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Concrete Time Hierarchy Theorem

Definition Let A ⊆ {0, 1}∗. A ∈ DTIME(n3) is there is a Java
Program J such that the following hold.

1. If x ∈ A then J(x) outputs YES.

2. If x /∈ A then J(x) outputs NO.

3. The number of steps J(x) takes is ≤ |x |3.

We will prove the following:
Theorem There exists a set of strings A such that

1. There is a Java Program J that, on input x , will output YES
if x ∈ A, and will output NO if x /∈ A.

2. A /∈ DTIME(n3).
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Coding Symbols Into 7-bit Strings

The ASCII table maps symbols into decimal numbers between 0
and 127. We include leading 0’s.

I Space maps to 032.

I !, ”, #, $, %, &, ’, (, ), *, +, ‘,’ -, ., / map to 033,. . .,047.

I 0,. . . ,9 code to 048,. . ., 057.

I :, ;, <, =, >, ?, code to 058 to 064.

I A,. . . ,Z code to 065,. . .,090.

I a,. . . ,z code to 097,. . .,122.

I I won’t bother with the rest. See table.
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Mapping Java Program to N

Let J be a Java Program. It is a sequence of symbols.

Each symbol maps to 3-digits. Concatenate them.

x = x + 12
x maps to 120.
= maps to 061
+ maps to 043
1 maps to 049
2 maps to 050

So this piece of code maps to 120,061,120,043,049,050
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Mapping N to Java Programs

We assume that, given a sequence of symbols, can tell if it’s a
Java Program.

We want to map N to Java Programs.
Let ↓ be the program that, on any input, halts and outputs YES.

1. Input(i).

2. If numb of digits 6≡ 0 (mod 3), add 0’s to left until is.

3. i now maps so a sequence of symbols J.

4. If J IS NOT a valid Java Program then map i to ↓.
5. If J IS a valid Java Program then map i to J.
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Let Ji be the Java program that i maps to. So

J1, J2, . . . , . . . is the list of all Java Programs.
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The Sequences of All n3-time Java Programs

We only want to look at programs that take ≤ n3 times.

Let J ′i be the program that does the following:

1. Input(x). |x | = n.

2. Run Ji (x) but keep track of the number of steps.

3. If the program has taken ≥ n3 steps and has not halted yet
then output NO and halt.

J ′1, J
′
2, . . . , . . . is the list of all n3-time Java Programs .

Upshot If A ∈ DTIME(n3) then there exists i such that J ′i
recognizes A.
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The Time Hierarchy Theorem

Theorem There exists a set of strings A such that

1. There is a Java Program J that, on input x , will output YES
if x ∈ A, and will output NO if x /∈ A.

2. A /∈ DTIME(n3).

Proof Let A be decided by the following program

1. Input(x). If x /∈ 0∗ output NO and stop. Otherwise x = 0n.

2. Run J ′n(0
n).

3. If result is YES then output NO and stop.

4. If result is NO then output YES and stop.

1) This is clearly a program that recognizes A.
2) Proof that A /∈ DTIME(n3) on next slide.
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A /∈ DTIME(n3)

1. Input(x). If x /∈ 0∗ output NO and stop. Otherwise x = 0n.

2. Run J ′n(0
n).

3. If result is YES then output NO and stop.

4. If result is NO then output YES and stop.

Let A(0n) be YES if 0n ∈ A and NO if 0n /∈ A.

J ′1 cannot recognize A: J ′1(0
1) and A(01) DIFFER.

J ′2 cannot recognize A: J ′2(0
2) and A(02) DIFFER.

...
J ′n cannot recognize A: J ′n(0

n) and A(0n) DIFFER.

So NO J ′n recognizes A. Hence A /∈ DTIME(n3).
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