece p not already used such that
Va(p) < Vg(p). Let gri1 =p.

— If
k

; Ve(g) <> Vala)

i=1
then Alice and Bob find a piece p not already used such that
Vi(p) < Va(p). Let ge1 = p.

- If
k

; VA(%’) = Z VB(Qi)

i=1
then Alice and Bob find a piece p not already used such that
Ve(p) < Va(p). Let gri1 = p. (They could have done
Va(p) > Vp(p) it would not have mattered.)

NOTE- it is an exercise to show that they can always find such a piece
.

6. We now have qi, ..., ¢q,. Let k be the least number such that

> Valg) >

=1

N | —

7. Let
P:qlu...qu

Q=qu1U - Uay

8. FLIP A COIN!
If its HEADS then Alice gets P, Bob gets Q).
If its TAILS then Bob gets P Alice gets Q).



We show that if both follow the advice then P and @) are both very close
to % in both measures.

If someone does not follow the advice, even if they know the other players
tastes, they could do worse not knowing who will get P and who will get Q).
Hence, once we establish that following the advice leads Alice and Bob both
thinking P and @) are very close to % in value, we will have that this protocol
is super-cheat proof.

Notation 2.4 S = 37, Va(q:). S4 = X7, Vs(g). Note that V4(P) =
Sk and Vp(P) = S%.

KEY FACT: For all j, .
|54 = 5Bl < 57
Proof of KEY FACT: We first show that this holds at j = 1. All this
means is that [Va(q1) — Vp(q1)| < 57. Since each of these values if between
0 and ﬁ the difference is at most i
Intuitively, whenever one of the sums is behind we define ¢ so that it
catches up. This is why the difference of the sums can never get to large.
We show this formally by a technique known as induction. We show that if
the statement holds for ;7 then it holds for 7 + 1. This is enough to establish
that it holds for all j.
Assume 1
154~ Shl < 5=
Assume that %, > 5%, hence |S%, — S%| = S — S%. The other cases
are similar. Alice and Bob then find a p such that V4(p) < Vg(p) and let
¢j+1 = p. Note that
Sh = 8%+ Va(p)
S5 = 5%+ Va(p)
Also note that

: 1
<) — 8L < —
0<Sh—-Sh<
1
—57 S Valp) = V() 0

Add these 2 together to get



1 . . 1
_ﬁ < qu +VA(p) - SJB - VB(p) < 5%
1 j j 1
— 7 < (Sh+Valp) — (Sh+Valp) < o
1 . . 1
2L — Sa =9 = 2L

Hence

|Sf4+1 . S§+1| < ﬁ
End of Proof of KEY FACT
We now show that V,(P) is within ¢ of 1/2 (which will not use KEY
FACT) and that Vp(Q) is within 1 of 1/2 (which will use KEY FACT).
ALICE: By the definition of k, Alice gets P = S% where S5 < % and
S’j‘ > % Note that

Sh=S5"+Vala)
Since S§' < $ and Va(q) < 5

2L
S5 = S5+ Valg) < =+ —
AT A Wo=9Tor
Combine this with S% > £ to obtain
1 1 1
—<Sk< 4 —
S Y
Hence
1 1 1
— < Vy(P)< = )
; sValP) =5 +57

This is stronger than we need which is just that V4(P) is within 1 of 3.
Since Alice things P has value close to % she must also think that @) has
value close to % We omit details.

BOB: We will show that (1) V4(Q) is to 3, (2) V4(Q) and V(Q) are close
hence (3) V(Q) is close to 3.
Recall that



1 1 1
— < Py< -4+ —.
y SValP)=5+57
Also recall from KEY FACT that
1 1
_ - <« gk gk o
oL SO OASof
SO
L v P —vap) < -
o, = 7 A =9r
Adding these 2 equations we get
1 1 1 1 1 1 1

3 o=V st ot o=ty
(NOTE- this is why we picked ﬁ in the first place— since we knew that

we would end up within twice that value which is %)
We are really interested in Vg(Q) = 1 — Vp(P). So lets negate all sides

and add 1.
First we negate all sides and switch the inequality:

1 1 1 1
T4+ > Va(P)> - — =
stz Vel 2—5-7
Now we rewrite the inequality:
1 1 1 1
< V(P =+ —
s s VP s —5+5p
Now we add 1 to all sides:
1 1 1 1
1—--—-—=<1- PP<1l1—=-+4+—
s S Ve sl-g 4o
1 1 1 1
< <-4
;T =Ve@Q =5+

Since Bob thinks @) has value close to % she must also think that P has
value close to % We omit details.



3 Is there a Protocol where Both Get %

The key to the e-proportional super-cheat proof was getting two pieces that
both thought were about % If there is a protocol that gives both exactly %
then we can get proportional super-cheat proof. Alas there is not.

Theorem 3.1 For all k there is no protocol such that, at the end, both parties
have exactly 1/2.

Proof sketch:

We first show there is no 1-cut protocol. We can assume Alice cuts. We
can then assign Bob to like one piece 1/4 and one piece 3/4.

What about a 2-cut 2-person protocol? Assume that Alice makes the first
cut. We can set Bob’s values so that the scenario is as follows:

P B
Alice | 1 29
Bob |2/3 1/3

We now assume that Bob makes the next cut. If he cuts P, then no set
of pieces can, in Bob’s eyes, add up to 1/2. Hence we assume Bob cuts P;.
Py P P
Alice | 11 z12 29
Bob | Y2 1/ 3
We look at all the ways Bob’s pieces COULD add up to 1/2 and make
sure to set Alice’s values so that none of them occur.

1. y; = 1/6. We need to make x1; + z2 # 1/2. We can control z1; and
x12 (so long as they add up to x;1) but not z,. Hence we rewrite this
as T11 7& ]_/2 — I9.

2. yo = 1/6. We need to make x5 + x5 # 1/2. We can control x1; and
x12 (so long as they add up to z7) but not xy. Hence we rewrite this

as Tig # 1/2 — xs.

Hence we need only pick Pj; and Py so that x1; # 1/2 — x5 and x15 #
1/2 — 5. There are an infinite (x17,x12) such that x1; + x19 = x2, and we
only need to avoid a few values. Hence this can be done.

This kind of proof can be extended to 3-cuts, 4-cuts, etc.



4 A Proportional Super Cheat Proof Proto-
col

We just proved that there was no protocol that produces two exactly equal
pieces. We will now give a protocol that produces two exactly equal pieces.
Say what?

The proof that no such protocol existed actually showed that no dis-
crete protocol exists. We will give a moving knife protocol which is really a
continuous protocol.

Theorem 4.1 There is a Moving Knife protocol where, at the end, they both
have exactly 1/2. Hence there is proportional super cheat proof MK protocol

Proof:

1. Alice places one knife on the left end of the cake and the other such
that the cake between the two is 1/2.

2. Alice moves the two knifes always keeping 1/2 between them.

3. Bob yells STOP when he thinks that the inside and outside are both
1/2.

4. They decide who gets inside vs outside with a coin toss.

If Bob first thought that the inside was < 1/2 and he outside was > 1/2
then there must be a point where he thinks they are equal (by either the
intermediate value theorem or common sense).

Since they do not know which person gets which piece they are both
motivated. to follow the advice of the protocol. Note that this holds even if
Alice knows Bob’s tastes or vice-versa. |



