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Recurrences
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How Many Ways to Parenthesize

Assume that [] is a non-associative operation that is computable
(e.g., Subtraction).

Someone gives you a, b and wants you to evaluate

alldb

There is no problem with doing this.

Someone gives you x, ¥,z and wants you to evaluate

xHyllz

There is a problem with doing this.
They may want

(xHy)HzorxH(yHz)
Which one? Can't tell. They need to PARENTHESIZE.
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How Many ways Can you Parenthesize

x1. One: (x1).

x1 D x2. One: (x1 E x2)

x1 O xo D x3. Two: (x1 O x) D (x3) and (x1) & (x2 E x3).
X1 E]Xg |Z|X3|I|X4.

(1) (x1)3 (ALL THE WAYS TO DO x, O x3 0 x4), 50 2
(2) (x1Ex) D (x3Hxq), 501

(3) (ALL THE WAYS TO DO x; [ x2 [ x3)) [(xa), so 2.
Total: 5.
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Can We Make A Recurrence?

Let a, be the number of ways to parenthesize

x1 - B xp.

For every way to parenthesize there exist an 1 </ < n such that it
looks like

(X]_D'-‘DX,')D(X,'+1|:|-"E]X,7)

where the left and right sides are also parenthesized.

Hence
a) = 1

(Vn > 2)[a, = a1ap—1 + azan—2 + -+ + ap—1a1]
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We Define ag = 0 to get a Cleaner Equation

30:0
31:1.

(Vn > 2)[an = goap + a1ap-1 + azap-—2+ -+ ap-1a1 + anaO]

How to solve?

Define

Alx) = io: anx'
n=0

Goal Want A(x) as a function we can take the Taylor Series of to
recover a, as a formula.

A(x) is called the Generating Function of the sequence ap, a1, . . ..
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Use the Recurrence and the Gen Function

The recurrence only works when n > 2. Hence we look at

o0 o0

n __ n
E apx" = E (aoan + a1an—1 + -+ + apao)x
n=2 n=2

We get both sides to be a function of A(x).

o0 [ee]
Z anx" = (Z anx") — ayxt — agx® = A(x) — a1x — ap = A(x) —x
n=2 n=0

oo
Z(aoan +a1ap-1 + -+ apao)x”
n=2

This looks a little like A(x)2.

Next Slide.
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The Right Hand Side

o0

E (a0an + a1ap—1 + @2ap—2+ -+ ap—1a1 + anao)x"
n=2

e, 9]
A(X) = Z anx"
n=0
o0
A(x)? = Z(aoan + aiap—1+ -+ anpag)x"
n=0
o0

Z(aoa,, + - +apag)x" = A(x)? — (apar + arap)x! — a3x® = A(x)?
n=2
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Do we Use + or — ?

The Taylor Series for /1 — 4x is:

= 2/2n-2\ ,
\/1—4X:Z—; a1 )%
n=0

The Taylor series has neg coeffs but we need pos coeffs. We take

n—1

m_z (2n—2)xn
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