More Induction Problems CMSC 250

1. Prove 21 | (4" 4 52"=1) for every positive integer n.

Proof:

Base Case: Let n = 1. So, 47+ 4521 = 41414 52(0-1 — 1645 = 21.
Since 21 | 21, our base holds.

Inductive Hypothesis: Assume for some integer positive integer k,
21 | (4F+1 4 521y,

Inductive Step: Consider n =k + 1. So,

4k:+1+1 + 52(k+1)—1

4k:+2 +52k-&-1
(4)4k+1 _|_52(52k71)
(4)4k+1 4 25<52k71)
(4)4F1 4 (21 +4) (5%
(4)45 1 4 21(5%1) 4 4(5%1)
4(4k+1 +52k—1) +21(52kz—1>

From our inductive hypothesis, we know 21 | 451 45%=1 Since 21 | 21,
21 | (4(4%1 + 52=1) 4 21(5% 1)), Therefore by PMI, our statement
holds?Y

2. Prove that for every positive integer n,

+ >2(vVn+1-1)

1 1 1
I+ —+—+..+—
NCRNE R

Proof:
Base Case: Let n = 1. Then,

2(V1+1—1)

~2(v2-1)
~ (.828



Since 1 > 0.828, our base case holds.
Inductive Hypothesis: Assume for some integer k > 1,

1 1 1
1+E+%+...+ﬁ>2(\/k+1—1)

Inductive Step: Let n =k + 1. So,
LI
V2 V3 WV VE+I

From our inductive hypothesis, we have

1 1 1 1 1
I —F —F -t —>2(VE+1-1)+
NOIRVE] Vi VEk+1 ( ) VE+1

Note that we need to show

20WVk+1—-1)+ ! >2(\/(k+2)—1)

VEk+1
So,
\/k1—+1 >2(v/(k+2)—-1)—2(vVk+1-1)
\/kl—+1 >2(v/(k+2) = VEk+1)

Note that we can turn

2(v/(k+2) = Vk+1)

mto

2(VEk+2 - VE+ 1D)(VEk+2+VEk+1)
So,

VE+1T VE+2
VE+1 VE+1

Thus,

>2VE+2 - VE+ D)Wk +2+VEk+1)

k+2

vk +1

This is true as k£ > 1. Therefore by PMI, our statement holds. D

2<1+

2



3. Given
1 n=1

ap =14 3 n=2
Qp—2 + 2an—l n Z 3

Prove that a, is odd for all integers n > 1.

Proof by Induction:

Base Cases:

Let n=111is odd

Let n =2 3 is odd

So, our base cases hold.

Inductive Hypothesis: Assume £ > 2 and that a; is odd for all
integers with 1 <17 < k.

Inductive Step: Consider, n =k + 1. So,

a1 = a1 + 2a

By our inductive hypothesis, a;_; and a; are odd. So ax_; = 2h + 1
and a, = 2m + 1 where h,m € Z. So,

ag+1 =2h+14+2(2m+1)

=2h+1+4m+2
=2h+4m+2+1
=2(h+2m+1)+1
Therefore, axy1 is odd. So, by principle of mathematical induction, our

statement holds. D

4. Given
1 n=1

anp = 2 n=2
Z;:ll(i —Da; n>3

Prove that a, = (n — 1)! for all integers n > 3.

Proof by Induction:
Base Cases:



Let n = 3. Consider,

n—1

az = Z(z —1)a;

-1+ 2-1)2) =0+2=2

Now consider, (n — 1)
(n—1)l=@B-1)=2=2

Since az = 2, ag = (n — 1)!. So, our base case holds.
Inductive Hypothesis: Assume for some k > 3, a;, = (k — 1)!
Inductive Step: Let n = k+ 1. So,

k

k= Y (i —1)a;

i=1

1

= _ (1 —1Da; + (k — 1)ag

Note: ¥ !(i — 1)a; = a. So,

~

=ar+ (k— 1Dag
By our inductive hypothesis,
=k-D+(k—-1)(k-1)!
=k-1DI(1+k-1)
= (k—1)l(k)
= k!

Therefore by principle of mathematical induction, our statement holds.

D)
5. Given




(a) Prove that

ifn=1,4 (mod 6)
ifn=2,3 (mod 6)
ifn=0,5 (mod 6)

Ay =

o= N =

for all positive integers n.

Base Case:

Let n = 1. Since a,, = 1 and n =1 (mod 6), this case holds.

Let n = 2. Since a, = 2 and n =2 (mod 6), this case holds.
Inductive Hypothesis: Assume for some k£ > 2 and 1 <17 <k,

ifi=1,4 (mod6)
ifi=2,3 (mod 6)
if i=0,5 (mod 6)

£
I
o= DN =

Inductive Step: Let n = k+ 1. So, a1 = a::' Consider the
cases,

Case 1: Let k —1 = 0 (mod 6) and £ = 1 (mod 6). By our
inductive hypothesis,

1
a/kJrl:I:Z

2
Noteif k=1 =0 (mod 6) and k =1 (mod 6), k+1 =2 (mod 6).
So this case holds.

Case 2: Let Kk —1 =1 (mod 6) and k£ = 2 (mod 6). By our
inductive hypothesis,

2
1
Noteif k—1 =1 (mod 6) and £k =2 (mod 6), k+1 =3 (mod 6).
So this case holds.

py1 = = = 2

Case 3: Let k — 1 = 2 (mod 6) and £ = 3 (mod 6). By our
inductive hypothesis,
2
Ag+1 = 5 =1
Note if k—1 =2 (mod 6) and £k =3 (mod 6), k+1 =4 (mod 6).
So this case holds.



Case 4: Let k —1 = 3 (mod 6) and k& = 4 (mod 6). By our

inductive hypothesis,
1
Ak+1 = )

Noteif k—1 =3 (mod 6) and k =4 (mod 6), k+1 =5 (mod 6).
So this case holds.

Case 5: Let k —1 = 4 (mod 6) and k£ = 5 (mod 6). By our
inductive hypothesis,

i L
12

Note if k—1 =4 (mod 6) and k =5 (mod 6), k+1=0 (mod 6).
So this case holds.

Ap+1 =

Case 5: Let k —1 = 5 (mod 6) and & = 0 (mod 6). By our
inductive hypothesis,

agr1 =7 =1

[CIEINI

Noteif k—1 =5 (mod 6) and k =0 (mod 6), k+1 =1 (mod 6).
So this case holds.

Therefore, by Principle of Mathematical Induction, our statement
holds. D

Prove that for all nonnegative integers j, Z?Zl Qi =7

Base Case:

Let 7 = 0. So,

6

Zai:a1+a2+a3+a4+a5+a6
=1

11
—142+2+1+-4+-=T7.
2424145+

Our base case holds.
Inductive Hypothesis: Assume for some k > 0, Z?:l Qpr; =7



Inductive Step: Let j =k + 1. So,

6

E Af41+i = Qg2 T Q13 + Apyqa + Qg5 + Qg6 + Agrr
=1

= (ap41 + Gt + Qs + Qppa + Qgs + Apye) + Qo7 — A
6
= ( E Ajti) + Qg — Qpp

=1

By our inductive hypothesis,
=T+ Qg7 — Qg1

Consider the cases,

Case 1: Let k =0. k+1=1 (mod 6) and k+7 =1 (mod 6).
So,
:7+ak+7—ak+1:7+1—1:7.

So this case holds.

Case 2: Let k =1. k+1=2 (mod 6) and £+ 7 = 2 (mod 6).
So,
:7+ak+7—ak+1:7+2—2:7.

So this case holds.

Case 3: Let k =2. k+1=3 (mod 6) and £+ 7 = 3 (mod 6).
So,
:7+ak+7—ak+1:7+2—2:7.

So this case holds.

Case 4: Let k =3. k+1=4 (mod 6) and k+ 7 =4 (mod 6).
So,
=T+ap7— a1 =7+1-1=7.

So this case holds.



Case 5: Let k =4. k4+1=5 (mod 6) and k+7 =5 (mod 6).

So,

1 1
+ Q47 — Akt + 573

So this case holds.

Case 6: Let k =5. k+1=0 (mod 6) and £+ 7 = 0 (mod 6).
So,

—_

=T

DO
N | —

=T+ apr — a1 =7+ 5 —

So this case holds.

Therefore, by Principle of Mathematical Induction, our statement
holds. D

6. Use Constructive Induction to find constants A, B, C' for

}:M—3=AM+Bn+G

i=1

Let us guess that

Z4i—3:An2+Bn+C’.

i=1

Base Case: Let n = 1. So,

1
}:@—3:1
i=1

1=A(1)+B(1)+C
1=A+B+C

Inductive Hypothesis: Assume for some n > 1,

Z4i—3:An2+Bn+C’.

i=1



Inductive Step: Consider n + 1. So,

n+1 n

D 4i-3=> 4i-3+4(n+1)-3
=1 =1

By our Inductive Hypothesis,
An?+ Bn+C +4(n+1) - 3.
So,
An* +Bn+C+4(n+1)—-3=An+1)*+Bn+1)+C

A+ Bn+C+4dn+1=An*+2n+1)+Bn+1)+C
A+ Bn+CH+4n+1=An*>+2An+A+Bn+B+C
dn+1=2An+ A+ B

Thus,
4=2(A)

1=A+B
So, A=2 and B = —1. From the Base Case, we had

1=A+B+C

So, C'=0. Thus our solution give us

n

Z4i—3:2n2+—n.

i=1

. Use Constructive Induction to find constants A, B, C, D for

> i(i+2) = An® + Bn® + Cn + D.

=1

Let is guess that
a, = An®> + Bn?> + Cn + D.

9



Base Case:

Let n = 1. So,
1

di(i+2)=1(1+2)=3

i=1
A+B+C+D=3

Inductive Hypothesis:
Assume for some n > 1,

Zz’(i+2):An3+Bn2+Cn+D

i=1

Inductive Step:
Consider n + 1.

n+1 n

D i(i+2) =) i(i+2)+ (n+1)(n+3)

i=1 i=1
By inductive hypothesis,
An*+Bn*+Cn+D+(n+1)(n+3) = A(n+1)*+B(n+1)*+C(n+1)+D
An+Bn*+Cn+D+n*+4n+3 = A(n®+3n*+3n+1)+B(n’+2n+1)+C(n+1)+D
AnP++Bn®*+Cn+D+n*+4n+3 = An*+3An*+3An+A+Bn*+2Bn+B+Cn+C+D
n?+4n+3=3An* +3An+ A+2Bn+ B+ C
Therefore we have the equations,
1=3A
4=3A+2B
3=A+B+C
Thus, A = %, B = %, C = %, and D = 0. Hence,

& 1 3 7

10



8. Use Constructive Induction to find constants A, B, C' for

1 n=1

4 n=2
a, =

9

Ap-1— Qpo+ ay_3+22n—3) n>4

such that a, = An? + Bn + C.

Let us guess that
a, = An* + Bn+ C

Base Case:
Consider n =1,

1=A(1)*+B(1)+C
1=A+B+C

Consider n = 2,
4=A(2*+B(2)+C

4=4A+2B+C

Consider n = 3,

1=A3)*+BB)+C
9=94+3B+C

Inductive Hypothesis: Assume for some n > 3 and 1 <i <mn,

a; = Ai® + Bi+ C

Inductive Step: Consider n + 1. So,
Upy1 = A — A1 + Ao +2(2(n+ 1) — 3)
By our inductive hypothesis,

Ay — Ap_1 + ay_o + 2(2n — 3)

11



= (An’+Bn+C)—(A(n—1)*+B(n—1)+C)+(A(n—2)*+B(n—2)+C)+4n—2
= (An*+Bn+C)+(—An*+2An—A—Bn+B—C)+(An*—4An+4A+Bn—2B+C)+4n—2
=An* —2An+3A+Bn—B+C +4n—2

Therefore,
An? —2An+3A+Bn—B+C+4n—-2=An+1+Bn+1)+C

An®+(—2An+Bn+4n)+(3A—B+C-2) = A(n*+2n+1)+B(n+1)+C
An’+(—2An+Bn+4n)+(3A—B+C—2) = An*+2An+ A+ Bn+B+C
An®+(—2An+Bn+4n)+(3A—B+C—2) = An*+(2An+Bn)+(A+B+C)
(—2An+4n)+ (3A— B —2) = (24An) + (A + B)
(4n) 4+ (—2) = (4An) + (-2A + 2B).

So, we have the equations
4 =4A

and
—2=-2A4+2B.

Thus, A =1 and B = 0. Now we must go back to our base cases. So,
1=14+0+C
4=4(1)+2(0)+C
9=9(1) +3(0) + C.
Therefore, C' = 0. Hence, a,, = n®.

. Use Constructive Induction to a constant A bound for
R

— (1+2)(i+3)

such that a, < An

Let us guess that

12



Base Case:
Consider n = 1,

! 1 1
Z(i+2)(i+3) T (1+2)(1+3)

i=1

So,

Inductive Hypothesis:
Assume for some n > 1,

L 1
L armary =M

Inductive Step:
Consider n + 1. So,

n+1 n

1 1 1
zmzzum)mg)* (n+ D+ 2+ 1) +3)

1=

& 1 1
:;(¢+2)(¢+3) CED R

By inductive hypothesis,

n

1 1 1
Z(i+2)(i+3)+(n+3)(n+4) S At D

i=1

Therefore,




Therefore, A = 1—12 Hence,

n

| 1
Z(i+2)(i+3) ="

=1
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