Homework 6

250H



Ifny =5 (mod 10) and ny = 10 (mod 20) then nyny = X (mod Y)

We show how to think about the problem and then give the answer.
ny =5 (mod 10), so ny = 10k; + 5 for some k;.
ny = 10 (mod 20), so ny = 20k, + 10 for some k;.

SO

ning = 200k ko + 100k, + 100ky + 50
AH, so

ning = 100(2k1ky + k1 + ko) + 50

SO

ning = 50 (mod 100).



For all z,y € Q — {0}, a7+ y ¢ Q.

Let x,y € Q — {0}.
Assume, by way of contradiction, that zm + y € Q.
so there exists a,b € N such that

xm+y = 7.

Hence

m= (3 —y)/z.

Since rationals are closed under 4+, —, +, X we have that m is ra-

tional, which is a contradiction.




Vr,z € Q)lr < z—(Fy ¢ Q)[zr < y < 2]

Let z,2 € Q with z < 2. Let n € N be such that T < 2z — z.

Then we have

T
T T1T—<. 2
n

By Part 12+ T ¢ Q.



Vz,2 ¢ Q)(Jy € Q)lz < y < 2]

We will assume x,z € (0,1). We leave it to the reader to adjust
the proof for other cases.

Let x = 0.x929 -+ - .

Let z2=0.z129--- .

Since x < z there exists a least ¢ such that:
Iy =21

Ty = 29

Ti1 = Zi—1

e

Let

Y=oy Ti1%;.

This is a finite expansion so y € Q.
Clearly

r<<y<z.



Prove or disprove: x; + y; = 23 + ys.

T1 = T2+ k'ma:
4= W T kmy
ADD these together to get:
1 +y1 = T9 +y2 + k(mm + my).

Ti Y1 =:xs F Yo.




Prove or disprove: x1y; = T21s.

Ty = T2+ kma:
Y1 = Y2 T+ kmy
MULTIPLY these together to get:

Ty = x2y2+kmxy1—|—kmya:2+k2mxmy = ToYo+k(myy1 +myxe+km,m,)

So

1Y = TayYs.



Prove or disprove: z{' = x2°.
We NEED a counterexample to show that this is FALSE.

m = 0.

Ty =2, =2, h=1,1=28.
172 =22 =4=4 (mod 5).

yy? = 7% = 5764801 = 1 (mod 5).
AH-1#4 (mod 5) .




Honors HW 7/

What is the coefficient of 22°?! in the Taylor Expansion of

1
28 —x" —x+1

Do by hand (NO programming) and show your work.



1 1111
A N R [ R T Ty

= 1+ z+22 + 2% o)L +a” + 2™ 1)

The coefficient of 2™ is the number of ways to make n cents with 1-coins and
7-coins. We call 1-cent coins pennies and 7-cent coins emilies.

Let
f(n) be the number of ways to make n cents using pennies and emilies.
f(0)=1

fQ)=f2)=---f(6)=1.

f(7) = 2: either 7 pennies or 1 emily.

f(8) = 2: you NEED to use 1 penny. After that you have f(7).
More generally, of n € N and 0 < ¢ < 6, then
f(in+1i)=n+1.

2021 = 7 % 288 + 5.

So f(2021) = 289.

So the answer is 289.



