
Homework 7 DUE April 21 at 11:00 AM (Dead Cat April 23 at 11:00 AM)

1. (25 points) Find a function T (n) such that

NP ⊆ DTIME(T (n)).

SOLUTION

Recall that if A ∈ NP then there exists polynomials p and q and a set
B ∈ DTIME(q(n) such that

A = {x : (∃y)[|y| = p(|x|) ∧ (x, y) ∈ B}.

Hence to actually decide A we would need to look at EVERY string of
length p(|x|).
Consider the following deterministic algorithm for A

(a) Input x of length n.

(b) For all y of length p(n) determine if (x, y) ∈ B.

(c) If any of the y were such that (x, y) ∈ B then return YES, else
return NO.

This procedure takes time

2p(n) × q(n + p(n))

We need a time bound T (n) that is greater than this quantity for ANY
polynomials p, q.

We take T (n) = 22n .

END OF SOLUTION

2. (25 points) Construct a decidable set A that is NOT in NP. You have
to construct A. You cannot just invoke some theorem to show A exists.
(Hint: Use Problem 1.)

SOLUTION

We mimic the proof of the Time Hiearchy Theorem to obtain a set that
is NOT in DTIME(22n) and hence NOT in NP.
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Let M1,M2, . . . be a list of all Turing Machines.

Algorithm for A (and hence the definition of A).

(a) Input(x) of length n.

(b) Run Turing Machine Mn(x) for 22n steps.

• If Mn(x) halts within that time and says YES, then REJECT.

• If Mn(x) halts within that time and says NO, then ACCEPT.

• If Mn(x) does not halt within that time then REJECT (this
one does not matter, but we have to specify what we do).

A is clearly decidable since the above algorithm decides it.

We show that A /∈ DTIME(22n). Assume, by way of contradiction,
that A ∈ DTIME(22n). Then there is some TM Mn that decides A in
that amount of time. But by definition

A and Mn differ on all strings of length n.

Hence Mn cannot decide A.

That is the contradiction.

END OF SOLUTION

3. (25 points) Let A,B,C be sets. Show that

if A ≤ B and B ≤ C then A ≤ C.

(Recall that

X ≤ Y means that there is a polynomial time function f such that

x ∈ X iff f(x) ∈ Y.

)

SOLUTION

Assume A ≤ B via function f that can be computed in time p(n), a
polynomial.

Assume B ≤ C via function g that can be computed in time q(n), a
polynomial.

So
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x ∈ A iff f(x) ∈ B iff g(f(x)) ∈ C.

Let h(x) = g(f(x)). We need to show that h can be computed in poly
time.

First compute y = f(x). This takes p(|x|) steps. Note that |y| ≤ p(|x|).
Then compute g(y). This takes q(|y|) ≤ q(p(|x|)).
Hence the time to compute h(x) is p(|x|) + q(p(|x|)) which is a polyno-
mial.

END OF SOLUTION

4. (25 points) Let

COLc = {G : G is c-colorable}.

(a) (10 points) Show COL3 ≤ COL4. (That is, there exists a function
f that takes a graph G and produces a graph G′ such that G ∈
COL3 iff G′ ∈ COL4.)

(b) (15 points) Show that COL3 ≤ COL5.

(c) (0 points) Think about: is COL4 ≤ COL3?

SOLUTION

(a) Show COL3 ≤ COL4. (That is, there exists a function f that
takes a graph G and produces a graph G′ such that G ∈ COL3 iff
G′ ∈ COL4.

SOLUTION

Given G, let G′ be G with one more vertex v′ added to it, and an
edge from v′ to every vertex in G. Formally

G = (V,E)

G′ has:

Vertex set: V ∪ {v′}
Edge set: E ∪ {(v, v′) : v ∈ V }
If G ∈ COL3 then G is 3-colorable. Use that 3-coloring to color
the V -part of G′. Then color v′ with a fourth color. So G′ ∈ COL4.
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If G′ ∈ COL4 then let RED be the color of v′. Since ALL of the V -
vertices in G′ are connected to v′, NONE can be RED. Hence the
4-coloring of G′ restricted to G is a 3-coloring. Hence G ∈ COL3.

END OF SOLUTION

(b) Show that COL3 ≤ COL5.

SOLUTION

Given G, let G′ be G with two more vertices v′, v′′ added to it,
and an edge from v′ and v′′ to every vertex in G. There is also an
edge between v′ and v′′. Formally

G = (V,E)

G′ has

Vertex Set: V ∪ {v′, v′′}
Edge Set: E ∪ {(v, v′) : v ∈ V } ∪ {(v, v′′) : v ∈ V } ∪ {(v′, v′′)}
If G ∈ COL3 then G is 3-colorable. Use that 3-coloring to color
the V -part of G′. Then color v′ with a fourth color and v′′ with a
fifth color. So G′ ∈ COL5.

If G′ ∈ COL5 then let RED be the color of v′ and BLUE be the
color of v′′. Since ALL of the V -vertices in G′ are connected to v′

and v′′, NONE can be RED and NONE can be BLUE. Hence the
5-coloring of G′ restricted to G is a 3-coloring. Hence G ∈ COL3.

END OF SOLUTION

(c) (0 points) Think about: does COL4 ≤ COL3?

SOLUTION

YES, but it’s a trick!

COL4 ≤ SAT by the Cook-Levin Theorem.

SAT ≤ COL3 since COL3 is NP-complete.

COL4 ≤ COL3 since reductions are transitive.

END OF SOLUTION
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